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Abstract

By means of certain differential operator we introduce and investigate two sub-
classes £∗(p, λ, φ, δ, α) and Y£∗(p, λ, φ, δ, α) of p-valently analytic functions. The
various results obtained here for each of these classes. We have attempted to obtain
radius of starlikeness, convexity and closure theorem for the classes £∗(p, λ, φ, δ, α)
and Y£∗(p, λ, φ, δ, α).

1. Introduction

This paper is devoted to study of multivalent functions and its various properties.

By means of certain differential operator we introduce and investigate two subclasses

£∗(p, λ, φ, δ, α) and Y£∗(p, λ, φ, δ, α) of p-valently analytic functions. The various re-

sults obtained here for each of these classes.

Let A(p) denote the class of functions f(z) of the form

−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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f(z) = zp +
∞∑

k=p+1

akz
k (1.1)

which are analytic and multivalent in the unit disk E = {z : z ∈ C and |z| < 1} for

p ∈ N.

Definition 1.1 : A function f(z) ∈ A(p) is said to be in the subclass S(ξ) of starlike

function if

Re

(
zf ′(z)
f(z)

)
> ξ, z ∈ E, 0 ≤ ξ < 1.

Definition 1.2 : A function f(z) ∈ A(p) is said to be in the subclass C(ξ) of convex

function if

Re

(
1 +

zf ′(z)
f(z)

)
> ξ, z ∈ E, 0 ≤ ξ < 1.

Definition 1.3 : A function f(z) ∈ A(p) is said to be in the subclass K(ξ) of close to

convex function if

Re

(
f ′(z)
zp−1

)
> ξ, z ∈ E, 0 ≤ ξ < 1.

Definition 1.4 : A function f(z) ∈ A(p) is said to be in the subclass £(p, λ, φ, δ, α) if

and only if∣∣∣∣∣ δz(Dq+1
z (Ωp(r, p)f(z))) + λz2(Dq+2

z (Ωp(r, p)f(z)))

(1− λ)(Dq
z(Ωp(r, p)f(z))) + z(Dq+1

z (Ωp(r, p)f(z)))
− (δ − φ)

∣∣∣∣∣ < α

z ∈ E, q ∈ NU{0}, 0 < α ≤ 1, φ ∈ R, φ < 1, p > q, γ, δ ≤ 1.

Further more a function f(z) ∈ A(p) is said to be in the subclass Y£(p, λ, φ, δ, α) if and

only if zf ′(z) ∈ £(p, λ, φ, δ, α).

Let T (p) denote the subclass of A(p) consisting of functions of the form

f(z) = zp −
∞∑

k=p+1

akz
k, ak ≥ 0.

We dente by £∗(p, λ, φ, δ, α) and Y£∗(p, λ, φ, δ, α) the classes obtained by taking inter-

section respectively of the classes £(p, λ, φ, δ, α) and Y£(p, λ, φ, δ, α) with T (p).

We define the operator Ωp(a, p) on f(z) as follows

Ωp(r, p)f(z) = zp −
∞∑

k=p+1

(
k + γ

p+ γ

)r
akz

k.
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The operator Ωp(r, p) is closely related to the Salagean derivative operator Dq
zf(z) is

the qth order differential operator for f(z) ∈ A(p) defined in (1.1)

Dq
z(Ωp(r, p)f(z)) =

p!
(p− q)!

zp−q −
∞∑

k=p+1

k!
(k − q)!

(
k + γ

p+ γ

)r
akz

k−q, p > q.

Theorem 1.1 : A function f(z) = zp −
∞∑

k=p+1

akz
k, ak ≥ 0 is in £∗(p, λ, φ, δ, α) if and

only if

∞∑
k=p+1

k!
(k − q)!

(
k + γ

p+ γ

)r
[λ(k−q)(k−q−1)+φ(k−q)−(δ−φ)(1−λ)+α(1−λ+k−q)]ak

≤ p!
(p− q)!

[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)].

Corollary 1.1 : If the function f(z) = zp −
∞∑

k=p+1

akz
k, ak ≥ 0 is in £∗(p, λ, φ, δ, α)

then

ak ≤
(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

.

For k = 1 + p, 2 + p · · · .
With the equality for function

fz = zp −
(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

zk.

For k = 1 + p, 2 + p · · · .
Theorem 1.2 : A function f(z) = zp −

∞∑
k=p+1

akz
k, ak ≥ 0 is in Y £∗(p, λ, φ, δ, α) if

and only if

∞∑
k=p+1

(k + 1)!
(k − q)!

(
k + γ

p+ γ

)r
[λ(k−q)(k−q−1)+φ(k−q)−(δ−φ)(1−λ)+α(1−λ+k−q)]ak

≤ p+ 1!
p− q!

[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)].
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Corollary 1.2 : If the function f(z) = zp −
∞∑

k=p+1

akz
k, ak ≥ 0 is in Y£∗(p, λ, φ, δ, α)

then

ak ≤
(
p+ γ

k + γ

)r
(p+ 1)!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
.

For k = 1 + p, 2 + p · · · .
With the equality for function

fz = zp −
(
p+ γ

k + γ

)r
(p+ 1)!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
(k + 1)!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

zk.

For k = 1 + p, 2 + p · · · .

2. Radii of Close-to-Convexity, Starlikeness and Convexity

Theorem 2.1 : Let f(z) = zp −
∞∑

k=p+1

akz
k, ak ≥ 0 is in £∗(p, λ, φ, δ, α) then f is close

to convex of order ξ in |z| < R1, where

R1 = inf
k≥1+p{{(
k + γ

p+ γ

)r (k − 1)!
(k − q!)

(p− ξ)(p− q)!
p!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

} 1
k+1−p

}
.

Proof : It is sufficient to show that
∣∣∣f ′(z)zp−1 − p

∣∣∣ ≤ p− ξ for |z| < R1. We have

∣∣∣∣f ′(z)zp−1
− p
∣∣∣∣ =

∣∣∣∣∣∣−
∞∑

k=p+1

kakz
k−p+1

∣∣∣∣∣∣ ≤
∞∑

k=p+1

k|ak||z|k−p+1.

Thus
∣∣∣f ′(z)zp−1 − p

∣∣∣ ≤ p− ξ if

∞∑
k=p+1

k

(p− ξ)
|ak||z|k−p+1 ≤ 1. (2.1)
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Theorem 1.1 conforms that

∞∑
k=p+1

k!
(k − q)!

(
k + γ

p+ γ

)r
[λ(k−q)(k−q−1)+φ(k−q)−(δ−φ)(1−λ)+α(1−λ+k−q)]|ak|

≤ p!
(p− q)!

[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)].

Therefore
∞∑

k=p+1

k!
(k−q)!

(
k+γ
p+γ

)r
(p−q)!
p!

[λ(k−q)(k−q−1)+φ(k−q)−(δ−φ)(1−λ)+α(1−λ+k−q)]
[α(1−λ+p−q)−λ(p−q)(p−q−1)−φ(p−q)+(δ−φ)(1−λ)] |ak| ≤ 1

(2.2)

Hence (2.1) will be true if

k

(p− ξ)
|z|k−p+1 ≤

(
k + γ

p+ γ

)r (p− q)!
p!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

.

We obtain

|z| ≤
{(

k + γ

p+ γ

)r (p− q)!
p!

(k − 1)!
(k − q!)

(p− ξ)(p− q)!
p!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

1
k+1−p

}

as required.

Theorem 2.2 : Let f(z) = zp −
∞∑

k=p+1

akz
k, ak ≥ 0 is in £∗(p, λ, φ, δ, α) then f is

starlike of order ξ in |z| < R2, where

R2 = inf
k≥1+p{(

k + γ

p+ γ

)r k!
(k − q!)

(p− ξ)(p− q)!
(k − ξ)p!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

1
k+1−p

}
.

Proof : We must show that ∣∣∣∣zf ′(z)f(z)
− p
∣∣∣∣ ≤ p− ξ
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zf ′(z)− pf(z) = pzp −
∞∑

k=p+1

kakz
k − pzp + p

∞∑
k=p+1

akz
k

= −
∞∑

k=p1

(k − p)akzk.

We have

∣∣∣∣zf ′(z)fz
− p
∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
−

∞∑
k=p+1

(k − p)akzk

zp −
∞∑

k=p+1

akzk

∣∣∣∣∣∣∣∣∣ ≤
∞∑

k=p+1

(k − p)|ak||z|k−p

1−
∞∑

k=p+1

|ak||z|k−p
≤ p− ξ. (2.3)

Hence (2.1) holds true if

∞∑
k=p+1

(k − p)|ak||z|k−p ≤ (p− ξ)(1−
∞∑

k=p+1

|ak| |z|k−p).

Or equivalently
∞∑

k=p+1

(k − ξ)
(p− ξ)

|ak||z|k−p ≤ 1. (2.4)

Theorem 1.1 conforms that
∞∑

k=p+1

k!
(k−q)!

(
k+γ
p+γ

)r
(p−q)
p!

[λ(k−q)(k−q−1)+φ(k−q)−(δ−φ)(1−λ)+α(1−λ+k−q)]
[α(1−λ+p−q)−λ(p−q)(p−q−1)−φ(p−q)+(δ−φ)(1−λ)] |ak| ≤ 1

(2.5)

Hence by using (2.4) and (2.5) will be true if

(k − ξ)
(p− ξ)

|z|k−p ≤ k!
(k − q)!

(
k + γ

p+ γ

)r (p− q)!
p!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

.

Or if

|z| ≤
{

k!
(k − q)!

(
k + γ

p+ γ

)r (p− ξ)(p− q)!
(k − ξ)p!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

1
k−p

}

as required.
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Theorem 2.3 : Let f(z) = zp−
∞∑

k=p+1

akz
k, ak ≥ 0 is in Γ∗(p, λ, φ, δ, α) then f is convex

of order ξ in |z| < R3, where

R3 = inf
k≥1+p{{(
k + γ

p+ γ

)r (k − 1)!
(k − q!)

(p− ξ)(p− ξ)(p− q)!
(k − ξ)(p− 1)!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

} 1
k−p

}
.

Proof : We know that f is convex if and only if zf ′ is starlike. We must show that∣∣∣∣zg′(z)g(z)
− p
∣∣∣∣ ≤ p− ξ

where g(z) = zf ′(z)

g(z) = pzp −
∞∑

k=p+1

kakz
k

zg′(z) = p2zp −
∞∑

k=p+1

k2akz
k

zg′(z)− pg(z) = p2zp −
∞∑

k=p+1

k2akz
k − p2zp + p

∞∑
k=p+1

kakz
k

= −
∞∑

k=p1

k(k − p)akzk.

∣∣∣∣zg′(z)gz
− p
∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
−

∞∑
k=p+1

k(k − p)akzk

pzp −
∞∑

k=p+1

kakzk

∣∣∣∣∣∣∣∣∣ ≤
∞∑

k=p+1

k(k − p)|ak||z|k−p

p−
∞∑

k=p+1

k|ak||z|k−p
≤ p− ξ.

Therefore we have

∞∑
k=p+1

k(k − p)|ak||z|k−p ≤ (p− ξ)[p−
∞∑

k=p+1

k|ak| |z|k−p].

∞∑
k=p+1

k(k − ξ)
p(p− ξ)

|ak||z|k−p ≤ 1. (2.6)
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Theorem 1.1 conforms that

∞∑
k=p+1

k!
(k−q)!

(
k+γ
p+γ

)r
(p−q)
p!

[λ(k−q)(k−q−1)+φ(k−q)−(δ−φ)(1−λ)+α(1−λ+k−q)]
[α(1−λ+p−q)−λ(p−q)(p−q−1)−φ(p−q)+(δ−φ)(1−λ)] |ak| ≤ 1

(2.7)

Hence by using (2.6) and (2.7) will be true if

(k − ξ)
(p− ξ)

|z|k−p ≤ k!
(k − q)!

(
k + γ

p+ γ

)r (p− q)!
p!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

.

|z| ≤
{(

k + γ

p+ γ

)r (k − 1)!
(k − q)!

(p− ξ)(p− q)!
(k − ξ)(p− 1)!

[λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
[α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

1
k−p

}

as required.

3. Closure Theorem

Theorem 3.1 : Let f1(z) = zp and

fk(z) = zp −
(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

zk

for k ≥ 1 + p.Then f(z) ∈ £∗(p, λ, φ, δ, α) if anly if f(z) can be expressed in the form

f(z) = λ1f1(z) +
∞∑

k=p+1

λkfk(z) where λk ≥ 0 and λ1 +
∞∑

k=p+1

λk = 1.
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Proof : Suppose f(z) can be expressed in the form

f(z) = λ1f1(z) +
∞∑

k=p+1

λkfk(z)

λ1

zp +
∞∑

k=p+1

λkz
p −

(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

zk
]

=

λ1 +
∞∑

k=p+1

λk

 zp − ∞∑
k=p+1

λk

(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

zk

= zp −
∞∑

k=p+1

λk

(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

zk

Then

∞∑
k=p+1

λk

(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

,

k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

zk

=
∞∑

k=p+1

λ1 = 1− λ1 ≤ 1.

Therefore f(z) ∈ £∗(p, λ, φ, δ, α).

Conversely, suppose that f(z) ∈ £∗(p, λ, φ, δ, α), we have

ak ≤
(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

.
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We take

λk =
(
p+ γ

k + γ

)r
p!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]
p!(k − q)![α(1− λ+ p− q)λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]

ak.

k ≥ 1 + p and
∞∑

k=p+1

λk = 1− λ1

f(z) = zp −
∞∑

k=p+1

akz
k

= zp −
∞∑

k=p+1

(
p+ γ

k + γ

)r
p!(k − q)![α(1− λ+ p− q)− λ(p− q)(p− q − 1)− φ(p− q) + (δ − φ)(1− λ)]
k!(p− q)![λ(k − q)(k − q − 1) + φ(k − q)− (δ − φ)(1− λ) + α(1− λ+ k − q)]

zk

= zp −
∞∑

k=p+1

λk[zp − fk(z)] = zp

1−
∞∑

k=p+1

λk

− ∞∑
k=p+1

λkfk

λ1f1(z) +
∞∑

k=p+1

λkfk(z).
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