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Abstract

We investigate the zero distribution of g-shift difference polynomials of entire and
meromorphic functions with zero order and obtain some results that extend previ-
ous results of Liu et al. [18]

1. Introduction and Main Results

Let f(z) and g(z) be two non constant meromorphic functions in the complex plane.
By S(r, f), we denote any quantity satisfying S(r, f) = o(T'(r, f)), as 1 — 00, possibly
outside a set of r with finite linear measure. The meromorphic function « is called a
small function of f(z), if T'(r,a) = S(r, f). If f(2) — « and g(z) — a have same zeros,
counting multiplicity (ignoring multiplicity), then we say that f(z) and g(z) share the

Key Words : Value Distribution, Entire functions, Uniqueness, Meromorphic functions, Differ-
ence polynomaials.
2000 AMS Subject Classification : Primary 30D35.

© http: //www.ascent-journals.com



2 HARINA P. WAGHAMORE & SANGEETHA ANAND

small function & CM(IM).(see, e.g.,[1,2]) The logarithmic density of a set F,, is defined

as follows:

1 1
lim sup — —dt
r—oo logr Junr, t
In recent years, there has been an increasing interest in studying the uniqueness prob-
lems related to meromorphic functions and their shifts or difference operators(see,
e.g.,[3-15]). Our aim in this article is to investigate the value distribution for g-shift

polynomials of transcendental meromorphic and entire functions with zero order.

Liu et al.[13] considered uniqueness of difference polynomials of meromorphic functions,
corresponding to uniqueness theorems of meromorphic functions sharing values(see,

e.g.,[16]) and obtained the following results.

Theorem A : Let f(z) and g(z) be two transcendental meromorphic functions with
finite order. Suppose that c is a non-zero complex constant and n is an integer. If n > 14
and f"(z)f(z + ¢) and ¢"(2)g(z + ¢) share 1 CM, then f(z) = tg(z) or f(2)g(z) = t,
where t"T! = 1.

Theorem B : Under the conditions of Theorem A, if n > 26 and f"(z)f(z + ¢) and
g"(2)g(z + c) share 1 IM, then f(z) = tg(z) or f(2)g(z) = t, where t"*1 = 1.

Recently, Liu et al. [18], considered the case of g-shift difference polynomials and

extended the Theorem A as follows :

Theorem C : Let f(z) and g(z) be two transcendental meromorphic functions with
p(f) = p(g) = 0. Suppose that ¢ and ¢ are two non-zero complex constants and n is an
integer . If n > 14 and f"(z)f(qz+c) and ¢"(2)g(gz +c¢) share 1 CM, then f(z) = tg(z)
or f(2)g(z) =t, where t"+! = 1.

Theorem D : Under the conditions of Theorem C, if n > 26 and f"(z)f(qz + ¢) and
g"(2)g(gz + c) share 1 IM, then f(z) = tg(z) or f(2)g(z) = t, where t"T! = 1.
Theorem E : Let f(z) and g(z) be two transcendental entire functions with p(f) =
p(g) =0, let ¢ and ¢ be two non-zero complex constants, let P(z) = a,2" +a,_12"" 1 +
...4a1z+ap be a non-zero polynomial , where a, (# 0), a1, ..., ag, are complex constants
and k denotes the number of the distinct zero of P(z). If n > 2k+1 and P(f(2))f(qz+c¢)
and P(g(z))g(qz + ¢) share 1 CM, then one of the following results holds:
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(1)f(2) = tg(z) for a constant ¢ such that t¢ = 1, where d = GCD{)\g, A1, ..., \,} and

+1, a; =0, .
Aj = n 4 7=0,1,...,m;
j+17 aj7é07

(2)f(z) and g(z) satisfy the algebraic equation R(f(z),g(z)) = 0, where
R(wy,ws) = P(wi)wi(gz + ¢) — P(w2)wa(gz + ¢)

In this paper, we deal with value distribution for g-shift difference polynomials of tran-
scendental meromorphic and entire functions of the form f(2)P,(f(qz + ¢))f (z) in
Theorems C,D,E and prove the following theorems:

Theorem 1 : Let f(z) and g(z) be two transcendental meromorphic functions with
p(f) = p(g) = 0. Let g and ¢ be two non-zero complex constants, n an integer and
Po(2) = amz™ +am 12" . a1z +ag. Ifn > 5m+19 and f7(2) Pr(f(gz+¢)) f (2)
and ¢"(2)Pn(g(qz 4 ¢))g () share 1 CM, then f(z) = tg(z) or f(2)g(z) = t, where
t =1,d = GCD(n+m+1,n+m,..n+m+1—1,..n+1)am_; # 0, for some
i=0,1,..,m.

Theorem 2 : Under the conditions of Theorem 1, if n > 11m + 31, f"(z) Py (f(qz +
) f (z) and ¢"(2)Pn(g(qz + ¢))g (z) share 1 IM, then conclusion of Theorem 1 still
holds.

Theorem 3 : Let f(z) and g(z) be two transcendental entire functions with p(f) =
p(g) = 0, ¢ and c¢ are two non-zero complex constants and k denote the number of
distinct zeros of Py, (2). If m > n+2k+4 , f™(2)Pn(f(gz+¢))f (2) and ¢"(2) Py (g(qz+
¢))g (z) share 1 CM , then one of the following results holds:

(1)f(z) = tg(z) for a constant ¢ such that t¢ = 1, where

d=GCDn+m+1,n+m,..,n+m+1—i, ..n+1).

am—; # 0, for some ¢ = 0,1, ..., m.

(2)f(z) and g(z) satisfy the algebraic equation R(f,g) = 0 where

e
n+m+1 n+m n—+1

m—1
_wn+1[ amwy' Am—-1Wy ag ]

2 In+m+1 n+m Toon+1

m m—1
AW Gy 1W ao
R(wy,we) = w?“[ 1 1
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2. Preliminary Lemmas

The following lemma is a g-difference analogue of the logarithmic derivative lemma.
Lemma 2.1 (see [14]) : Let f(z) be a meromorphic function of zero order, let ¢ and
q be two non-zero complex numbers, then

(25

on a set of logarithmic density 1.

Lemma 2.2 (see [7]) : If T: RT — R™ is an increasing function such that,

) logT (1)
lim sup =
r—o00 lOgT’

then, the set

E :={r:T(Cir) > C3T'(r)} has the logarithmic density 0 for all C; > 1 and Cy > 1.
Lemma 2.3 (see [12]) : Let f(z) be a meromorphic function of finite order, let ¢ # 0
be fixed. Then

N(r, f(z+¢)) < N(r, f(2)) + S(r, f),

( Z+C>§N(r,f(12))+5(r,f),

N(r, f(z+¢)) < N(r, f(2)) + S(r, f),
¥ (rrera) < () 500

Lemma 2.4 (see[18]) : Let f(z) be a meromorphic function with p(f) = 0, let ¢ and

q be two non-zero complex numbers, then

N(r, f(gz +¢)) < N(r, f(2)) + 5(r, f),
1

N r’W) §N<r,f(12)> +5(r, f)-

Lemma 2.5 (see[18]) : Let f be a non-constant meromorphic function of zero order,

let ¢ and ¢ be two non-zero complex numbers, then

T(r, flgz+¢)) <T(r, f(2)) + 5(r, f)
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on a set of logarithmic density 1.

Lemma 2.6(see[18]). Let f(z) be an entire function with p(f) = 0, let ¢ and ¢ be two
fixed non-zero complex constants, let P(z) = a,z" + an_12""1+ ...+ a1z +ag be a

non-zero polynomial , where a,(# 0), an—1, ..., ag, are complex constants, then

T(r, P(f(2))f(qz +¢)) = T(r, P(f(2))f(2)) + S(r, f)-

Lemma 2.7 (see[17]) : Let F' and G be two non-constant meromorphic functions. If

F and G share 1 CM, then one of the following three cases holds:

(iymaz{T(r, F),T(r,G)} < N <7~, ;) b No(r, F) + Ny <r, é)
+ No(r,G) + S(r, F) + S(r,G)

(i) F = G,

(i) FG = 1,

1
where No (7’, F) denotes the counting function of zero of F', such that simple zero are
counted once and multiple zeros are counted twice.

Lemma 2.8 (see[16]) : Let F" and G be two non-constant meromorphic functions. Let
F and G share 1 IM and

/7 /

F F G" G
H=F 253~ @ %G1

/

If H # 0, then

T(r, F) + T(r,G) < 2 <N2 <r, ;) + No(r, F) + Ny (r, Cl;) + No(r, G))

+3 <N(r, F)+ NG + N <7~, ;) iy <’r, é)) +S(rF) + S(r,G).

3. Proof of Theorem 1
Let

F(z) = f"(2)Pu(f(az+0)f (2)
G(z) = g"(2)Pn(g(qz +c))g (2)
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Thus, F and G share 1 CM. Combining the first main theorem with Lemma 2.5, we

obtain
(n+2)T(r, f(2)) < T(r, f*(2)f*(qz + ¢)) + O(1)

Hence, we obtain

(n—=m—=2)T(r, f(z)) < T(r,F(2)) + S(r, f) (1)
Similarly, (n — m — 2)T(r,g(2)) < T(r,G(z)) + S(r, g9) (2)

From Lemma 2.5, we have
Tr,F)<(n+m+2)T(r,f)+ S(r, f) (3)
T(r,G)<(n+m+2)T(r,g)+ S(r,g) (4)

By Second main theorem, Lemma 2.5 and (4), we obtain

T(r, F) SN(r,F)—i—N(r, ;) —i—N(r, Fl—l) + S(r, F)

< N(r, f) + N(r, Pu(f(gz + ) + N(r, f)

+N<r, }) +N<r, M) +N<r,;,> +N<r, G1_1> +S(r, f)
T(r,F)<(T+m)T(r,f)+ (n+m+2)T(r,g)+ S(r, f)+ S(r,9) (5)

Hence (1) and (5) imply that

(n—2m — 9)T(r, f) < (n+m +2)T(r,g) + S(r, f) + S(r,g) (6)
Similarly, we have

(n—2m — 9)T(r,g) < (n+m+2)T(r, f) + S(r, f) + S(r,g) (7)

Equations (6) and (7) imply that S(r, f) = S(r,g).
Together the definition of F with Lemma 2.5, we have

Ny <r, ;) < 2N (r, }) +N (7‘, M) + N <r, ;) +S(r, f)
< @+m)T(r, f)+5(r, f) (8)



UNIQUENESS AND VALUE DISTRIBUTION FOR ... 7

Similarly,

N (7 ;) < (4 mIT(ng) + S(r9),
No(r, F) < (44 m)T(r, f) + S(r, f), (9)
( T ) S (4+m)T(r,g) +S(T,g),

Combining Lemma 2.7 with (8)-(9), we obtain

T(r, F) + T(r,G) < 2N, <7«, % +2Ny(r, F) + 2N, <7~, 1) 2N, G) + S(r, F) + S(r,g)

G
< (16 +4m)(T'(r, f) + T(r,9)) + S(r, f) + S(r,9) (10)

Then, by (1) (2) and (10), we obtain
(n—5m—18)[T(r,f)+T(r,g)] SS(T’,f)—FS(T',g) (11)

which is a contradiction, since n > 5m + 19.
By Lemma 2.7, we have F'= G or FG = 1.
If F=d@G,

that is,

FM(2)Pu(f(az + ) f (2) = g"(2) Pulg(az + €))g (2)

Set H(z)=£(z) /g (z)

Suppose that H(z) is not a constant. Then, we obtain

FM(2) P flqz + 0)) f (2) 1
9" (2)Pm(g(qz + ¢))g (2)
H"(2)Pr(H(qz + ) H (2) = 1 (12)

From Lemma 2.5 and (12), we get

nT(r,H)ZT(“p( (qz1+c)) /(Z)>
+
H)

< T(r, Pp(H(gz + ¢))H (2))
< (m+2)T(r, H(2)) + 5(r,

S(r,H)
(13)

Hence, H(z) must be non-zero constant, since n > 5m + 19.
Set H(z) =
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By (12), we have t¢ = 1.
Thus f(z) = tg(z), where d = GCD(n+m + 1,n+m,..n+m+1—14,...,n+ 1),

am—; # 0 for some ¢t =0,1,2,..m+n

If FG =1, that is,
F™(2) Pn(f(qz + ) f (2)-9"(2) Pu(g(qz + ©))g (2) = 1

Let L(z) = f(2).9(2). Using similar method as above, we obtain that L(z) must also
be a non-zero constant. Thus we have fg = t, where t? = 1, d = GCD(n +m + 1,n +
m,...n+m+1—i..,n+1), an_; #0 for somei=0,1,2,..m+n.

4. Proof of Theorem 2
Let

F(z) = ["(2)Pu(f(az+0))f (2)

/

G(z) = ¢"(2)Pm(9(qz +¢))g (2)

and H be defined as in Lemma 2.8. Using the same arguments as in Theorem 1, we
prove that (1)-(9) holds.

By Lemma 2.5, we obtain

)+ N(r, Pu(f(az + ) + N(r, [ (2)) + S(r, f)
(r, f) + S, f),

T(r,f)+ 5 f),
(
(

r,9) +5(r 9),
r,g)+S(r,g).
(14)
Together Lemma 2.8 with (8), (9) and (14), we have
T(r,F)+T(r,G) < (10m+ 28)(T(r, f) +T(r,9)) + S(r, f) + S(r, 9) (15)
By (1), (2) and (15)

(n—m =2)(T(r, f) + T(r,9)) < (10m +28)(T(r, ) + T(r,9)) + 5(r, f) +5(7“,9() |
16
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which is impossible, since n > 11m + 31. Hence, we have H = 0.
By integrating H twice, we have

(b+1)G+(a—b—1)

i R

which yields T'(r, F) = T'(r,G) + O(1).
From (1)-(4), we obtain

(n—m—Q)T(r,f) < (n+m+2)T(r,g)+S(r,f)—i—S(r,g)
(n_m_Q)T(T’g) < (n+m+2)T(T’f)+S(T’f)+s(’r’g)

Next, we will prove that F'= G or FG =1

Case1: (b#0,-1). Ifa—b—1+#0, by (17), we obtain

V(o) =Y (o)

(17)

(20)

Combining the Nevanlinna second main theorem with Lemma 2.5, (1),(4) and (19), we

obtain

1 — 1

) +N(r,G)+ N <r, ;) + S(r, g)

<¥(n3) ¥ (- mgerey) (1)

—

T+m)T(r,g) + (m+4)T(r, f) + S(r,9)

G—(a—b-1)/(b+1)

N
N5 3 (- prgran) < (7 )+ 500
<

>+S(T,g)

(21)

By simple calculation, we get contradiction, since n > 11m + 31. Hence we obtain,

a—b—1=0, so

(b+1)G

=27
bG +1

(22)
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Using the similar method as above, we obtain

(n—m—2)T(r,g)

AN
S
=
2
+
n
=
S

which is impossible.

Case 2 : If b= —1 and a = —1, then FG = 1 follows trivially. Therefore, consider
b=—-1landa# —1.

By (17), we have

a
F=—" 23
a+1-G (23)

Similarly, as above we get contradiction.
Case 3. If b =0, a = 1, then F' = G follows trivially. Therefore, consider b = 0 and

a # 1. By (17), we have

_G+a-1
- a

F (24)

Similarly, as above we get contradiction.

5. Proof of Theorem 3
Let f(z) and g(z) be two transcendental entire functions. Since f™(z)Pp,(f(qz+¢))f (2)
and ¢"(2)P(g(qz + ¢))g (2) share 1 CM, we have

!

"Palflaz+ D () =1 _ i
9" (=) Pn(g(az + )9 () — 1

(25)

where [(z) is an entire function, by p(f) = 0 and p(g) = 0, we have ¢/(*) = 5 a constant.

Rewriting (25),

09" (2)P(g(az + 0))g (2) = ["(2) P (f(qz + €))f (2) + 1 — 1 (26)
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If n # 1, by the first main theorem, the second main theorem and Lemma 2.5, we have

T(r, f"(2)Pu(f(az + ) f (2)) < N(r, f"(2) Pu(f(az + ) f ()

N e Tr®)

1
+N< ﬁ()(ﬂw+dﬁ(D—J

1
g(n+k+®TWJV+N(“gw@RAMw+c»d@»)
+S(T,f) ‘f‘S(Tvg)

<(n+k+3)T(r,f)+(n+k+3)T(r,g)+ S(r, f)+ S(r,9)

(27)
By Lemma 2.6 and (27), we have
(n+m+2)T(r, ) = T(r, f*(z)Pu(f(gz + ) f (2))
<(n+k+3)T(r, f)+(n+k+3)T(r,g)+S(r, f)+ S(r,9)
(m—k—1T(r,f) <(n+k+3)T(r,g) +S(r, f)+ S(r,9) (28)
Similarly, (m —k — 1)T(r,g) < (n+k+3)T(r, f) + S(r, f) + S(r,9) (29)

Equations (28) and (29) imply that
(m =2k =4 —n)(T(r, [) +T(r,g)) <S(r f)+S(r9) (30)
which is impossible , since m > n + 2k + 4.

Hence we have n = 1 . Rewriting (25),

!

9"(2)Pm(g(az + ©))g (2) = [™(2)Pu(f(az + ) f () (31)
Set h(z) = f(2)/9(2)

Case 1 : Suppose that h(z) is a constant.
Integrating (31), we get

fn+1 am fm (qz+ )_Famflfm_l(quLC)_F + ao
A —— SR

:gn-l—l amg (qz+ )+ am—1gm71(q,Z+c) T ag
mtntl mn ~tor

(32)
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By substituting f = gh in (32), we obtain

g" TRt ang" gz + )™ + am-19"""(gz + )™ o2
m+n+1 m+n T on+1
— ntl amg™ (g% + ) amflgm_l(qz‘FC) ap
—g + o
m+n+1 m+n n+1
= g w(hmmﬂ 1)+ am-19"""(qz + ¢) ()
ao 1 _
e —— hn+ - ]_ — 0
et n+ 1( ﬂ

Since g is a transcendental entire function, we have g"*!(z) # 0. Hence, we obtain

B DI B S )

n+1
(33)

amgm(qz + C) (hm+n+1 o 1) + amflgm_l(qz + C) (hm+n
m+n+1 m+n+1

Equation (33) implies that h? = 1, where d = GCD(n+m +1,n+m,...n+m+ 1 —
iy.eoyn+ 1), am—; # 0, for some i = 0,1, ...m.

Thus f = tg for a constant ¢, such that t¢ = 1, where d = GCD(n+m+1,n+m,..n+
m+1—1i,...n+1), am_; # 0, for some i =0,1,...m.

Case 2 : Suppose that h(z) is not a constant, then by (33) f(z) and g(z) satisfy the
algebraic equation R(f,g) =0, where

AT Qg w1 ao
R(wy, wy) = wt? m=1 me L
(w1, w2) ! n+m+1 n+m + +n—i—l
_ gt | amws am_wy ! b
2 In+m+1 n+m Ton+1
(34)
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