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Abstract

In this paper, we define the notion of L-Fuzzy BP-ideal. We discuss the properties
of L-Fuzzy BP-ideals and prove some results.

1. Introduction

In 1966 Y. Imai and K. Iseki introduced two classes of abstract algebra, BCK algebras
and BCI algebras [3,4]. In 2012 Sun Shin Ahn and Jeong Soon Han introduced the
notion of BP-Algebras [7]. In 1975 Iseki introduced the concept of implicative ideals
[5]. In 1971 A. Rosenfeld initiated the study of fuzzy algebraic structures [6] In 1965
L. A. Zadeh introduced the notion of fuzzy sets [8]. L Goguen extended the notion of
fuzzy sets into L-fuzzy sets where L is a complete lattice [2]. In our earlier paper we
have introduced the notion of fuzzy structures in BP-algebras [1]. In this paper, we

introduce the notion of L-Fuzzy BP-ideals.
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2. Preliminaries
In this section we recall some basic definitions that are needed for our work.
Definition 2.1 : A BP algebra (X, x,0) is a non-empty set X with a constant 0 and a

binary operation * satisfying the following conditions: for all z,y,z € X,
(i) zxx=0
(i) @+ (@4 y) =y
(iii) (zx2)* (y*x2) =x xy.

Definition 2.2 : A non-empty subset I of BP-algebra (X, *,0) is said to be an Ideal of
X if it satisfies the following conditions: V z,y € I

(i)oel
(i) zxyelandyel=aecl.

Definition 2.3 : Let S be a non-empty set. A mapping p : S — L is called a fuzzy
subset of S.

Definition 2.4 : A lattice is a partially ordered set in which any two elements have a
least upper bound and a greatest lower bound.

Definition2.5 : A lattice L is called a complete lattice if every subset A = {a,} has a
sup denoted by Va, and inf denoted by Aa, where 0 = Aa, is the least element of L
and 1 = Aag is the greatest element of L : 0 < a and 1 > a for every a € L.
Definition 2.6 : Let X be a non-empty set and L : (L, <) be a complete lattice with
least element 0 and greatest element 1. A L-fuzzy subset p of X is a function v : X — L.
Definition 2.7 : A L-fuzzy subset p of a BP-algebra (X, x,0) is called a L-fuzzy BP
sub algebra if p(x *y) > p(x) Auly) V z,y € X.

3. L-Fuzzy BP-Ideals

In this section we introduce the notion of L-Fuzzy BP ideals and prove some simple
results.

Definition 3.1 : Let X be a BP-algebra. A L-fuzzy subset set u of X is said to be a
L-fuzzy subset BP-ideal of X if it satisfies the following conditions:

(i) 1(0) > p(a) ¥ w e X
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(ii) p(z) 2 (x*xy) Aply) ¥V o,y € X.
Example 3.2 : Let (X = {0,1,2,3},%,0) be a BP-algebra with the following Cayley
table.

N W O

WIN| | O] *
W —=OO
Ol W| NN
Ol N W W

Define p: X — L by

. tl if x=2
F=Y t if =1

t1,to € L and inf L <t; <ty <supL.

. is a L-fuzzy BP-ideal of the BP-algebra X.

Proposition 3.3 : Intersection of two L-fuzzy BP-ideals of X is again a L-fuzzy BP-
ideal of X.

Proof : Let p and ¢ be any two fuzzy BP-ideals of X.

(kNP)(0) = (uNy)(z =)
> p(x*xx) A(x*x)
> {{ulx) Ap(x)} A{(@) Ad(z)
= {{ul@) Ao(@)} A () Adp(a)}}
= {(wne)@) A (pne)(z)}
= (uNy)(z)
(LNY)(0) = (pN ) (x)

(kNY)(z) = plx)Ad(z)

(= y) A ) A (W@ = y) A(y))

(u(z +y) Az xy)) A (1(y) AY(y))
(pnY)(x*xy) A (pNy)(y), foral z,ye X.

Hence p N1 is a L-fuzzy BP-ideal of X.
Proposition 3.4 : If i is a L fuzzy BP-ideal of a BP-algebra (X, ,0), then V z,y € X.



236 Y. CHRISTOPHER JEFFERSON & M. CHANDRAMOULEESWARAN

1. w is order reversing; that is, < y implies u(z) > u(y)

2. wla = (zxy)) = wy).
Proof : Since u is a fuzzy BP-ideal of X.
Lletz <y=axy=0
= p(x +y) = p(0)
p(x*y) = p(0) = ().
() = p(x*y) A py)
0) A p(y)

u(@) = p(y)-
By definition 2.1(ii) z * (zxy) =y
(zx(zxy))xy=yxy
= (xx(xxy))*xy=0
=zx(rzxy) <uy.
By (1) p is order reversing, u(x * (x xy)) > p(y) V z,y € X.
Proposition 3.5 : If p is a L-fuzzy ideal of a BP-algebra (X, *,0) and pq(z) = (o A

u(xz)) V z € X and a € L, then po(z) is L fuzzy BP-ideal of X.
Proof : Let u be a L-fuzzy ideal of the BP-algebra (X, *,0) and o € L.

w(0) > p(z) V zeX.

Now,
11a(0) = {a A p(0)} > {a A p(2)} = pal) ¥V @€ X.

Also, p is a L-fuzzy ideal of X shows that

(@) > plxxy) Auly) vV zyeX

fa(r) = (aAp(x))
> {an (@ xy) Apy))}
= (aAp(z*y) A(aApup(y))}

= {ta(z*y) A pa(y)}
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= po(z) is a L-fuzzy ideal of X. Since this is true for all & € L, pq is L-fuzzy BP-ideal
of X for all « € L.
Corollary 3.6 : If u is a L-fuzzy BP-ideal of a BP-algebra X and

(@) = {((e) A ()} ¥ o, z € X.

Then p,,(q) is a L-fuzzy BP-ideal of X V o, z € X.
Theorem 3.7 : A L-fuzzy subset u of a BP-algebra (X, x,0) is a L-fuzzy BP-ideal if
and only if for any A € L,

U(p, A) ={z 2 € X,u(x) > A}

is an ideal of X where U(u, A) # O.
Proof : Suppose p is a L fuzzy ideal of X and U(u,\) # O for A € L.
Let x € U(u,A), then p(x) > A. By definition of L-fuzzy BP-ideal, we have p(0) >
p(x) > A Thus 0 € U(u, A).

Suppose x *y € U(u, \) and y € U(u, ). Therefore, u(x *y) > X and pu(y) > A.
By definition, we have p(z) > min{u(x *y) A p(z)} > A. So x € U(u, A).
Hence (i, ) is an BP-ideal of X.
Conversely, suppose that for each A € L, U(u, A) is either empty or an ideal of X.
For any x € X, let u(x) = A\. Then = € U(u, A).
Since U(p, A) # © is an ideal of X, we have 0 € U(u, \) and hence p(0) > X = p(z).
Thus p(0) > p(z) V x € X.
Assume p(x) > {pu(x*y) Au(y)} V x,y € X is not true. Then there exists xg,yg € X
such that

m(zo) < {ulzo*yo) A p(yo)}
= w(zo) < Ao < {u(zo*yo) A p(yo)}

We have g * yo,y0 € U(u, Ao) and U(u, Ag) # Q.

But U(u, \o) is an ideal of X. So zp € U(u, Ag) by the definition of BP-ideal. p(zg) > Ao,
contradicting (u(0) > p(x) V z € X).

Therefore p(x) > {pu(x*y) A u(y)}.

Theorem 3.8 : A fuzzy subset u of a BP-algebra (X, *,0) is a L-fuzzy BP-ideal if and
only if every nonempty level subset of U(y, s), s € Im(u) is a BP-ideal.
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Proof : Let p be a L-fuzzy BP-ideal.

Claim : U(y,s),s € Im(p) is a BP-ideal.

Since U(pu, s) # O there exist € U(u, s) such that pu(z) > s.

Since p is a fuzzy BP-ideal, u(0) > u(x) V x € X. Hence for this x € U(u, s), u(0) > s
which shows that 0 € U(p, s).

Now, for any z,y € X, assume that v xy € U(u,s) and y € U(u, s).

zxyeU(u,s)= pulrxy) > s.

Also
y € U(p,s) = p(y) > s

wxxy) = s, ply) = s.

= {u(@xy) Apy)} = s.

Since p is a L-fuzzy BP-ideal, pu(z) > {u(x *y) A u(y)} > s. Thus proving =z € U(y, s).
This proves that U(u, s) is a BP-ideal of X.

Conversely, let U(u,s),s € Im(u) is a BP-ideal of X.

Claim : pu is a L-fuzzy BP-ideal.

Let z,y € X. For any s € I'm(u), let s = {u(z*y) A u(y)}. Therefore, u(x *y) > s and
n(y) = s.

This shows that z xy,y € U(y, s).

Since U(u, s) is a BP-ideal we have x € U(p, $).

This proves that p(z) > s = {u(z*xy) A u(y)}.

This shows that p is a L-fuzzy BP-ideal of X.

Theorem 3.9 : Let u be a L-fuzzy BP-ideal of BP-algebra X and let x € X. Then
wu(x) =t if and only if 2 € U(u,t) but x € U(pu,s) V s>t

Proof : Let u be a L-fuzzy BP-ideal of X and let x € X. Assume u(z) = ¢, so that
x e U(u,t).

If possible, let € U(p, s) for s > ¢t. Then p(x) > s > t. This contradicts the fact that
wu(x) = t, concludes that © € U(u,s) V s> t.

Conversely, let © € U(u,t) but x ¢ U(p,s) V s>t

x € U(u,t) = u(x) >t
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Since x € U(u,s) V s>t, p(zr)=t.

Theorem 3.10 : Let X be a BP-algebra. Let A and p be the L-fuzzy BP-ideals of X.
Then A x p is a L fuzzy BP-ideal of X x X.

Proof : Let X be a BP-algebra and let A and p be L-fuzzy BP-ideals of X. For any
(x,y) € X x X.

(A x m)(0,0) = {A0) A u(0)}
> {A@) A ()}
= (Ax ().

Let (x1,2z2) and (y1,42) € X X X,z = (z1,22) and y = (y1,y2).

(A X p) (1, x2)

{A(z1) A pla2)}

{(AM@1 % y1) A A1) A (@2 * y2) A p(y2))}
{1 % y1) A (w2 xy2)) A (Ayr) A pye))}
{Ax p)(z1*y1 A2 xy2) A (A X p)(y1,92))}
= {Ax p(@1,22) * (Y1,92) A (A X p)(y1,92)}

= {Qx (@, y) A X p)(y)}

(A x p)(z)

v

Thus (A x p) is a fuzzy BP-ideal of X x X.
Theorem 3.11 : For any two L-fuzzy subsets A and p of X, if A x u is a L fuzzy
BP-ideal of X, then either A or u is a L-fuzzy BP-ideal of X.
Proof : Let A and u be L-fuzzy subsets of X such that A x p is a L-fuzzy BP-ideal of
X.

(A x p)(0,0) > (A x p)(z,y) for all (z,y) € X x X.
Assume A(z) > A(0) and p(y) > p(0) for some z,y,z € X. Then

Axp)(z,y) = {Mz)Auy)}
> {A(0) A p(0)}
= (Axp)(0) forall (z,y)e X xX

which is a contradiction. Thus A(z) > A(0) or u(0) > u(y) V y € X.
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Let z = (x1,22) and y = (y1,¥y2) € X x X

Axp)(x) > {(Axp)(zxy) A xp)(y)}
= {(Axp) (@1 *y,za*xy2) AN X ) (y1,y2)}
= {(A(@1xy1) Aplzr, 22)) A (A1) A p(y2))}

{(Az) Apz2)} = {(A@rxy) A (M) A (@1, 92) A p(y2))}
= either (A(z1) > (A(z1*y1) A (A(y1))} or

p(za) > (w1, y2) A p(y2))

= X or p is is L-fuzzy ideal of X.

Theorem 3.12 : Let A and p be L-fuzzy BP-ideals of X; and X respectively. Then
A X p is a L-fuzzy BP-ideal of X7 x Xo.

Proof : Let A be a fuzzy BP-ideal of X;.

Let p be a fuzzy BP-ideal of Xs.

Claim : \ x p is fuzzy BP-ideals of X x X5. For any (z,y) € X7 x Xo.

(A x p)(0,0) = {A0) A p(0)}
> {A(z) A p(y)}
= (Axp)(z,y).

Let (x1,22) and (y1,y2) € X x X.

(A x p)(z1,22) = {(A@1) A plz2))}
> {1+ y1) A1) A (plze * y2) A p(y2)) )
= {(M@1*y1) Aprey2)) A (My1) A p(y2))}
= {(
= {(

X ) (1 * Y1 Ao *y2) A (XX p(y1,y2))}

A
Ax p)((@1,w2) * (y1,92)) A (A X 1) (Y1, y2) }-

7
X
Thus A x p is a L-fuzzy BP-ideal of X7 x X».

Theorem 3.13 : Inverse image of fuzzy BP-ideal is again a fuzzy BP-ideal.

Proof : Let f: X; — X5 be an epimorphism. Let o be fuzzy BP-ideal of X5.
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To prove : f~1(0) is a fuzzy BP-ideal of Xj.

(fH o) (@) = o(f(@)
> {o(f(@)* f(y)) No(f(y)}
= {o(f(zxy) Aa(f(y))} (since f is epimorphismn)
= (o) @*xy Af o)) ¥ zyeX.

Thus f~1(0) is a L-fuzzy BP-ideal of X;.

Theorem 3.14 : Let f : X; — X be an epimorphism of BP-algebras. Let p be a
L-fuzzy subset of Xo. If f~!(u) is a L-fuzzy BP-ideal of X1, then y is a L-fuzzy BP-ideal
of Xs.

Proof : Let f: X; — X5 be an epimorphism of BP-algebras.

Let p be a fuzzy subset of Xo. Let f~1(u) is a fuzzy BP-ideal of Xj.

Claim : p is a fuzzy BP-ideal of Xo.u(04,) = u(f(04,) > f~H(p(z1) = p(f(z1)) =
wu(x2). Let xa,y2 € Xo. Since f is an epimorphism, x1,y; € X; such that f(x1) = x9
and f(y1) = yo that is, 21 = f~!(22) and y1 = ' (y2).

plre) = p(f(
o

A\

{f (@ y) A FH uly)}
(f(@1xy1)) A p(f(y1))}
(f(@1) = (1)) A p(f(y1))}
= {u(z2*y2) A p(y2)}

{n
{n

u is a L-fuzzy BP-ideal of Xs.
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