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Abstract

The following paper is a states the study of a pathway fractional integral opera-
tor related to the pathway model and pathway probability density for the Aleph
function and Mittag- Leffler function with certain product of H-function and Mul-
tivariable’s general class of polynomial of R- variables.

1. Introduction

The fractional integral operator which is very important and have applications in
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different subfield of applicable mathematical analysis. Since last four generations many

people like Love [7], Saigo [10], etc. have studied in details , the properties, applications

and different extensions of various hypergeometric operators of fractional integration.

The Pathway Fractional integrals operator S. S. Nair [14] introduced is state as follows:

Let f (x) εL (a, b) ; ηεC,R(η) > 0; a > 0 and let us take a “pathway parameter” α < 1.

Then the pathway fractional integral operator is defined as follows(
P

(η,α)
0+ f

)
(x) = xη

∫ [
x

a(1−α)

]
0

[
1− a (1− α) t

x

] η
1−α

f (t) dt (1)

The pathway model is introduced by Mathai [5,2] and discussed further by Mathai

and Haubold [3,4].For real scalar α , the pathway model for scalar random variables is

represented by the following probability density function (p. d. f.):

f (x) = c|x|γ−1
[
1− a (1− α) |x|δ

] β
1−α (2)

Provided that −∞ < x > ∞; δ > 0;β ≥ 0;
[
1− a (1− α) |x|δ

]
> 0; γ > 0 where c

is the normalizing constant and α is called the pathway parameter. For real α the

normalizating constant is as follows:

c =
1
2

δ [a (1− α)]
γ
δ Γ
(
γ
δ + β

1−α + 1
)

Γ
(γ
δ

)
Γ( β

1−α + 1)
;α < 1 (3)

c =
1
2

δ [a (1− α)]
γ
δ Γ
(

β
1−α

)
Γ
(γ
δ

)
Γ( β

1−α −
γ
δ )

;
1

α− 1
− γ

δ
> 0;α > 1 (4)

c =
1
2
δ [aβ]

γ
δ

Γ
(γ
δ

) ;α→ 1 (5)

See that for α < 1 it is a finite range density with
[
1− a (1− α) |x|δ

]
> 0 and (2)

remains in the extended generalized type-1 beta family. The pathway density in (3), for

α < 1 , includes the extended type-1 beta density, the triangular density, the uniform

density and many other p.d.f.

For α > 1 , writing 1− α = − (α− 1) we have

f (x) = c|x|γ−1
[
1 + a (α− 1) |x|δ

] −β
1−α (6)

Provided that −∞ < x > ∞; δ > 0;β ≥ 0; γ > 0 which is the extended generalized

type-2 beta model for real x. It includes the type-2 beta density, the F-density, the
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Student-t density, the Cauchy density and many more. Here we consider only the case

of pathway parameter α < 1. For α → 1 both (2) and (6) take the exponential form.

since

limα→1c|x|γ−1
[
1− a (1− α) |x|δ

] β
1−α

= limα→1c|x|γ−1
[
1 + a (α− 1) |x|δ

] −β
1−α = c|x|γ−1eaη|x|

δ
(7)

This includes the generalized gamma, the Weibull, the chi-square, the Laplace, Maxwell-

Boltzmann and other related densities. For more details on the pathway model, the

reader is referred to the recent papers of Mathai and Haubold [3], [4]. The Aleph (ℵ)

-function introduced by Sudland [7], however the notation and complete definition is

presented in the following manner in terms on the Mellin- Barnes type integrals.

ℵ [z] = ℵm,nxi,yi,τi,r

[
z|

(aj ,Aj)1,n,...,[τi(aj ,Aj)]n+1,xi

(bj ,Bj)1,m,...,[τi(bj ,Bj)]m+1,yi

]

=
1

2πω

∫
L

Ωm,n
xi,yi,τi,r (s) z−sds (8)

For all z 6= 0 where ω =
√

(−1)

Ωm,n
xi,yi,τi,r (s) =

m∏
j=1

Γ (bj +Bjs)
n∏
j=1

Γ (1− aj −Ajs)

r∑
i=1

τi
yi∏

j=m+1
Γ (1− bji −Bjis)

xi∏
j=n+1

Γ (aji +Ajis)
(9)

The integration path L = Liγ∞, γεR extends from γ − i∞ to γ + i∞, and is such

that the poles ,assumed to be simple of Γ (1− αi −Ajs) , j = 1, ..., n do not coincide

with the pole of Γ (βi +Bjs) , j = 1, ...,m the parameter xi, yi are non negative integers

satisfying 0 ≤ n ≤ xi, 0 ≤ m ≤ yi, τi > 0 for i = 1, ..., r. The Aj , Bj , Aji, Bji > 0

and aj , bj , aji, bjiεC, The empty product in (2) is interpreted as unity. The existence

conditions for the defining integral (1) are giving below

φl > 0, |arg (z) | < π

2
φl, l = 1, ..., r (10)

φl ≥ 0, |arg (z) | < π

2
φl and R (ξl) + 1 < 0 (11)

where

φl =
n∑
j=1

Aj +
m∑
j=1

Bj − τl

 xl∑
j=n+1

Ajl +
yl∑

j=m+1

Bjl

 (12)



18 SANJAY BHATTER & RAKESH KUMAR BOHRA

ξl =
m∑
j=1

bj −
n∑
j=1

aj + τl

 yl∑
j=m+1

bjl −
xl∑

j=n+1

ajl

+
1
2

(xl − yl) , (i− 1, ..., r) (13)

For details ccount of Aleph (ℵ)-function see [12] and [13].

The general polynomials of R variables given by Srivasthava [8,9] defined and represented

as:

Sm1,...,mR
n1,...,nR

[x1, ..., xR] =

n1
m1∑
s1=0

...

nR
mR∑
sR=0

{
ΠR
i=1

(−ni)misi
Γ (si + 1)

xsi
}
A (n1, s1; ...;nRsR) (14)

Where ni,mi = 1, ..., R;mi 6= 0,∀iε1, 2, ..., R the coefficients

A (n1, s1; ...;nRsR) , (si ≥ 0) are arbitrary constant, real or complex. The general class

of polynomials [9] is capable of reducing to a number of familiar multivariable

polynomials by suitable specializing the arbitrary coefficients

A (n1, s1; ...;nRsR) , (si ≥ 0)

Fox H-function in series representation is given in [8], [9] is as follows:

HM,N
P,Q [Z] = HM,N

P,Q

[
z|(eP ,EP )

(fQ,FQ)

]
=

N∑
h=1

∞∑
ν=0

(−1)ν X (ξ)
Γ (ν + 1)Eh

(
1
z

)ξ
(15)

Where ξ = (eh−1−h)
Eh

and h=1,2,...,N And

X (ξ) =

M∏
j=1

Γ (fj + Fjξ)
N∏
j=1

Γ (1− ej − Ejξ)

Q∏
j=M+1

Γ (1− fj − Fjξ)
P∏

j=N+1

Γ (ej + Ejξ)
(16)

Shukla and Prajapati [1], defined and investigated the function Eγ,qβ,ρ (z) as

Eγ,qβ,ρ (z) =
1

Γ (γ)
H1,1

1,2

[
−z|(1−γ,ρ)

(0,1),(1−ρ,β)

]
, β, γ, ρεC,R (β) > 0, qε (0, 1) ∪N (17)

= 1
2πiΓ(γ)

∫∞
−∞

Γ(s)Γ(γ−qs)
Γ(ρ−βs) (−z)−s ds

The relation of Wright’s function pψq and H-function is given by R.K. Saxena and

Mathai [5], [13].

pψq

[
(a1,A1),...,(ap,Ap)
(b1,B1),...,(bq ,Bq)

|z
]

= H1,p
p,q+1

[
−z|(1−a1,A1),...,(1−ap,Ap)

(0,1),(1−b1,B1),...,(1−bq ,Bq)

]
(18)
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Theorem : By the set of sufficient conditions (10), (11), (12) and (17), let

η, u, u1, uRεC,R (δ) > 0, Re
(

1 + η
(1−α)

)
> 0, R (η, u, u1, uR) > 0, µ > 0, β,

γεC, R (β) , R (η) , R (γ) , R (ρ) > 0, λε (0, 1) ∪ N and mi is an arbitrary integral and

coefficients (n1, s1; ...;nRsR) are arbitrary constants,real or complex.

P
(η,α)
0+

[{(
xu−1Sm1,...,mR

n1,...,nR (xu1,...,uR)
)
ℵm,nxi,yi,τi,r

(
dxδ|

(aj ,Aj)1,n,...,[τi(aj ,Aj)]n+1,xi

(bj ,Bj)1,m,...,[τi(bj ,Bj)]m+1,yi

)}
×{

HM,N
P,Q

[
cxµ|(eP ,EP )

(fQ,FQ)

]
Eγ,λβ,ρ

(
bxβ
)}]

= xη+u+u1s1+...+uRsR

[a(1−α)]σ+u+u1s1+...+uRsR
×

Γ
(

η
1−α

)
1

Γ(γ)

∑ n1
m1
s1=0 ...

∑ nR
mR
sR=0

{
ΠR
i=1

(−ni)misi
Γ(si+1) x

si

}
A (n1, s1; ...;nRsR)

HM,N
P,Q

[
cxµ

[a(1−α)]µ
|(eP ,EP )

(fQ,FQ)

]
ℵm,nxi,yi,τi,r

[
dxδ

[a(1−α)]δ
|
(aj ,Aj)1,n,...,[τi(aj ,Aj)]n+1,xi

(bj ,Bj)1,m,...,[τi(bj ,Bj)]m+1,yi

]
×

2ψ2

[
(γ,λ),(u+u1s1+...+uRsR−µξ,β)

(ρ,β),(1+ η
1−α+u+u1s1+...+uRsR−µξ,β)

| bxβ

[a (1− α)]β

]
(19)

Proof : Using the definitions (1), (8), (14), (15) and (17) then by interchange the

order of integrations and summations (which is permissible under the conditions stated

above), evaluate inner integral by making use of beta and gamma function formula, we

arrive at the desired results.

Special Cases :

1. If we have putting τi = 1, i = 1, 2, ..., r in (19) then we reduce the following results

in term of I- function [14].

P
(η,α)
0+

[{(
xu−1Sm1,...,mR

n1,...,nR (xu1,...,uR)
)
Im,nxi,yi,1,r

(
dxδ|

(aj ,Aj)1,n,...,[(aj ,Aj)]n+1,xi

(bj ,Bj)1,m,...,[(bj ,Bj)]m+1,yi

)}
×{

HM,N
P,Q

[
cxµ|(eP ,EP )

(fQ,FQ)

]
Eγ,λβ,ρ

(
bxβ
)}]

= xη+u+u1s1+...+uRsR

[a(1−α)]σ+u+u1s1+...+uRsR
×

Γ
(

η
1−α

)
1

Γ(γ)

∑ n1
m1
s1=0 ...

∑ nR
mR
sR=0

{
ΠR
i=1

(−ni)misi
Γ(si+1) x

si

}
A (n1, s1; ...;nRsR)

HM,N
P,Q

[
cxµ

[a(1−α)]µ
|(eP ,EP )

(fQ,FQ)

]
Im,nxi,yi,1,r

[
dxδ

[a(1−α)]δ
|
(aj ,Aj)1,n,...,[(aj ,Aj)]n+1,xi

(bj ,Bj)1,m,...,[(bj ,Bj)]m+1,yi

]
×

2ψ2

[
(γ,λ),(u+u1s1+...+uRsR−µξ,β)

(ρ,β),(1+ η
1−α+u+u1s1+...+uRsR−µξ,β)

| bxβ

[a (1− α)]β

]
(20)

2. If we choosing τi = 1, i = 1, 2, ..., r and r = 1 in (19) then we reduce the following

results in term of H- function [15].
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P
(η,α)
0+

[{(
xu−1Sm1,...,mR

n1,...,nR (xu1,...,uR)
)
Hm,n
p,q,1,1

(
dxδ|

(aj ,Aj)1,p
(bj ,Bj)1,q

)}
×{

HM,N
P,Q

[
cxµ|(eP ,EP )

(fQ,FQ)

]
Eγ,λβ,ρ

(
bxβ
)}]

= xη+u+u1s1+...+uRsR

[a(1−α)]σ+u+u1s1+...+uRsR
×

Γ
(

η
1−α

)
1

Γ(γ)

∑ n1
m1
s1=0 ...

∑ nR
mR
sR=0

{
ΠR
i=1

(−ni)misi
Γ(si+1) x

si

}
A (n1, s1; ...;nRsR)

HM,N
P,Q

[
cxµ

[a(1−α)]µ
|(eP ,EP )

(fQ,FQ)

]
Hm,n
p,q

[
dxδ

[a(1−α)]δ
|
(aj ,Aj)1,p
(bj ,Bj)1,q

]
×

2ψ2

[
(γ,λ),(u+u1s1+...+uRsR−µξ,β)

(ρ,β),(1+ η
1−α+u+u1s1+...+uRsR−µξ,β)

| bxβ

[a (1− α)]β

]
(21)

3. If we choosing m1 = m2 = ... = mR = n1 = n2 = ... = nR = 1,m = n = 1, xi =

yi = 1, τi = 1 = r, where i=1,2,...,r And λ = 1 then equation (19) Reduces to [15] in

equation (21)

P
(η,α)
0+

[{(
xu−1

)
HM,N
P,Q

[
cxµ|(eP ,EP )

(fQ,FQ)

]
Eγ,1β,ρ

(
bxβ
)}]

=

xη+u

[a(1−α)]σ+uΓ
(

η
1−α

)
1

Γ(γ)H
M,N
P,Q

[
cxµ

[a(1−α)]µ
|(eP ,EP )

(fQ,FQ)

]
×

2ψ2

[
(γ,1),(u−µξ,β)

(ρ,β),(1+ η
1−α+u−µξ,β)|

bxβ

[a (1− α)]β

]
(22)

References

[1] Shukla A. K., Prajapati J. C., On a generalization of Mittag-Leffler function and
its properties, J., Math Anal. Appl. 336 (2007), 797-811.

[2] Mathai A. M., A pathway to matrix-variate gamma and normal densities. Linear
Algebra Appl., 396 (2005), 317-328.

[3] Mathai A. M. and Haubold H. J., On generalized distributions and pathways.
Phys. Lett. A 372 (2008), 2109-2113.

[4] Mathai A. M. and Haubold H. J., Pathway model, super statistics, Tsallis statis-
tics and a Generalize measure of entropy. Phys., A 375 (2007), 110-122.

[5] Mathai A. M , and Saxena R. K., The H-function with Applications in Statistics
and other Disciplines, Wiley, New York, (1978).

[6] Sudland B., Baumann B. and Nonnenmacher T.F., Fractional Driftless, Fokker-
Planck Equation with Power Law Diffusion Coefficient in V. G. Ganga, E. W.
Mayr, W. G. Varozhtsov, Editors Computer Algebra in Scientific computing
(CASC Konstanz 2001) Springer, Berlin, (2001), 513-525.



PATHWAY FRACTIONAL INTEGRAL OPERATOR ASSOCIATED WITH... 21

[7] Love E. R., Some integral equations involving hyper geometric functions, Proc.
Edin. Math. Soc., 15(3) (1967), 169-198.

[8] Shrivastava H. M., A contour integral involving Fox‘s H-function Indian J. Math.,
14 (1972), 1-6.

[9] Srivastava H. M., A Multilinear generating function for the Konhausar sets of
biortogonal Polynomial suggested by the laguerre polynomials, pacific J. Math.,
177 (1985), 183-191.

[10] Saigo M., A remark on integral operators involving the Gauss hyper geometric
functions, Math. Rep. Kyushu Univ., 11 (1978), 135-143.

[11] Sudland N., Bauman B. and Nonnenmacher T.F., Open problem, who know
about the Aleph functions? Fract. Calc. Appli. Anal., 1(4) (1998), 401-402.

[12] Jain Rinku and Arekar Kirti, Pathway integral operator associated with Aleph-
function and General polynomial, Global Journal of Science Frontier Research
Mathematics and Decision Sciences, 13 (2013).

[13] Saxena R. K., Fractional integration of the Aleph function V/A Pathway Op-
erator, International Journal of Physics and Mathematical Science, 2(1) (2012),
163-172.

[14] Nair S. S., Pathway fractional integration operator, Fract. Calc. Appl. Anal.,
12(3) (2009), 237-252.

[15] Chaurasia V. B. L. and Gill V., New pathway fractional integral operator
involving H-Functions, Journal of fractional Calculus and applications: 2090-
5858, 4(1) (2013), 160-168.


