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Abstract

The aim of this work is to define generalized F-weak contractive mappings and
prove that there is a unique common fixed point for generalized F-weak contractive
mappings, the presented work is a generalization of Wardowski and Dung [12] . An
example is given to show that our result is a proper extension of Wardowski and
Dung [12, theorem 2.4].

1. Introduction and Preliminaries

Fixed point is one of the most fruitful and effective tools in mathematics which has
enormous applications within as well as outside mathematics. In 1922 Banach estab-
lished the famous fixed point theorem which is called the Banach contraction principle.
This principle is a forceful tool in nonlinear analysis. Recently many results of the fixed
point have been proved [1-10]. In [11], Wardowski has introduced the concept of an
F-contraction as follows:
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Definition 1.1 : Let F be the family of all functions F' : (0,4+00) — R such that
(F1) F is strictly increasing, that is, for all «, 5 € (0, +00) if @ < 8 then F(a) < F(f);
(F2) For each sequence {ay,} of positive numbers, the following holds;

lim a, =0 if and only lim F(ay,)= —oc;
n—oo n—oo

(F3) There exists k € (0,1) such that lim (a*F(ay,)) = 0.

a—0t
Let (X,d) be a metric space. A map T : X — X is said to be an F-contraction on
(X, d) if there exists F' € F and 7 > 0 such that for all z,y € X,

d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)).
The following functions F' : (0, +00) — R are the elements of F :
(1) Fa=lIn «

(2) Fo=Ina+«

(r) Fa = In(a? + a)

In 2014 Wardowski and Dung [12] introduced the notion of an F-contraction into an
F-weak contraction as follows :

Definition 1.2 : Let (X, d) be a metric space. A map T : X — X is said to be an
F-weak contraction on (X, d) if there exists F' € F and 7 > 0 such that for all z,y € X
satisfying d(Tz, Ty) > 0, the following holds :

T+ F(d(Tz,Ty)) < F <max {d(:ﬂ,y),d(:z;,Tx), d(y, Ty), d(z,Ty) + d(y, Tx) }) _

2

By using the notion of F-weak contraction, the author has proved a fixed point theorem
which generalizes the notion of an F-contraction into F-weak contraction as follows:
Theorem 1.3 : Let (X,d) be a metric space. A map T : X — X be an F-weak

contraction if T" or F' is continuous, then we have

(1) T has a unique fixed point z* € X.
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(2) For all = € X, the sequence {T"x} is convergent to x*.

In this paper we define generalized F-weak contractive mappings and prove some com-
mon fixed point results for F-weak contractive mappings which are the generalizations
of results given in Wardowski and Dung [12]. An example is given to show that our

result is a proper extension of theorem 2.4 [12].

2. Main Results

Definition 2.1 : Let (X, d) be a metric space and S, T' be two self-maps on (X, d) are
said to F-weak contractive mappings if there exists F' € F and 7 > 0 such that for all
z,y € X satisfying (Sz,Ty) > 0, the following holds :

T+ F(d(Sz,Ty)) < F (max {d(m, y),d(z,Sz),d(y, Ty), d(:c,Ty),zd(y, Sz) }) . (2.1)

Theorem 2.2 : Let (X, d) be a metric space and S, T be two self-maps on (X, d) which
satisfy condition (2.1) for all z,y € X. If S and T or F is continuous then S and T
have a unique common fixed point in X.

Proof: Let g be an arbitrary point in X and define xog 11 = Sxok, Togro = Txok 11,k =
0,1,2,--- . Then

T+ F(d(z2k41, T2k42)) = 7 + F(d(Swo, Tr2k41))

< F (max {d(xog, Tak+1), A2k, Sor), d(zok+1, TTok+1),

2
< F (max {d(xak, Tor+1), d(Z2k, Tok+1), A(Tokt1, Takt2),

d(zok, Txop+1) + d(x2k41, STok) })

d(zak, Togt2) + d(Tok41, T2kt1) })
2

d d
S F (maX {d(:ﬁQka x?k‘-ﬁ-l)a d(ka-i-l’ $2k;+2)7 (x2k’ x2k+1) +2 <x2k+1’ x2k+2) }>

< F(max{d(zok, T2r+1), d(T2k+1, T2k12) })- (2.2)

If there exists k € N such that max{d(xak, Tog+1), d(Top+1, Tok+2)} = d(Tok+1, Tok+2)
then (2.2) becomes

F(d(xokt1, Tary2)) < F(d(Togt1, Tort2)) — 7 < F(d(@2k41, T2r+2))-
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It is a contradiction. Therefore,
max{d(war, Tok11), d(T2k41, Tok+2)} = (g, Tat1)-
Thus from (2.2), we have
F(d(z2r41, 2142)) < F(d(w2r, T2r41)) — T
Similarly,

7+ F(d(zor43, Tory2)) = 7 + F(d(S2r42, TTor41))

< F (max {d(x2k+2, Tok+1), d(T2p42, STop+2), d(T2p41, TTok41),

d(op 12, TToky1) + d(Top 11, STopy2) })
2

< F (max {d(xok+2, Tok+1), d(T2p42, Tok+3), A(T2k41, T2kt2),

d(or 12, Tart2) + d(Topt1, Topy3) })
2

d(zoky1, Tor+2) + d(T2k+2, Tok+3) })
2

< F(max{d(@ak+2, Tok+1), d(Tok+2, Top13) }- (2.3)

<F <H1aX {d($2k+27 Zok+1), A(T2k+2, T2k+3),

If there exists &k € N such that

max{d(zox+2, Tok+1), d(T2k+2, Tak+3)} = d(Tok+2, T2k+3),

then (2.3) becomes

F(d(xok+t3, xant2)) < F(d(2k+2, T2p43)) — T < F(d(T2r+2, T2k+3))-

It is a contradiction. Therefore,

max{d(Tag 2, Tort1), d(Topr2, Tkt 3)} = d(Tapy1, Tort2).

Thus from (2.3), we have

F(d(zor+3, Tort2)) < F(d(Tor41, Topt2)) — 7
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Thus for all n € N
F(d(xn—i—l)xn)) < F(d(l‘n,SUn_l)) - T,

and also it implies that
F(d(xpt1,20)) < F(d(z1,20)) — nT. (2.4)
Taking the limit as n — oo in (2.4), we get

lim F(d(xpi1,2n)) = —00

n—oo

that together with (F2) gives

lim d(zp41,2,) = 0. (2.5)

n—o0

From (F3), there exists k € (0,1) such that

lim (d(zng1, 20))*F(d(@ng1, 20)) =0--- (2.6)

n—oo

It follows from (2.4) , that
(d(znt1,20))* (F(d(zn11,20)) — Fld(21,20))) < —(d(@ns1,20) 07 <0 (27)
for all n € N. By using (2.5), (2.6) and taking the limit as n — oo in (2.7), we get

lim (n(d(zni1,2,))") = 0.

n—o0

Then there exists n; € N such that n(d(zp+1, xn))k <1 for all n > nq, that is
1
d(Tpt1,2n) < Tk for all n > nq. (2.8)
n

For all m > n > n; by using (2.8) and the triangle inequality, we get

d(zm, xn) < d(xm, $m—1) + -+ d(Tpy1, xn)

o0

< X d@ig, ) (2.9)

=n

I
e
3
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Since the series ioj nl—l/k is convergent, taking the limit as n — oo in (2.9), we get

lirg d(Xpm, Tp,) = 1O. This proves that {z,} is a Cauchy sequence in X. Since X is
Zlc;?npciete, there exists u € X such that nh_)rglo x, = u. We shall prove that u is a common
fixed point of S and T, by two following cases.

Case 1: S and T are continuous. We have
d(u, Su) = lim d(zok, Sxer) = lim d(zok, xop+1) = 0.
k—o0 k—o0

Similarly d(u,Tu) = 0. This proves that u is a common fixed point of S and 7.

Case 2 : F is continuous. In this case , we consider two following sub-cases.

Sub-case 2.1 : For each n € N there exists i, € N such that x9;, 11 = Su, x9;,42 = Tu
and %, > i,_1 where ig = 1.

Then we have

u = lim x9; = lim xz9;
n—00 Zintl n—00 Zin+2
= lim Su= lim Tu
n—o0 n—oo
= Su="Tu.

Sub-case 2.2 : There exists ng € N such that z, # Su for all n > ng. That is
d(Txok+1,Su) > 0 for some k.
It follows from (2.1), that

T+ F(d($2k+2, Su)) =T+ F(d(T$2k+1, Su))

S F <maX {d(u7 x2]€+1)7 d(u7 SU), d(x2k+17 Tx2k+1)7

d(u, Txopy1) + d(xog+15Uu) })
2

d(u, Tort2) + d(Tok41, Su) })
5 .

<F (max {d(ua Tok+1), d(us , Su), d(Tog+1, Tak+2),

Since F' is continuous, taking k — oo and if d(u, Su) > 0, then

T+ F(d(2op12,Su)) < F <max{d<“’ S“)’WD
< F(d(u, Su))

which is a contradiction. Therefore d(u, Su) = 0.

That is u is a fixed point of S. Similarly we can show that w is a fixed point of T
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Uniqueness. Let v (# u) be another common fixed point of S and T i.e. d(u,v) > 0.
It follows from (2.1) that

Fld(u,v)) < 7+ F(d(Su,Tv))
< F (max {d(u,v), d(u, Su),d(v, Tv), d(u, Tv) + d(v, Su) })

2

< F <max {d(“’ o), du,w), dv, ), 2 3 e }>

F(d(u,v)) < F(d(u,v))

which is a contradiction. Then (u,v) = 0. i.e. u=wv.
This proves that the common fixed point of S and T is unique.
We conclude this paper with an illustrative example which demonstrates theorem (2.1).
Example 2.3 : Let S,7: [0,1] — [0, 1] be given by :
0, if z€][0,1) 0, if z€][0,1)

Sz = and Tz =
it z=1 Iif z=1

Since S and T are not continuous, so are not F-contraction, but for z € [0,1) and y = 1,

we have
d(Sz,Ty) =d(Sz,T1) = ‘O— ;' = é >0 and

max{d(x, 1), d(z, Sz),d(1,T1), d(z,T1) ; d(l’sx)} > d(1,T1) = ‘1 ~ ;‘ - %.

Also for x =1 and y € [0, 1), we have
1 1
d(Sz, Ty) = d(S1,Ty) = ‘4 — 0‘ =7>0

and

max{d(l,y),d(l,Sl),d(y,Ty), AL Ty Ay, 51)} > d(1,51) = )1 - 411’ =

Therefore, by choosing Fa = In a,«a € (0,+00) and In 4, we see that S and T satisfy
the condition (2.1). Thus S and T" have a unique common fixed point.

Corollary 2.4 : Let (X, d) be a metric space and S, T be two self-maps on (X, d) such
that for all z,y € X satisfying (Sz,Ty) > 0, the following holds :

T+F(d(Sz,Ty)) < F(ad(z,y)+bd(z, Sz)+cd(y, Ty)+e[d(x, Ty)+d(y, Sz)]) - - - (2.10)
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wher F' € F,7 > 0,a,b,c,e >0and a+b+c+2e < 1. If S and T or F is continuous
then S and T have a unique common fixed point in X.
Proof : For all x,y € X, we have
ad(X,y) + bd(z, Sx) + cd(y, Ty) + e[d(x, Ty) + d(y, Sz)]
d(x, T d(y, S
<(a+b+c+2e) <max {d(w, y),d(x, Sz),d(y, Ty), (z,Ty) + d(y, Sz) })

d(z,Ty) —2k d(y, Sx) }) . :

< (max {dte. ). e, 52, dty. ),
Then by (F1), we see that (2.1) is a consequence of (2.10). Thus corollary is proved.
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