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Abstract

In the present paper, some double integrals for I-function of two variables and its
applications have been evaluated.

1. Introduction

The double Mellin Barnes type contour integral occurring in this paper will be referred
to as the I-function of two variables throughout the paper and will be defined and
represented in the following manner. [6]

21 | (aj305, Aji&i)py (€55 Ch Uj)pas (€55 B Pj)1,ps

— 70,n1:m2,n2;m3n3
1 [Zl’ ZQ} - Ipl,lI11P2,Q2;P37Q3

22 | (033 B Bjsni)var = (djs Djs Vi)iges (f5 Fs Qi) 1,45

= (27rlz)2/5 . d(s,1)01(5)0(t) 25 25 dsdt (1.1)
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where ¢(s,t),01(s),02(t) are given by

ni
[IT% (1 —a; +ajs+ Ajt)
i=1
¢(Sat) = Pl : a (12)
[ T%(aj—ajs— Ajt) [ T (1 —b; + Bs + Bjt)
j=ni1+1 J=1
nag m2
1:[1 FUj(l —¢ + st) '1:[1 NG (dj - Djs)
61 (3) = pji QjS ’ (1'3)
[I TV(c;—Cjs) I TVi(1—dj+ D;s)
j=no+1 Jj=ma+l1
n3 P, m3 Q;
le i(1— e+ Ejt) 1le 7(fj — Fit)
92(t) = p;i qui ) (1‘4)
[I TPi(e;—Ejt) I TQ(1-f;+Fjt)
j=nsz+1 J=ms+l
Also
21 ?é 0, 2 7& 0
i=+-1 (1.5)

an empty product is interpreted as unity, etc.

2. Notation and Results Used

Throughout the present paper we shall use the following notations:
o ((P)) = (aj, 2, Aj;§)1prs ((Q)) = (¢, C33 UL pa, ((R)) = (€5, Ej; Pj)1ps

e ((8) = (5,85, Biinj)rg, (1)) =(dj, Djs Vi)ige, ((U)) = (f5: Fj3s Qj)1,gs

(aj,aj, Aj; &)1 p stands for (ar, an, A1;&1), (a2, a2, A2;€2), -+, (ap, ap, Ap; &p)

(Cj, Cj; Uj)17p2 stands for (Cl, Cq; U1), (CQ, O, UQ), e (CP27 CP2; Up).

(aj; a5, Aj; 1)1, stands for (ar; a1, A1;1), (ag; ag, A1), -, (ap; o, Ap; 1).

(aj; 05, Aj) 1p stands for (ar;on, Ar), (ag; 00, A2), -+, (ap; ap, Ap).

(aj; 05, 1)1, stands for (ai; 1), (a2;a2,1) -+, (ap; op, 1).

e (aj;aj)1,p stands for (ar; 1), (a2;a2),-- -, (ap; ap).
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o (aj;1)1, stands for (ai;1), (az;1),- -, (ap; 10.

e (ap) = (aj)1,p stands for (a1), (a2), -+, (ap).

Following the results of Braaksma [3, p.278] and Rathie [6, 8], it can easily be shown
that the function defined by

p1 P2 q2 q2
R=> &oaj+ Y U,Cj—> ;B — > _V;Dj, (2.1)
j=1 j=1 j=1 j=1
P1 p3 q1 q3
S:ijAj—FZPjEj —Z?]ij —ZQij, (2.2)
Jj=1 Jj=1 Jj=1 j=1

is an analytic function of z; and z2 if R < 0 and S < 0. And the integral (1.1) is

convergent if,
1 1
Ay >0,A9 >0, |arg(z1)| < §A17T, larg(z2)| < §A2ﬂ'

where,
A =

ni q2
> oy — Z &joj — anﬂj—FZUC' Z U;C; +ZVD > VD,
j=1

Jj=ni+1 Jj=na+1 Jj=ma+1
(2.3)

Ay =

ni q3
Sea - 3 o, Z%B +ZPE S pE +ZQJ - D &f
i=1

Jj=n1+1 j=n3+1 j=m3+1
(2.4)

For more details, integral (1.1) is converges absolutely see the research paper of K.
Shantha kumari, Vasudevan Nambisan and A.K. Rathie [6, p.290].
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The following results Sharma and Rathie [8] will be required in the proof of integrals.

/1 7 (1~ a)P[1 4 ax + b(1 — )] 2
0

2F1[ g (O‘+B+2) 1+a:,fl+tf1)—x>]dx

o fo(p-§2)r () )
D(a)l(8)}~" x

{(a=5) A+a)’(1+0b)” (B
|:(2pa—|—ﬁ) (%)r(g) (2p+a—B)T
+ )

(07

] 25

where, Re(p) > 0, Re(2p — a — ) > 0, a and b are constant such that the expression

1+ ax+b(1 —z) is not zero and 0 < z <1,

1
/ 2711 — )P 1 + ax + b(1 — 2)] 2.
0

o Fy {a,ﬂ; (a+p5+2): 1+a (irza)—iﬂ)]d%

_ 9-2ptatpi-1 Flp—1)- <a+ﬁ> (_%_g_1>><
a)f(1 +b)PT(a)T(B)

(1+
{@w %f(l)] [ - <%>P<ﬁ“)] 26)

Tlo-5-HT(r-3)

where, Re(p) > 1,Re(2p —a— ) > 2

—

Jus

/2 eirr(?wfl)@ . (sin 0)0.271 . (COS 0)0.)71
0

/ .
o F [ ,ﬂ,(;ﬂ) elocose] do

_omte Tlo-1) <a’ + ) r (w - 1) SLCONCO

- 22—/~ 2 2 2
. [@wa’w (T (§) | Core oo ()T fﬁf)] o
T S e ST A
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where Re(w) > 1, Re(2w — o/ — ') > 2

/2 eiw(2w+1)0 . (Sin@)w_l- (COS Q)w—l
0

/ / 2 .
7(04 +§ * );€Z9C089:|

o F1 |:a/7/8/;
im(w—1 I ! ! ! ! / / / N\ —
~ St (-5 5) (55 ) e e
/ / o Jc4 / / o B'+1
. (2w_a/+ﬁ)r<2+1)r(2 (2w+a/—ﬂ)r(2)r(/ ) (2.8)
I‘(w—%+1)f‘(w—%+% F(w—%+%)f‘(w—%+1)

\/\_/\_/

where, Re(w) >0, Re(2p —a' — ') > 0.

3. Double Integrals involving I-function of Two Variables

First Integral

// 21— 2)P[1 + ax + b(1 — )] 21

(a+8+42)  z(+a)
o FY |:04a/8a 9 ’1—|—ax+b(1_x)] '

cosf

/ /
6i7r(2w+1)0 . (Sin e)w . (COS G)w . oF |:O/,ﬂ/; (OK +§ + 2) ; R
]0 ni:msa,ng;ms,ns3
P1,91:P2,92;P3,93

[ 212P (1 — )P [1 + az + b(1 — 2)] 721210 (sin )< (cos 0)1 | ((P)), ((Q)), ((R))

292”2 (1 — 2)P2[1 + az + b(1 — 2)] 72,2220 (5in 0)~2 (cos 0)~2 | ((S)), ((T)), (U))
pet-2p-2y ((a2) ST (2 4 1)
" T(@)L(B)(a— B)(1 +a)r(1 + b)r 222='=F+20(a/ — F)I(o/)T(F)

() (E) ()]
() ()r ()] =

where Iy, I5,I5 and Iy represent I-function of two variables, they are as follows:

{ 21/(2)P ) (1 +a) L+ b)) | ((P)), P (Q), (R))

((8)), P2, ((T)), ((U))
(32)

I :IO,n1+3:m2,n2;m37n3
1= 2p1+3,q1+3:p2,q2;p3,q3

22/(2)%22) - (1 + a)?2[1 + b)2
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_— 2/ (14 a1+ 5) | (P)), Po (Q)). ((R)
I :I sn1 m2,n2;ms3,n3
TR | @@ (14 an L4 b | (). P (). (1))
(33)

1w

zme 2 | ((P), 15, ((Q)), ((R))
I3 = IO ni1+3:ma,n2;ms,n3
p1+3,q1+3:p2,92;P3,93 , )

| me 2z | ((9)), B, ((T7), ((U))

AWy

zie | ((P)), Pr, ((Q)), (R))

— 70,n1+3:m2,n2;ms,n3
L =1 301 +32 025,05 ) (3.5)

| Zzemg)Q ((S))’P&((T))v((U))

The integral (3.1) is valid if the following set of (sufficient) conditions is satisfied.

(3.4)

(i) RE(a) > 0, Re(w) > 0,|arg(z1)| < 3217, larg(z2)| < Ao,

2p—a—0 +2p1[ min Re( )]—i—Zpg[ min Re(?>]>>0,

1<5< 1<j<ms

where all ((P)), ((Q)), ((R)),((5)),((T)) and ((U)) sets of parameters are mentioned in

section (2

— — / d

(iii) Re <2w o — B+ 2w Lgﬁli?n Re( >] 2w [1 r?g%g fe (‘5])]) =0
(
)-

Sets of parameter P; to Ps are as follows:

P = {( ﬁ);pl,p2;1>7(1—p;m,m;1),(a—ﬁ—2p;2m,2p2;1)},
o 1 J
P2 = {1_2p+a+ﬁa2p172p271))<2_papl)p271)7<2+2_p’p17p2a1>})
a+p
Py = {1—p,p1,pz, ),(ﬁ—a—Qp;2p1,2pz;1),(1—ﬂ+( 5 );m,m;l)},
1 « I6]
Py, = {1—a+ﬁ 2p; 2p1,2p2; 1), <2+2—p;p17p2;1>,<2—p;p1,p2;1>},
/ /
P = {1—w wl,wg,l),(l—w;(a;ﬂ);wl,wg;l),(a’—ﬂ/—Qw;Zwl,%)g;l)}
1+B/ / /
P = —wiwi,wo; 1], 5 —wijwi, w1l |, (14+a — 5+ 2w; 2wy, 2we; 1) ¢,
/! /
P = { — w; wl,wQ,l),<1—w+(azw;wl,c@ﬂ),(ﬁ'—a'+2w;2w1,2w2;1)},
1 / /
P = {lJrﬁ o — 2w; 2w1,2w2,1),< —;04 w;wl,w2;1>,<ﬁ2w;wl,wz;l)}.
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Second Integral

1 =
/ /2 2”71 — )P 1+ ax 4 b(1 — 2)] 720 FL
0 JO

(a+B8+2) z(1+a) ]x
2 "14az+b(1—x)

o [a,ﬂ;

(o' +5)
2

™20 (sin )71 - (cos )71 o Fy [0/,5/; e cos 9] X

JOnama,n2;ms,ng
P1,41:P2,92;P3,93

2129 (1 — )11+ az -+ b(1 — )] 20121101 (sin )1 (cos )
2012 (1 — x)P2[1 + ax + b(1 — z)] =22 (2w2=1)02 (5 §)«2 (cos §)«2

e T () e (2) o (@) (252) 4]
+

im(w—1) Y
e 2 F(#—l—l) o +1 /8/ o ﬁl 1
s ()T (3) e (5)r(57) 8] eo

where I5, Ig, Iy and Ig are as follows:

Is = [Omat3ima,naims,ns

Z1/ . (1 + a)m [1 + b)p1(2)2pl
p1+3,91+3:p2,92;P3,93

/(L + )2 [L+ by (2)%2

/@)% (L (L + b

Ic = Io,n1+3:mz7n2;m3,713
6 = Tp1+3,q1+3:p2,q2;p3,03

22/(2)%72) - (1 + a)?2[1 + b)2

| (3.8)
Dt 21T /200 | ((P)). Pis. (Q)). (R)

I =1 s | @)
252 J2uwy | ((9)), Pra, ((T), (1)

((P)), P15, ((Q)), ((R))
((59)), Prs, ((T), (U))

The integral (3.6) is valid if the following set of conditions (sufficient) are satisfied.

p1+3,91+3:p2,92;P3,93 ) (3~10)

iwo T

z9€e 2

w1 T
z1e 2
Ig = IO,ﬂ1+3:m2,n2;m3,n3

(i) Re(p) > 0, Re(w) > 1, larg(z1)| < 1Aim,|arg(z2)| < Ao,

(ii) Re(a) > 0, Re(w) > 0,
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o . d; : ﬂ)
(iii) Re (2,0 a—L0342m Lgr?gl% Re (5j )} + 2p9 [lir?grlns Re <6j }) >0,

etc. where all ((P)),((Q)),((R)),((5)),((T)) and ((U)) sets of parameters are men-

tioned in section (2). Sets of parameter Py to Pjg are as follows:

(2= p;ip1,p2; 1), (2 —p+ (agﬁ);m,pg;l) :
Pg = )
L (2+a—B;2p1,2p2;1)
(1+%—p;p1,p2;1)7(%—p+§;p1,p2;1>
PlO =
(3=2p—a—B;p1,p2;1)
a+
Py = {(Q—p;m,pz;l),<2—p+( 25);/)1,/)2;1)}
3 «o
Py = {<1—p+§;p1,p2;1>,<2—p+Z;m,pa;l),(3—2p—a—ﬁ;p1,p2;1),},
a/ /B/
Pz = {(2—w;w17w2;1),<2—w+2+2;w1,w2;1>,(2+O/—5/—2w;2w1,2w2;1),},
o 3 ﬁ, / /
Py = 1+5—W;w1,w2;1 : §—w+5;w1,w2;1 ;B —2w+a — 5 2w1,2w;1) o,
(2—w;cu1,wz;1),(2—w+%+%’;w17w2;1>,
P15 = )
(22w —a — 52w, 2wy; 1)
ﬂ, 3 o / /
P = 1—w+5;w1,w2;1 , §—w+5;w1,w2;1 ,(3—2w—a — (52w, 2wy 1) 5.

Third Integral

/1 /g 2”7 Y1 — )P 1 +ax +b(1 —2)]1 72
0 0

(a+pB+2) z(1+a)
2k [a,ﬂ, 2 "1+ az+b(1—2x)
/ /
e'2w=D0 . (5in 0)“71 - (cos 0)“ 7L 9B [o/,ﬁ'; +5) ;ﬁ);eie cosf| x

0,n1:m2,n2;m3,n3
P1,41:P2,q2;P3,93
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[ 29 (1= )L+ az + b1 — )] 21249 (sin )t (cos 0) | ((P)), (@), (R))
zzmm(l—x)p2[1+aa:+b(1—J:)]_2"26i‘*’29(sin9)w2(cos0)“’2 ((S)), (1)), ((U))
B Qat+f—2p=2 ' a+1 8 (Bl a

= s e mrare )T (E) () r(5) e

im(w—1) /-‘r,B/
62F<a 1) Fa/+1 ﬁ/l Fﬁl_'—lrﬁll
2T ()T () 2 : 2)"
where Iy,I,I7 and Ig are mentioned in (3.2), (3.3), (3.9) and (3.10) respectively and

set of conditions are as follows:

Re(p) > 0, Re(w) > 1,|arg(z1)| < 3A1m, |arg(z2)| < 3o,
Re<2p a— B+ 2p; [Kr?g}ngRe(é )]+2p2 [1%112%]%6(5 }>>O,

55>D>0

Re <2w —ao — '+ 2w [ min Re (53)] + 2ws [ Imn Re(
1<j<mgs 1<j<ms

Fourth Integral

U3
[ [ erta o s s - )
0 JO

(a+B+2) z(1+a) ]
2 "14+ax+b(1—1x)

o |:aaﬁ;

/ /
2D (5in )91 (cos§)“ L o Fy [0/75/; W; e’ cos 9] :

0,n1:m2,n2;m3,n3
P1,91:P2,92;P3,43

[ 210 (1= 2)? 1+ az + b(1 — 2)]721e*1 ¥ (sin )« (cos ) | ((P)), (@), (R))

20P2 (1 — )P2[1 + ax + b(1 — x)] 2229 (sin )2 (cos )+ ((9),(T)), (U))

ga+pf—2p=2p (a8 )  (atS+2 o N
ETILE bgpfa 2 m(r(a?)r()m {F < > 1) : @ BT (3)T (5;1) Iﬁ} "
o e (a’+ﬁ’+2>

S T BT [F <O/2+ 1) 3 (ﬁ2> fomt <ﬁ/2+ 1> g ( 2/> I“]

where I3, I4, I5 and I are mentioned in (3.4), (3.5), (3.7) and (3.8) respectively and the

set of conditions are as follows:
Re(p) > 0, Re(w) > 1,|arg(z1)| < 3417, |arg(z2)| < §Aqm,
and Aj and Ag given in (2.3) and (2.4) respectively and other sets of condition mention

with (3.6) are satisfied.
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Proof : To establish (3.1) expressing the I-function of two variables on the left hand
side using (1.1) are double Mellin-Barnes contour integrals and interchanging the order
of integration which is justifiable due to absolute convergence of integrals.
We have:

-1

- 47[‘2/ /5 [¢(S’t)’91(s)'02(t)'Zf‘zé'

1
/ mp+p1s+p2t—1(1 _ $)P+915+P2t[1 + azx + b(1 — x)]—Qﬁ—2p1s—2p2t—1.
0

1 z(1+a)
F; - 2) : d
2 1|:Cl,5,2(04+6+ ) 1+CL[L‘+b(1—[L‘):| T
/2 ein(2w+2w13+2w2t+1)9 . (sin 9)w+wls+w2t71 . (COS 9)w+wls+w2t717
0
2 .
o [a, 0; (OH_S—F); e cos 9} d@} dsdt.

Evaluate the inner integrals with the help of (2.5) and (2.8) and then applying (1.1) we
get the R.H.S. in terms of product of I-function of two variables and hypergeometric
functions.

Note : The proof of second, third and fourth integrals are similar to the first with the
only difference that here we make use of known integrals, (2.1), (2.4) for second result,
(2.1) and (2.3) for third result and (2.2) and (2.3) for fourth result respectively instead
of (2.5) and (2.8).

4. Applications
In this section, we mention some interesting and useful applications of I-function of two

variables:

e Ifall the exponents 5](.7 = 17 e 7P1)77IJ(] = ]-7 e 7Q1), U](j = ]-7 27 e 7p2)7 Vj(] =
Lc...,q), Pi(j =1,---,P3),Q; (j = 1,---,¢3) are equal to unity, then (3.1),
(3.6), (3.10) and (3.11) reduces to the H-function of two variables.

o If py = ¢ = n1 = 0in (3.1), (3.6), (3.10) and (3.11) then it degenerate into

product of two I-function of one variable introduced by Saxena [9].

° Ifaj:Aj:§j:1,C'j:Uj:1,Ej:szl,Dj:ijl,Fj:szl,then
(3.1), (3.6), (3.10) and (3.11) reduces to the G-function of two variables.
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o If we take m3 = 1,n3 = p3, f1 = 0,(fj)10s = 1, (A))1p0 = Bj)ras = (Ejips =
(Fj)1,45 = 1 equate the exponents P; (j =1,---,p3),Q; (j =1,---,¢3) to unity,
replace g3 by g3 + 1 and let zo — 0 in (3.1), (3.6), (3.10) and (3.11) we get the

known relation Ronghe [1].
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