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Abstract

A generalized differential operator has been applied in this paper to investigate a
general subclass of the function class R™(«, 8, ) of bi-univalent functions defined in
the open unit disc. Making use of the Hankel determinant we obtain upper bounds
for the second Hankel determinant Hy(2) of this class.

1. Introduction

Let A denotes the class of function of the form,
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which are analytic in the open unit disc U= {z: z € C and |z| < 1}. Further, by S we
will show the family of all function in A which are univalent in U.

It is well known that every function f € S has an inverse !, defined by

(=) = =2 (z€U) and

(1.2)
ff 7 w) = w (Iw\ <ro(f)iro(f) > i)

where,

fH(w) = w — agw® + (243 — az)w® — (5a3 — Sasaz + ag)w + ...

A function f € A is said to be bi-univalent in U if both f(z) and f~! (z) are univalent
in U. Let o denotes the class of bi-univalent function in U given by (1.1). For a brief
history and interesting examples of functions which are in (or which are not in) the
class o, together with various other properties of the bi-univalent function class o one
can refer the work of Srivastava et al. [25] and references therein. In fact, the study of
coefficient problems involving bi-univalent functions was reviewed recently by Srivastava
et al. [25]. Various subclasses of the bi-univalent function class o were introduced and
non sharp estimates on the first two coefficient |az| and |ag| in the Taylor-Maclaurin
series expansion (??) were found in several recent investigations. The aforecited all these
papers on the subject were actually motivated by the pioneering work of Srivastava et
al. [25]. However, the problem to find the coefficient bounds on |a,| (n = 3,4,...) for
functions f € ¢ is still an open problem.

Some of the important and well investigated subclasses of the univalent function class
S include (for example) the class $*(3) of starlike functions of order # in U and the

class k() of convex functions of order 5 in U. By definition, we have

S*B) == S f:feA and R Z}CES)>>5; z € U; 0§ﬁ<1} and
(1.3)
K@B) = {f:feA and R 1+Z}“E§§>>>ﬂ; 2 e U; 0§6<1}

For 0 < 8 < 1, a function f € o is in the class Si(3) of bi-starlike function of order
B or K4 g of bi-convex function of order 3 if both f and f~1 are respectively starlike or

convex functions of order .
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For integer n < 1 and q < 1, the q*" Hankel Determinant, defined as

Qn an41 R ¢ 7y |
Gn+1 An+2 ctr Ondg—2
Gp4q—1 Optq—2 °°° (n42¢—2

The Hankel determinant plays an important role in the study of singularities [7]. This
is also an important in the study of power series with integral coefficients [4,7]. The
properties of the Hankel determinants can be found in [26]. It is interesting to note

that,

H() =" ®l=ag—a2 a=1 (1.5)
ag as
a a,
HQ(Q) = 2 3 = as2a4 — a% (16)
as aq

The Hankel determinants Ha(1) = a3 — a3 and Ha(2) = agay — a are well known as
Fekete-Szego and second Hankel determinant functional respectively. Further Fekete
and Szegd [8] introduced the generalized functional az — da3, where § is some real
number. In 1969, Keogh and Merkes [14] discussed the Fekete-Szegd problem for the
classes §* and K. Recently, several authors have investigated upper bounds for the
Hankel determinant of functions belonging to various subclasses of univalent functions
[1, 2, 13, 15, 16, 17, 22] and reference therein. On the other hand, Zaprawa [27, 28]
extended the study on Fekete-Szego problem to some classes of bi-univalent functions.
Following Zaprawa [27, 28], the Fekete-Szeg6 problem for functions belonging to various
subclasses of bi-univalent functions were considered in [3,11,19]. Very recentl, the upper
bounds of Hy(2) for the classes S¥(3) and K, (3) were discussed by Deniz et al. [6].

The Hadamard product or convolution of the functions
f(z) = z—{—ZanZ” and g(z) = z—l—anZ” (1.7)
n=2 n=2

is given by

(fxg)(z) =2+ anbpZ", z€U.
n=2

Let f € A. We consider the following differential operator introduced by Raducanu and
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Orhan [13]:
Dosf(z) = [(2)
Dosf(z) = Dapf(z) =ap2f"(2) +(a = pB)zf'(2) + (L —a+ ) f(z)  (1.8)

Duf(z) = Dag(DI5*f(2))

where 0 < f<aand m € N:={1,2,...}
If the function f is given by (1.7) then, from (1.8) we see that,

DIbf(z) =2+ Y An(a, B, m)anz" (1.9)
n=2
where,
Ap(a, B,m) = [1 + (afn+a — B)(n — 1)"] (1.10)

When a = 1 and § = 0, we get Salagean differential operator [14]. When = 0, we
obtain the differential operator defined by Al-Oboudi [1].

From (1.9) it follows that D};{(z) can be written in terms of convolution as,

Dy f(z) = (f x 9)f(2) (1.11)

where

g9(2) :z—|—ZAn(a,ﬁ,m)z” (1.12)
n=2

Definition 1.1 : If f € A is said to be in class #Y'(«, 8, 6). If the following conditions

are satisfied,

%{(1—Q)W+A[DZ}3 (z)”>5 0<5<1 A>1, zeU) (113)

%{(1—@)W+A[D;”ﬁg(w)],}>5 O0<d<1 A>1, zeU) (L14)

Next we state the following lemmas we shall use to establish the desired bounds in our
study.
Lemma 1.1 [20] : If the function p € P is given by the series,

p(z) =1+crz+ ez +c32® + ... (1.15)
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then the following sharp estimate holds:
lek| <1 k=1,2,... (1.16)

Lemma 1.2 [10] : If the function p € P is given by the series (1.15), then
200 = A+z(d-c})
(1.17)
deg = A+2c(d—cHr—c1(4— 2?2 +2(4—c3(1—|z2]?)2

For some x,z with |z| < 1 and |z| < 1.

2. Main Result
Theorem 2.1 : Let f given by (1) be in the class Ry (c, 5,0) and 0 < 6 < 1, then

4(1-6)? | 4(1-6)? 1 (1+X)3 A3
(1+)) Ay [[1+>\}3A3 + 1+3>\] € [O’ 1= 8(1+3)\)AQ4:|
aoQy — a2| < 2
3 = g(1+))2(1—6)2 A2 | [ OPA3
2(143X) Ag [(14A)3 A3 —2(1-6)2(14+3X) As 8(1+3X) A4

Proof : Since f € RY'(«, 3,9) there exist two functions p(z) and q(w) € P satisfying
the condition og lemma (2.1) such that,

(1= XA)Dgjsf(2)

. +A(DNpf(2)) =6 + (1= )p(2) (2.1)
- A)i‘%g ) ADFgw)) = 6+ (1 - d)a(w) (2.2)
(1—=2X) [z + f: An(a, B, m)anz”] o
n=2 . + A (1 + Z nAn(a, 3, m)an2"1> =04 (1—-90)p(z)
" (2.3)
(1-X) [ZAn(a, B,m)anz”] +)\(1+ZnAn(a,ﬁ,m)anz”_l) =6+(1—08)p(z) (2.4)
n=2 n=2

Where Ay (o, 3,m) = [1+ (28n+ X —3)(n—1)|"
Equating the coefficient of (2.2) and (2.4) we get,

(14 \)Asaz = (1— )1 (2.5)

(1+2XN)Azaz = (1 —9)p2 (2.6)
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(14 3X\)Agaq = (1 —0)ps
—(14+NAza, =(1-0)q1
(1+2X)43(2a2 — az) = (1 - 0)ge
—(1+ 3N Ay(5a? — Bagas + ag) = (1 — g3
From (2.5) and (2.8) we obtain,

(1-9)

p1=—q and ax= m

yal

Subtracting (2.6) from (2.9) we have,

(1-0)%t | (1-0)(p2— o)
(14 X\)2A2 2(1+2)\) A3

az =

Subtracting (2.7) from (2.10) we have,

(1—-06)(ps—q—3)

s — L0 (1—06)%p1(p2 — @)
4 2(1 4 3\) Ay 4 (14 A)(1+2))A243

Then we can establish that,

21 _
lagas — a3 = (T+NAz | 2(1+30) A4 TN (1+20) Ax As

(1=4)p1 ((1—5)(103—113) + 45((1—5)2271(172—112) >_

2
[(1_5)21’% + (1—5)(172—112)]

(1-+X)2A2 2(1+2N) A3

_ —(1—5)419%_’_ 5(1-6)%p3(pi—q2) (1=6)3p3(p2—q2)
T (14+N)4AS 4(14X)(1+2)) A2 A3 (1-X)2(142X) A3 A3
(1=6)%p1(p3—g3) _ (1=0)*(p2—go)*

2(1+X)(1+3N)Azaq 4(142X)2 A2

According to Lemma,
2p2 = pf + (4 — pi)
P2 = q2

2q0 = ¢f + z(4 — q})

and X
D1 2

p
P3 —q3 = 51 —p(4—phr — 5(4 — pi)a?

(2.7)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Then,
, APV (146)%p1 ‘?—pl(4—pf)x—p21(4—10f)$2}
|a2a4—a3| = (1+>\)4A3P1+ 2(1+A)(1+3X) A2 Ay
| =9 (1-6)2p (1-0)%p3 (4—p?)x (2.17)

TniAl T I Iren A A — 20FN) (130 Az Ay

(1-6)?p? (4—p7)a?
TAAFN (13N A2 Ay

Since p € P, so |p1| < 2, letting |p1| = p, we may assume without restriction that p €
[0,2]. Then applying the triangle inequality on (2.17) with p = |z| < 1, we get,

2 (1-6* 4 (1-6) 4 _(146)%p*(4—p*p
|azas —a3| < Al T TN A A T TN (1750 A2 Az

4 (1+8)%p*(4—p?)p? (2.18)
ATFN)(1+30) A2 A

= F(p)

Differentiating F(p), we obtain

F(p) = (1-96)%*p°(4-p% (1-6)p* @4 —-p*p
214N (1430 A4, 0 2(1 4+ A)(1+3)\) A4,

(2.19)

Furthermore, for F'(p) > 0 and p > 0, F is an increasing function and thus the upper
bound for F(p) corresponds to p = 1.

(1-)'p (1-6)2p* 3(1-8)%p? (4—p?)
F(p) < (1+)\)4Z‘21 4(1+>\)(1+3§)A2A4 T 4(1+A)(1-I:-3A)AI;A4
< (=9t 1 (1-6)%p* (2.20)

(1+0)2AT 2 A+ (1430 A2 A4

= G(p)

Assume that G(p) has a maximum value in an interior of p € [0,2] then,

oy (AL =6t 2(1 - 9)%p 6p(1 —9)?
¢p) = (1+M)24% (1 4+N)(1+30)(A244) * (14 A)(1+3)\)A24,4 (221)

Then,
po1 =0

G'(p)=0= B 31403 A2 (2.22)
Po2 =\ @TAPAZ—2(1+370)(1-0)24,
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ETEESN:

S(Fan A, | We observe that pga > 2 & G is an increasing

Case 2.1 : When § € [0, 1-—

function in interval [0,2], so the maximum value of G(p) occurs of p = 2. Thus we have,

4(1 — §)* 1 4(1 - §)?
G(2) = 2.23
@) (14+ X343 143N (1+ N4,y ( )
Case 2.2 : When § € [— %, 1] we observe that pga <2, since G”(pp2) < 0,

the maximum value of G(p) occurs p = pp2 then we have,
9(1 4+ \)%(1 —6)%A3
2(1+3X) Ay [(1 + A)3A3 —2(1—0)2(1 + 3A)A4}

G(poz) = (2.24)

Remark 2.1 : Putting m = 0, we get Ao = A3 = Ay = 1, then we get Hankel
determinant for 2§ (v, 3,6) as 0 < § < 1.

4(1-6)% | 4(1-6)2 14M)3
(1+>\) [((1+)\))3 + 1+13)\}5 € [0, 1, =3y 2((1+3))\)]

asay — a3| < (2.25)

9(1+2)%(1-4)? 1 /(N3
2(1430) [ (1403 —2(1-6)2(1+3)) 0 € [1’ 2\/@’ 1}
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