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Abstract

There are many subclasses of multivalent functions. The objectives of this paper
is to introduce new classes and we have attempted to obtain coefficient estimates,
distortion theorem, radius of starlikeness and convexity, and other related results
for the classes M(A, B, a,d,p) and S*(«, 3,&,7, p).

1. Introduction

Let A(p) denote the class of functions f(z) of the form
fl2)=2"—= > a2, axr>0 (1)

p e N=1{1,2,3,---} which are p-valent in the unit disc U = {2z : z € C and |z| < 1} for
p e N.
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Definition 1.1 : A function f(z) € A(p) is said to be in the subclass H () of starlike

function if

2f'(2)
Re( 2) ) >x, zeU, 0<x<l1.

Definition 1.2 : A function f(z) € A(p) is said to be in the subclass G(x) of convex

function if

2f'(2)
f(2)
Definition 1.3 : If f and g are regular in U, we say that f is subordinate to g, denoted

Re<1+ >>o<, zeU.

by f < g or f(z) < g(z), if there exist a Schwarz function w, which is regular in U
with w(0) = 0 and |w(z)| < 1, z € U such that f(z) = g(w(z)),z € U. In particular if
g is univalent in , we have the equivalence f(z) < g(z) if and only if f(0) = ¢(0) and
f(U) cgU).

Definition 1.4 : We say that a function f(z) € A(p) is in the class M(A, B, a,d,p) if

it satisfy

2f(2)
1 5 D 1+ A
14~ | 2 < 2F

z2f'(z) _ 1+ B
a 1O +p—26 + bz

for 0 < Re(a), 0 <6 <1, —1<B<A<LI.
Definition 1.5 : We say that a function f(z) € A(p) is in the class S*(«, 3,€,7,p) if

(1.4.1)

and only if|
2f'(2)
3D
(=) ol < 3
(P — )& +ay =775

for0<a<1,0<f<1, 0<y<&éLL.

2. Coefficient Estimates

Theorem 1 : A function f(z) = 2 — > ap2¥, ax > 0is in M(A4, B,a,é,p) if and
k=1+p
only if > {(k—p)+[a(A = B)(k+p —26) — B(k —p)|}ar < 2|a[(A - B)(p - 9).
k=14p

Proof : Suppose f(z) is in M(A, B, a,d,p)

zf'(2)
= —p
p('z):l—i_1 /(f)() = Ly Az
a Z}C(ZZ +p—26 1+ Bz
1+ Aw(z
p(z) = 2

1+ Buw(z)
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w(z) = % <1
2f'(z) = pf(2)
a(A = B)[2f"(2) + (p — 20)f (2)] — Blzf'(z) — pf(2)]

<1

[e.°]

- 2 (k—payt
st < 1.
a(A=B) [2(p—08)zp — > (k+p—20)apz*| +B| > (k- p)akzk]
k=1+p k=1+p

Since Re(z) < |z|. We obtain after choosing the values of z on real axis and letting

z — 1 we get

> Atk =p)+a(A = B)(k+p—20) = B(k —p)l}ax < 2lal(A — B)(p - 9).
k=1+p

o0
Theorem 2 : A function f(z) = 2P — . agz¥,ar > 0is in S*(a, B,€,7,p) if and
k=1+p

only if

o0

> [k—p+Blp— )+ oy —vEllar < Bl(p — )¢ + ay — p].
k=1+4p

Proof : Suppose f(z) is in S*(a, 3,€,7,p)

2f'(z)
& P
2'(2)

(P — )& + vy =775

<B

[e.°]

> (k—p)agz”
Re it = <p

[(p— ) +ay —pleP + 3 [vk — (p— @)§ — aylagz®
k=1+p

We know that |Re(2)| < |z]

o0

> (k—plagzt
Re s < 8.

[(p— ) +ay—apleP + > [vk— (p— @) — aylagz”
k=1+4p
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We choose values of above expression and allowing z — 1 through real values we obtain

o

> (k—parz® < B[l(p— a)¢ + ay — )

k=1+4p

+ ) vk = (p— a)¢ — ara]
k=1+4p

> k=p+B8l(p— )+ ay —vklar < Bl(p — a)é + ay —p).
k=1+p

Corollary 1.1 : If f(z) € M(A, B, a,?,q) then

2|al(A = B)(q = 9)
(k—q) +|a(A = B)(k+q—25) = B(k — q)|

ap <

and the equality holds for

flz) = 27— 2|a|(A — B)(q — ) k-
(k—q) + |a(A = B)(k + q—26) = B(k — q)|

3. Growth and Distortion Theorem
Theorem 3 : If f(z) € M(A, B,a,d,p) then

1 2|a|(A - B)(p —9)
T Ja(A— B)(1 +2p—25) B|
2|a|(A - B)(p —9)
1+]a(A—B)(1+2p—2§)—B|

2P = |z

< [2fP + [P

With equality hold for

2|al(A - B)(p —9)

f(z) =2 =T — la(A— B)(1+2p —28) — B|’

Proof ; f(z) € M(A, B,a,d,p). Therefore

5 ws 2/al(A - B)(p -~ 9)

acuit k—p)+la(A—B)(k+p—26) — B(k —p)|

o0
[F(2) = |27 = Z Jakll2* > |27 = |21 D

k=1+p k=1+p
2|a|(A — B)(p — 9)

> D _ ||pt+] .
A w1 g e
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Similarly
2|a|(A — B)(p —9)

L+ ]a(A—B)(1+2p—25) - B]

£ (2) < |2lP + |2P*
Therefore the result.
Theorem 4 : If f(z) € M(A, B,a,d,p) then

2lal(A = B)(p—8)(p+1)
[+ ]a(A—B)(1+2p—2) - B

plafPt = |2

'(2)]

< plafpt 4 |op—2alA = B)(p — 9)(p+ )

I+ |a(A—B)(1+2p—26) — B|

Theorem 5 : If f(z) € S*(«, 5,&,7,p) then

[P Bllp — )€ + av]
1 =98+ B[(p — ) + ar]

Proof : f(z) € S*(a, 3,&,7,p) if and only if

5 o[- Mok ronl]), Ao oo

B[(p—a)é’—l—aﬂ |Z‘p+1.

+1
T SV S P T B —a)e + o

bTtp L—=n5 L—=np
oo
Y. ak-F)<p-F
k=1+p
— o _ Bllp—a)é+ar]
where F'=p =3 -
But we have
o o0
(1 —i—p—F)Zak < Z ag(k—F)<p—F.
1+p k=1+p
We obtain
[ee] [e.e] _ F
PSP+ o aslt < 5P+ B Yo < a4+ (2250
1+p 1+p tp-
Similarly
[e.e] o0 _ F
P12 B = sl 2 527 = 1P Y a2 o - P ({227,
1+p 1+p tp-
So we have

A (N U M NTRR A <oy (P N
P (g ) P < I < P+ ()
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Therefore we have

op— Bllp — a)§ + an]
L =98+ B[(p — a)f + ar]

Theorem 6 : If f(z) € S*(a, 3,€,7,p) then

Blp — a)é + ay] ’Z‘erl.

p+1 P
2 = R S = 5 B — e + ]

(1+p)B[(p — a)é +ay —vp)
1+ 8[(p — )& +ay — (1 + p)]

(1+p)Bl(p — a)é + ay — vp)
1+ 8[(p—a)+ay—~v(1+p)]

< |f'(=)l

plePt = [P

< plzPTh [

4. Radius of Convexity

A function f(z) € A(p) is said to be close to convex of order x (0 << 1) if for all
Re{f'(z)} >x for all z € U.

A function f(z) € A(p) is said to be starlike of order if x (0 <x< 1) if Re {%} >
for z € U.

A function f(z) € A(p) is said to be convex of order x (0 <x< 1) if and only if zf/(z)
is starlike of order o, that is

2f(2)
f'(2)
Theorem 7 : If f(z) € M(A, B,a,d,p), then f is close to convex of order o in |z| <
r1(A, B, a,d,p) where

Re{l—l— }>o<forallz€U.

[0 Uk = p) +la(A— )k +p—20) - Bk )} |
’“AB”””*“?<< Hal(A— B)(p— ) ) >

f'(z)

Proof : It is sufficient to show that |75 — p‘ <p— X

o0
< Z klag||z|* P < p—
k=14p

w1 P

f'(z) ’

we have

i (k —p) +|a(A = B)(k + p — 26) — B(k — p)|

k=1+p 2[al(A - B)(p —9)

kle[*"? _ (k—p) +|a(A — B)(k +p—26) — B(k — p)|
p—oc T 2|al(A = B)(p - 9) '
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Therefore

’z‘ < ((P—a){(k—p)—i- ‘G(A—B)(k _|_p_25) _B(k_p)|})kip
B 2k|al (A — B)(p - 0) ,

(p # k,p, k € N), which complete the proof.
Theorem 8 : If f(z) € M(A,B,a,d,p), then f is starlike of order  in |z| <
ro(A, B, a,d,p) where

ra(A, B,a,6,p) = inf <(<Z: ch) ((k -p)+ M(?\J(i)fk%fp__? — B(k _p)y>>klp>

Theorem 9: If f(z) € M(A, B,a,d,p), then f is convex of order o in |z| < r3(A4, B, a,d,p)

where

r3(A, B.a,8,p) = inf <<<ZEP— o<)> <(k —p)+ ‘a(gyc:y(i)ikz;fp__? — B(k — p)\))&) |

Theorem 10 : If f(z) € S*(«,f,&,7,p), then f is close to convex of order oc in
|Z’ < Tl(avﬁafa%P) where

(p— oc){k —p+ Bl(p — )€ +ay — Vk}}>k1p>

Tl(a’ﬁ’g’%p):iﬁf« kB[(p — a)€ + ay — 7p]

Proof : It is sufficient to show that

29— p| < p-

I'(2) N -
1 P < Z klag||z|* 7P < p— o (10.1)

k=1+p

we have
oo

k—p+pBlp — ) +ay — k]
2 Bl(p — @) + ay —yp]

ap <1 (10.2)
k=1+p

Observe that (10.1) is true if

kle*? _ k—p+ Bl(p — )€ + oy — yA]
p—ox< —  Bllp—a)+ay—rp

Therefore

2| < <(p— O<){k‘—p+ﬂ[(p—a)g_|_a7_,yk]})kip
- kB[(p — )€ + oy — 7] :
(p # k,p, k € N), which complete the proof.
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Theorem 11 : If f(2) € S*(«,3,§,7,p), then f is starlike of order o< in [z] <
TQ(aaﬁagaf%p) where

o - (((23) (S5 25254) )

Theorem 12 : If f(z) € S*(«,3,§,7,p), then f is convex of order o in |z| <

r3(c, 3,€,,p) where
r3(@, 6,& 7, p) = inf (((kfk—_i)) (k _Z[J(rpﬂ—[(i)_g i)i;r:lzﬁ vk]>> w) |

5. Neighborhood Property
Let f € M(A, B,a,d,p), 7 > 0, then a (¢, 7)-neighborhood of the function f € M(A, B, a,?,p)
is defined by

Nfr(f): {QEM(A,B,CL,(S,]?):Q(Z)ZP Z bkzk and Z kt+1akbk<7-}

k=1+p k=1+p

we have if e(z) = 2P, p € N, then

NE(e) = {g € M(A,B,a,d,p): g(z) =2 — Z cpz" and Z K e| < 7‘}

k=1+p k=1+p

o0

Definition 5.1 : A function f(z) = 2? — Y ap2*,a; > 0 is said to be in the class
k=1+4p
M7 (A, B,a,d,p) if there exist a function g € M(A, B, a,d,p) such that

(Z)—1'<p—7r7 zeU, 0<7m<l1.
9(2)
Theorem 13 : If g € M(A, B,a,d,p) and
P [ (k—p) +|a(A—B)(k+p—20) — B(k —p)|
kA LIk = p) + |a(A = B)(k +p—26) — B(k — p)[] — 2|a|(A — B)(p — 9)
Then RL(g) C M™(A, B, a,d,p).

o0
Proof : Let f € Ri(g). We have > k'Tlay — by| < 7. This implies that
k=1+q

m =

o0

T
Z ‘ak_bk’SW gGM(A,B,a,5,q)
k=1+q
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S < 2Jal(A— B)(p— 5)
G, (E=p)Fla(A = B)(k +p—20) - B(k - p)|
So that

io: lag — byl
‘f(z)__:4 < k=1+p
9(2) T

k=1+p

< T 1
I 2|al(A—B)(p—9)

(k—p)+la(A—B)(k+p—26)~B(h—p)|
< T [ (k —p) +|a(A — B)(k +p—25) — B(k —p)|
kL[ [(k —p) + |a(A — B)(k +p — 20) — B(k — p)|] — 2]a|(A — B)(p — 9)

=p—m.

Thus by above definition f € M™(A, B,a,d,p).

Thus R (g9) € M™ (A4, B, a,d,q).

The recent investigation by Frasin and M. Darus [11], let f € S*(«,3,&,7v,p), 7 > 0
then a (¢, 7)-neighborhood of the function f € S*(a, 3,&,7,p) is defined by

NL(f) =S 9 €85 (,8,67p) 1 9(z) =2 = > b2 and Y KT ap — by <7
k=14p k=14p

we have if e(z) = 2P, € N, then

Ri(e) = g€ 5%, 8,67,p) 1 g(z) =2 = Y a2 and Y kel <7

k=1+p k=1+p
oo
Definition 5.2 : A function f(z) = 2? — . ap2"*,a; > 0 is said to be in the class
k=14p

S*™ (e, 8,&,7,p) if there exist a function g € S*(«, 3,&, 7, p) such that

‘f(z)—1‘<p—7r, zel, 0<m<l.

9(2)
Theorem 14 : If g € S*(«, 5,€,7,p) and

T k—p+Bl(p— a)f + oy — k]

T=P K1k —p+ Bl(p — a)é + ay — vk] — Bl(p — )€ + ay — yp|

Then X.(g) C S*™(a, 8,€,7,p)-
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6. Integral Transform

The generalized Bernardi integral operator is defined by

K(z)zc+p/ozxc_1f(:n)d:v, (c>-1,z€U)

ZC

The integral operator G(z) is defined by

z)_zpl/ozjif)d

The Komatu integral operator is defined by

H(z) = %fj /0 o' (1og 2)" fla)da

(d>0,0>—p,zel).

The integral operator

d+0+p—-1
d [ d-1
L(z) = 9/ R (1 - E) f(z)dzx
0+p—1 0
(d>0,0>—p,zeU).
We have from (6.1.4) and (6.1.5)

[e'e) 9+ d
H(z) =2 — Z (M) a2

k=1+p

Z FrO@+krd+0+p)

2 T(d+0+ kIO +p)

Theorem 15 : Let f € M(A,B,a,é,p) then K(z) € M(A, B,a,?,p).

Proof : We have -
c+p k
K(z) =2 - .
(2) = = Zp<c+k:> =

We need to prove that

2]al(A— B)(p — o) ctk

k=1+4p

S~ (b=p) +la(A = B)(h+p—20) - Bk —p) (C*p)akgl_

(6.1.1)

(6.1.2)

(6.1.3)

(6.1.4)

(6.1.5)

(6.1.6)

(6.1.7)
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Since f € M(A, B,a,d,q) then we have

i (k—p) +|a(A — B)(k +p — 20) — B(k — p)|
2|al(A - B)(p —6)

ar < 1.
k=14p

ct+k
Theorem 16 : Let f € M(A, B,a,d,p) then K(z) is starlike of order o, 0 < o < 1 in

|z| < ri, where

(1) () (o))

Theorem 17 : Let f € S*(«, 3,€,7,p) then H(z) € S*(«, 5,&,7,p).

Proof : We have J
H(z) =2 — Z 0+p apz”
0+ k '

But (ﬂ> < 1 therefore Theorem 14 holds and the proof is over.

We need to prove that

o0

E—p+8l(p—a)+ay—~k] [0+p d
2 Bllp — a)é + ay — yp) <9+k> ap < 1.

k=1+p

Since f € S*(«a, 3,€,7,p) then we have

[e.9]

k—p+B[(p— )+ ay — k]|
2 Bl(p — @) + ay — yp]

ap < 1.

k=1+p

d
But (g%ﬂ) < 1 therefore Theorem 17 holds and the proof is over.

Theorem 18 : Let f € S*(«, 3,€,7,p) then L(z) € S*(a, 5,&,7, D).
Proof :

o0

- [0+ Kk)T(d+6+p)
L) =2 - k;p T(d+ 6+ k)00 +p) a3

We need to prove that

o0

k—p+Bl(p— ) +ay—~k] (0+p\*
2 T Bip -t oyl <9+k> st

k=1+p

Since then from Theorem 1 we have

oo

kE—p+Bl(p—a)+ay—vk
3 p+ Blp — ) + ay — k]

Blp—a)+ay—qp * =1

k=1+p
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D(64k)T(d-+0+p)
But g tmresy)

Theorem 19 ; Let f € S*(«a, 3,&,7,p) then H(z) is starlike of order 0, 0 < 0 < 1 in

< 1 therefore Theorem 18 holds and the proof is over.

|z| < ri, where

o (((222) (52)" (g ey o)

Theorem 20 : Let f € S*(«a,3,§,7,p) then L(z) is starlike of order 0 < o < 1 in

|z| < 72, where

i (P2 (F@+0+RTO+p) (k=p+Blp— )6 +ay— k] )7
TQ_kf<<<k—0>(F(9+k)F(d+9+p)( Blp — )€ + ay — p] )) ))
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