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Abstract
The object of this paper is to derive a Summation formula involving the I-function
of r-variables. As a corollary we derived a Summation formula involving the I-
function of 2-variables from the main result. Summation formulae involving hyper
geometric functions and a number of known results can be deduced from them. A
Summation formula involving H-function of r-variables derived by Prasanna kumari
[1, p.127] is also obtained by specializing the parameters in our main result.

1. Introduction

Notations used:

(ap) = 1(aj)p stands for a1, a2, · · · , ap
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1(aj ;αj)p stands for (a1;α1), (a2;α2), · · · , (ap;αp)

1(aj ;αj , Aj)p stands for (a1;α1, A1), (a2;α2, A2), · · · , (ap;αp, Ap)

1(aj ;αj , Aj ; 1)p stands for (a1;α1, A1; 1), (a2;α2, A2; 1), · · · , (ap;αp, Ap; 1)

(−d)k = Γ(−d+k)
k! .

The generalized Fox’sH-function, namely I-function of r-variables introduced by Prathima,

et al.[2, p.38] is defined and represented in the following manner:

I[z1, · · · , zr] = I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr z1
...
zr

∣∣∣∣∣∣∣
1(aj ;α

(1)
j , · · · , α(r)

j ;Aj)P : (c(1)
j , γ

(1)
j ;C(1)

j )p1 ; · · · ; 1(c(r)
j , γ

(r)
j ;C(r)

j )pr

1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q : 1(d(1)
j , δ

(1)
j ;D(1)

j )q1 ; · · · ; (d(r)
j , δ

(r)
j ;D(r)

j )qr


=

1
(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · z
sr
r ds1 · · · dsr, (1.1)

where φ(s1, · · · , sr) and θi(si), i = 1, 2, · · · , r are given by

φ(s1, · · · , sr) =

N∏
j=1

ΓAj

(
1− aj +

r∑
i=1

α
(i)
j si

)
Q∏
j=1

ΓBj

(
1− bj +

r∑
i=1

β
(i)
j si

)
P∏

j=N+1

ΓAj

(
aj −

r∑
i=1

α
(i)
j si

) , (1.2)

θi(si) =

mi∏
j=1

ΓD
(i)
j (d(i)

j − δ
(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)

j + γ
(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j + δ
(i)
j si)

pi∏
j=ni+1

ΓC
(i)
j (c(i)

j − γ
(i)
j si)

. (1.3)

Also zi 6= 0 (i = 1, · · · , r), ω =
√
−1,mj , nj , pj , qj (j = 1, · · · , r), N,P,Q are non-

negative intergers such that 0 ≤ N ≤ P , Q ≥ 0, 0 ≤ mj ≤ qj , 0 ≤ nj ≤ pj (j =

1, 2, · · · , r) (not all zero simultaneously). α(i)
j (j = 1, 2, · · · , P, i = 1, 2, · · · , r), β(i)

j (j =

1, 2, · · · , Q, i = 1, 2, · · · , r), γ(i)
j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r), and δ(i)

j (j = 1, 2, · · · , qi,
i = 1, 2, · · · , r) are positive numbers, aj (j = 1, 2, · · · , P ), bj (j = 1, 2, · · · , Q), c(i)

j (j =

1, 2, · · · , pi, i = 1, 2, · · · , r) and d
(i)
j (j = 1, 2, · · · , qi, i = 1, 2, · · · , r) are complex num-

bers. The exponents Aj (j = 1, 2, · · · , P ), Bj (j = 1, 2, · · · , Q), C(i)
j (j = 1, 2, · · · , pi, i =

1, 2, · · · , r) and D(i)
j (j = 1, 2, ·, qi, i = 1, 2, · · · , r) of various gamma functions may take

non integer values. The I-function of r variables is analytic if

Ψi =
P∑
j=1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

qi∑
j=1

D
(i)
j δ

(i)
j ≤ 0, i = 1, 2, · · · , r.
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The integral (1.1) converges absolutely if |arg(zi)| < 1
2∆iπ, i = 1, 2, · · · , r where

∆i = −
P∑

j=n+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

D
(i)
j δ

(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j

+
ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j > 0.

Prasanna kumari [1, p. 121]

∞∑
r=0

(−d)rΓ(−1 + r + s)
k!Γ(c+ r)

=
Γ(−1 + s)Γ(1 + d+ c− s)

Γ(c+ d)Γ(1 + c− s)
, d > 0, s > 1, c > s− 1. (1.4)

2. Summation Formulae Involving Multivariable I-Functions

Main Result :

∞∑
k=0

(−d)k
k!

I0,N+1:m1,n1;··· ;mr,nr

P+1,Q+1:p1,q1;··· ;pr,qr

z1

...

zr

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2− k;σ1, σ2, · · · , σr; 1), 1(aj ;α
(1)
j , · · · , α(r)

j ;Aj)P :

1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q, (1− k; ρ1, ρ2, · · · , ρr; 1) :

1(c(1)
j , γ

(1)
j ;C(1)

j )p1 ; · · · ; (c(r)
j , γ

(r)
j ;C(r)

j )pr

1(d(1)
j , δ

(1)
j ;D(1)

j )q1 ; · · · ; (d(r)
j , δ

(r)
j ;D(r)

j )qr


= I0,N+2:m1,n1;··· ;mr,nr

P+2,Q+1:p1,q1;··· ;pr,qr

z1

...

zr

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2;σ1, · · · , σr; 1), (−d; ρ1 − σ1, · · · , ρr − σr; 1),

1(aj ;α
(1)
j , · · · , α(r)

j ;Aj)P :

1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q, (0; ρ1 − σ1, · · · , ρr − σr; 1),

(1− d; ρ1, · · · , ρr; 1) :

1(c(1)
j , γ

(1)
j ;C(1)

j )p1 ; · · · ; (c(r)
j , γ

(r)
j ;C(r)

j )pr

1(d(1)
j , δ

(1)
j ;D(1)

j )q1 ; · · · ; (d(r)
j , δ

(r)
j ;D(r)

j )qr



(2.1)
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provided every zi is complex, σi > 0, ρi > 0, d > 0, Ui ≤ 0, Vi > 0, Vi + σi − ρi > 0 for

i = 1, 2, · · · , r, where

P∑
j=1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

qi∑
j=1

D
(i)
j δ

(i)
j + σi − ρi ≤ 0

∆i > 0, |arg(zi)| < 1
2π∆i, i = 1, · · · , r and

∆i = −
P∑

j=N+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

D
(i)
j δ

(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j

+
ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j − ρi for i = 1, 2, · · · , r.

Moreover,

Re

(
−1 + σ1

d
(1)
j

δ
(1)
j

)
> 0 for j = 1, 2, · · · ,m1,

Re

(
−1 + σ2

d
(2)
j

δ
(2)
j

)
> 0 for j = 1, 2, · · · ,m2,

...

Re

(
−1 + σr

d
(r)
j

δ
(r)
j

)
> 0 for j = 1, 2, · · · ,mr,

Re

(
1 + d+ (ρ1 − σ1)

d
(1)
j

δ
(1)
j

)
> 0 for j = 1, 2, · · · ,m1,

Re

(
1 + d+ (ρ2 − σ2)

d
(2)
j

δ
(2)
j

)
> 0 for j = 1, 2, · · · ,m2,

...

Re

(
1 + d+ (ρr − σr)

d
(r)
j

δ
(r)
j

)
> 0 for j = 1, 2, · · · ,mr.

Proof : Replace r by k , s by (σ1s1 + · · ·+ σrsr) and c by (ρ1s1 + · · ·+ ρrsr) in (1.4)

∞∑
r=0

(−d)kΓ(−1 + k + σ1s1 + · · ·+ σrsr)
k!Γ(ρ1s1 + · · · ρrsr + k)

=
Γ(−1 + σ1s1 + · · ·σrsr)Γ(1 + d+ (ρ1 − σ1)s1 + · · ·+ (ρr − σr)sr)

Γ(ρ1s1 + · · ·+ ρrsr + d)Γ(1 + (ρ1 − σ1)s1 + · · ·+ (ρr − σr)sr)
. (2.2)
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Multiply both sides of (2.2) by
(

1
2πω

)r
θ1(s1), · · · , θr(sr)φ(s1, · · · , sr)zs11 · · · zsr

r where

ω =
√
−1 and integrate over L1, L2, · · · , Lr to get

∫
L1

· · ·
∫
Lr

1
(2πω)r

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)

×
∞∑
k=0

(−d)kΓ(−1 + k + σ1s1 + · · ·+ σrsr)
k!Γ(ρ1s1 + · · ·+ ρrsr + k)

zs11 · · · z
sr
r , ds1 · · · dsr

=
∫
L1

· · ·
∫
Lr

1
(2πω)r

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)

×Γ(−1 + σ1s1 + · · ·+ σrsr)Γ(1 + d+ (ρ1 − σ1)s1 + · · ·+ (ρr − σr)sr)
Γ(ρ1s1 + · · ·+ ρrsr + d)Γ(1 + (ρ1 − σ1)s1 + · · ·+ (ρr − σr)sr)

zs11 · · · z
sr
r ds1 · · · dsr.

Changing the order of summation and integration on left hand side

∞∑
k=0

(−d)k
k!

1
(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)

×Γ(−1 + k + σ1s1 + · · ·+ ρrsr + k)
1Γ(ρ1s1 + · · ·+ ρrsr + k)

zs11 · · · z
sr
r ds1 · · · dsr

=
1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)

×Γ(−1 + σ1s1 + · · ·+ σrsr)Γ(1 + d+ (ρ1 − σ1)s1 + · · ·+ (ρr − σr)sr)
Γ(ρ1s1 + · · ·+ ρrsr + d)Γ(1 + (ρ1 − σ1)s1 + · · ·+ (ρr − σr)sr)

zs11 · · · z
sr
r ds1 · · · dsr

from which (2.1) is obtained by using (1.1). The change of order of summation and

integration is justified when the given conditions are satisfied because of the absolute

convergence of the summation and the integrals involved.

Special Cases :

In (2.1), taking r = 2, we get the summation formula for I-function of 2-variables, as

given in the following Corollary :
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Corollary :

∞∑
k=0

(−d)k
k!

I0,N+1:m1,n1;m2,n2

P+1,Q+1:p1,q1;p2,q2
z1, z2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2− k;σ1, σ2; 1), 1(aj ;α
(1)
j , α

(2)
j ;Aj)P :

1(bj ;β
(1)
j , β

(2)
j ;Bj)Q, (1− k; ρ1, ρ2; 1) :

1(c(1)
j , γ

(1)
j ;C(1)

j )p1 ; 1(c(2)
j , γ

(2)
j ;C(2)

j )pr

1(d(1)
j , δ

(1)
j ;D(1)

j )q1 ; 1(d(2)
j , δ

(2)
j ;D(2)

j )qr


= I0,N+2:m1,n1;m2,n2

P+2,Q+2:p1,q1;p2,q2

z1, z2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2;σ1, σ2; 1), (−d; ρ1 − σ1, ρ2 − σ2; 1),

1(aj ;α
(1)
j , α

(2)
j ;Aj)P :

1(bj ;β
(1)
j , β

(2)
j ;Bj)Q, (0; ρ1 − σ1, ρ2 − σ2; 1),

(1− d; ρ1, ρ2; 1) :

1(c(1)
j , γ

(1)
j ;C(1)

j )p1 ; 1(c(2)
j , γ

(2)
j ;C(2)

j )p2

1(d(1)
j , δ

(1)
j ;D(1)

j )q1 ; 1(d(2)
j , δ

(2)
j ;D(2)

j )q2



(2.3)

provided z1, z2 are complex, σi > 0, ρi − σi > 0, d > 0, Ui ≤ 0, Vi > 0, Vi + σi − ρi > 0

for i = 1, 2, where

P∑
j=1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

qi∑
j=1

D
(i)
j δ

(i)
j + σi − ρi ≤ 0

∆i > 0, |arg(zi)| < 1
2π∆i, i = 1, 2 and

∆i = −
P∑

j=N+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

D
(i)
j δ

(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j

+
ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j − ρi for i = 1, 2.
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Moreover,

Re

(
−1 + σ1

d
(1)
j

δ
(1)
j

)
> 0 for j = 1, 2, · · · ,m1,

Re

(
−1 + σ2

d
(2)
j

δ
(2)
j

)
> 0 for j = 1, 2, · · · ,m2,

Re

(
1 + d+ (ρ1 − σ1)

d
(1)
j

δ
(1)
j

)
> 0 for j = 1, 2, · · · ,m1, and

Re

(
1 + d+ (ρ2 − σ2)

d
(2)
j

δ
(2)
j

)
> 0 for j = 1, 2, · · · ,m2.

If all the exponents Aj (j = 1, 2, · · · , P ), Bj (j = 1, 2, · · · , Q), C(i)
j (j = 1, 2, · · · , pi, i =

1, 2, · · · , r) and D
(i)
j (j = 1, 2, · · · , qi, i = 1, 2, · · · , r) in (2.1) are equal to unity, we ob-

tain the Summation formula involving the H-function of r-complex variables as derived

by Prasanna kumari [1, p.127].
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