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Abstract

Recently, hybrid Fibonacci polynomials in two variables are defined in [8] which
contains Fibonacci numbers and two types of Fibonacci polynomials in one vari-
able, namely, Catalan polynomials and Jacobsthal polynomials as special cases and
which exhibits many interesting combinatorial properties useful for research work-
ers in combinatorics. In a similar way, hybrid Lucas polynomials in two variables
are defined in [9] corresponding to the hybrid Fibonacci polynomials in two vari-
ables. In the present paper, Convolution Identities of hybrid Fibonacci and Lucas
polynomials in two variables with a fixed power of expanding variable is stated and
proved up to third degree.

1. Introduction

The simple and natural recurrence relation with three terms is Fy,41 = F), + F—1,
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Fyp=0, F1 =1,n=1,2,3,... given by Fibonacci numbers.

Closely connected to this is one more such relation Ly11 = Ly + Ly—1, Lo =2, L1 =1,
n=1,2,3,... given by Lucas numbers [1, 2, 3, 12].

Motivated by the above relations, a twin pair of sequences {l%c) (x), fy(LC) (z)} called
Catalan Lucas and Fibonacci polynomials and {l1({]) (x), ) (x)} called Jacobsthal Lucas

and Fibonacci polynomials are defined as follows in the literature [3]:

@) = dO@) +19 (@), with 1(0(z) =2, 19@) =a,n=1,2,3,... ;

n—1
@) = afO@) + 9 @), with £D(@) =0, V@) =1,n=1,2,3,... ;

/)

D) = 1@+ @), with 1§ () =2, 117 (y) =1,n=1,2,3,... ;

and £ (y) = @)+ @), with 1) =0, ) =1,n=1,2,3,...

The following three term recurrence relations of hybrid Fibonacci and Lucas polynomials

[8, 9] are useful for working out convolution identities.

fﬁﬂ (2, y) = 2fF) (2, ) + y£ 7 (2, y), (1.1)
1D (2,y) = 2 18 (2, y) + 3 18 (2, ) (1.2)

and
1 (2, y) = & £ (2, y) + 2y 1) (2, ). (1.3)

The generalized hybrid Fibonacci and Lucas polynomials in two variables z and y of

degree n, are given by the following binet forms:

FH (2 ) = \/ﬁ (:z:+ §2+4y>"_<13— \/52%—41/)"]
Wy = | (I (fC—ny)”],

Put a = (%M) and = (L W) Then
o — 5n

5 Wew=atisn (1)

FS (2, y) =




CONVOLUTION IDENTITIES INVOLVING FIXED POWER OF... 101

Also,
a+pB =z, a—0 = Vz2+4y and aff = —y. (1.5)

Hybrid Fibonacci and Lucas polynomials in two variables exhibit many interesting com-
binatorial properties useful for research workers in combinatorics [1, 2, 3, 10, 12]. They
are also related to Tchebyshev polynomials [6, 7, 8, 9, 11].

In the next section, Convolution Identities of hybrid Fibonacci and Lucas polynomials
in two variables with a fixed power of expanding variable, K", m = 0, 1 are stated
and proved. In the last section, Convolution Identities of hybrid Fibonacci and Lucas
polynomials in two variables with a fixed power of expanding variable, k", m = 2, 3

are stated and proved.

2. Convolution Identities with a Fixed Power of Expanding Variable

One of the remarkable identities is the following well known Bernoulli’s identity [1] : If
n

Sn(m) = Z k™, then

k=1

<T>Sn(m — 1)+ <T;L> Sn(m —2) + -+ <T> Sn(1) + Sn(0) = [(n +1)™ = 17”]'

n
m
Put o, (m,x) = Z k™z*. By a simple manipulation k™ = ((k— 1)+1> and a binomial
k=1
expansion readily gives

m

on(m,z) = x[an(m,x) + (T) on(m—1,z)+ <7;L> on(m—2,2)+---+ <1>an(1, x)
+ an(O,x)] — {(n +1)™ - 1m}
Hence we arrive at a beautiful generalized Bernoulli’s identity:
(x — Dop(m,z) + <T> xop(m —1,2) + (?) xop(m — 2, 1)
+oe <T>wan(1,x) + 0,(0,2)
= "t [(n +1)" — 1’"].

For x = 1, we get back Bernoulli’s identity [1].
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Table 1
m Un<m7 .fL')
2" g
0
z—1
: e (nt De Tt a
(x —1)
1
2 W[n%”‘% —(2n% 4+ 2n — D)a™2 4 (n 4+ 1)22" T — 2% — 4]
x [R—
1
3 W[n?’xmr4 + as12"3 + a0 + agza™t + 23 + 42 + x]
a:' p—

where az; = (—3n®—3n24+3n—1),a3; = (3n3+6n2—4) and az3 = (—n®>—3n?—3n—1).

One can apply generalized Bernoulli’s identity to compute for any value of m. But in
the present paper we work out only up to 3. The Convolution identities are stated and
proved in this section for m = 0,1 and continued in the next section for m = 2,3.
In a different approach, Convolution identities at levels m = 1,2 are available in the

literature [4, 5].

Theorem 1 : The convolution identities at the level m = 0 are
n (H) (H)
(H) (H) nly (z,y) —xfn  (2,9)
1.1 x,Y) (T, =
(12) S i@, (ey) = 0l (e,y) +afD(2,y)
k=1
(13) N1 @)@y = (- DD (y)
k=1
1) S P @i @) = o+ ) ()
k=1
Proof :
n n k k n—k n—k
(H) ( _ a — ) (a 6 )
1 ]. x) x? -
IR WY e kl(a—ﬂ —
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B (12 e (1)
= @ M) <1_<>> ﬁ6<1—(g)>}

(by using tablel, m = 0)

~ Gt - (S5 ) @)
) (@, y) — 2" (2, y)
(2% + 4y)
(by using (1.4) and (1.5)).

The proof of (1.2) is similar to that of (1.1).

) (H - k k M
(1.3) : Zl (@) £ ) =D (o +ﬁ)< " )

k=1
- 1 ”an_n_n"gkanngk
C e G e S ()]
" a” —pg" 1 a — " 1 a — "
= X (%) wmp(ams) V= (ams)

(by using tablel, m = 0 and by direct simplification)

= (n=1)f"(z,y)
(by using (1.4)).

The proof of (1.4) is similar to that of (1.3).

Theorem 2 : The convolution identities at the level m = 1 are

n(”*‘l)l%m(%y) ”f +1(95 Y)

(21) Zkfk (w v = 2(x2 + 4y) (22 + 4y)
n(n (H)
22) SR D wy) = MDD g
k=1
_ A )R wy)  nafil 200+ Dyfi (2]
(2.3) Zk DI () = 5 - -~ Cm
n(n+1 ,SH);U, nefl+2(n+ Dy fH(a,
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Proof:

(2.1) :
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ék fIEH)(x y)f (H) Zn:lk (oﬁ:gk) < 2:§n_k>
- <afa)z[zk<a"+ﬂ">—a"2k(f) -3 K(5)'
k=1 k=1 k=1

1 n(n + 1) a2 /Bn+2 /8n+1 ﬁ
= (x2+4y>|: 5 lﬁLH)(ZL',y)_ (04—5)2 (nan+2 —(n+1)an+1 +a
I@n+2 an+2 an+1 a
_ (a—ﬂ)Q (n6"+2 — (’I’L—|—1)ﬁn+1 +B>:|
(by using tablel, m = 1)
1 1
~ o P ) - o () i )]
(by using (1.4) and (1.5))
= 2D ) - )

2(22 +4y) " (22 +dy) "+
(by repeated deductions using (1.1) ,(1.2) and (1.3))

The proof of (2.2) is similar to that of (2.1).

(2.3) : ik 1 (2,y)f ;k o + ) (;:gn_k)
[Zk(aa:6n> aa—nﬁk:lk(§>kaﬁ—nﬁk:1k g)k}
— [n(ngl)ﬁ(ﬁ) (z,y) + (aai+;)3 (nizz —(n+ 1)§ZE + g)
n—+2 n+2 n+1
- (e - 05 +9)]

(by using tablel, m = 1)

= (MR - Gy (e + 04 20 )
( by using (1.4) and (1.5))
= MR - g [ e 204 000

(by using (1.1) )

The proof of (2.4) is similar to that of (2.3).
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3. The Convolution Identities at the Levels m =2 and m = 3

105

In this section, we continue the computation of the Convolution identities at higher

levels.

Theorem 3 : The convolution identities at the level m = 2 are

n

31 S KA @y £ )
k=1

n(n £ DEn 1) [n?(a? + dy) + 4ny 2ay(n+1) 4

(2, y) — £ (@, y) +

6(22 + 4y) (22 + 4y)? (22 + 4y)?
(3.2) Zkgl(H (z,y)l H)k( )
B (n +1D(2n+1) [n?(2? + 4y) + 4ny| () ~ 2zy(n+1)
- 6 ln ($7y) + (ZL‘2 n 4y) fn+1 (Sﬂ,y) (1:2 + 4y)
(33) k1 @)l (2, y)
k=1
_ A D@D i nlna fH (z,y) +2(n + Dy f (,y)]
- 6 o (22 + 4y)
(34) I @) £ @, y)
k=1
_ n(n+1)@n+1) gy nlnafh o (2,y) + 2(n + Dy fil (2,)]

Proof :

(3.1) : Z/ﬂz £ A y) ZkQ (aa:ﬂk> ( jx:gnk)
] [jkza . S -y e(5)
k=1

_ 1 n(n+1)(2n+1) )
ant3 25n+3 ) IBn+2 25n+1 52 3
+ (a—ﬁ)3(n a”+3_(2n +2n—1)an+2+(n+1)m_?_a>

Fal(x,y)

il y)
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gn+3 Q3 na2 il )
(a—ﬁ)Q( 2 — (20 +2n71)ﬁn+2+(n+1)2W7?75)}
(by using tablel, m = 2)
1 +1)(2n + 1 1 n+3 _ gn+3
an-I—l _ /Bn-i-l n—l B I@”_1>

(2n2+2n_1)a5( " ) +(n+ 12 i(my)(aﬂ)( -

an—l _ ﬁn—l an—i—l _ 5n+1
(aﬁ)z( a—pf >+(aﬁ)< a—pf )]
1 n(n+1)(2n+1
(22 + 4y) [ 6 0, y)}
1
(o = B)?
v £ 2, y) -y, y)}
( by using (1.4) and (1.5))
n(n+1)(2n+1) () — 1
6(z2 + 4y) b (@) (22 + 4y)?
20y(n -+ 1)1 (2, )|

(by repeated deductions using (1.1) ,(1.2) and (1.3))

n 3n+3

0+ @ o= D @)+ 0+ )P )

(n?(2? + 4y) + 4ny) 1) (2, 9)

The proof of (3.2) is similar to that of (3.1).

(3.3) :

6
s /Bn+3 ﬂ”+2 ﬁn—&-l ﬂ2 3
a (Oza— B)4 (712 ant3 (2n2 +2n—1) an+2 +(n+1) o2 E>
I3n+3 n+3 n+2 nal 9
 (a—p) (n2;n+3 —(2n® +2n - 1)5n+2 +(n+1) . % - %)}
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(by using tablel, m = 2)

_ {n(n + 1)6(2n + 1)f'r(LH) (x,y)]

[n (an+3 +5n+3) _ (2n2 49 — 1)aﬂ(an+1 +I8n+1)

1
(o = B)*

T+ DX@B) (@ + 57— (B)X (0" + ) - (B) (@t + g
[n( +1) 2n—|— Uf,(ZH)(x,y)]
-@QQD[é$+wwwmwﬁuw+w+%wgmaﬂ
( by using (1.4) and (1.5))

nn+1)2n+1)

- 6 £ (@, y) - @+ 1) [mc éﬂ(m,y) +2(n + Dy f (z, )]

(by repeated deductions using (1.1) ,(1.2) and (1.3))

The proof of (3.4) is similar to that of (3.3).

Theorem 4 : The convolution identities at the level m = 3 are
(4.1) }jﬁ Y, y) £ (2, )

_ (n +1)% [n®(2® + 4y) + 6n°y] () _ (n*+n)3zy .y

- 4(%2 + 4y) ln (.’L‘, ) (.1‘2 ¥ 4y)2 fn—&—l(xay) (.112‘2 ¥ 4 ) f (
(4.2) Z K31 I (2, y)

=1

P+ 1) g [n®(2? + 4y) + 6n2y] (1) _ (n*+n)3zy g

- 4 ln ( ay> + (1_2 +4y) fn+1(xvy) (1’2 +4y) n (IB,
(4.3) EZH L. y)

_ (”+ 1) o) _ 1 3.2 (H)

= —ar—wlww>zﬁi@ng@+4w 6nayl i (@,9)

+2nly(a? + 4y) + 3nPy(a? + 4y) + 2y(2® + 4y) + 3y(na? — 4y)] [ (2, y)

(4.4) Z 13 1D (2, )1 (2, )

1
(22 +4y)?
4+ [203y(z? + 4y) + 3nPy(a® + 4y) + 2y(2® + 4y) + 3y(nz® — 4y)]f7gH) (z, y)]

(n+1)

= L () + il

(32 (2? + 4y) — 6nay] £ (2, )

v)

Y)
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(4.1) :
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. n k_ﬂk ”—k—ﬂn_k
Y e =30 (525) (=5
. n : i . n B k . n k

Lplfor e - Sl - ()

1 [ 2(n+1)*

1 (2, y)

(22 + 4y) 4
ant4 3ﬂn+4 ﬁn+3
(a — B)° (” prET i (=3n° —3n” +3n — 1)an+3

ﬁn—i—Q

n+1 3 2
(3n° + 6n% — 4) — + (—n — 3n” — 3n - 1)571+1 +£+4@+§)

/Bn+4 3an+4 3 ) an+3
(a—ﬁ)ﬁ(n T + (=3n° —3n° + 3n — 1)ﬁ”+3

n+2 n+1 3 2
(3n 4 6n% — 4) —1—(—n3—3n2—3n—1)a +a—+4a—+g)}

pret

«
ﬁn+2

(by using tablel, m = 3)
2 2
Z(igii;) lv(@H) (z,y) — (a _1ﬁ)6
(—=3n% — 3n% + 3n — Daf(a"2 + 572) + (3n + 6n? — 4)(af)?(a”™ + 5"
(=n® = 3n® = 3n — 1)(af)* ("2 + "7%) + (aB)*(a" % + 5" 7)
A(aB)X(a™ + B") + af(a" 2 + 572)]
( by using (1.4) and (1.5))

[n3(an+4 + Bn+4)

n?(n+1)2 1

DA ) (H) _ 3;(H) 3 2 (H)
e @Y - g [0+ (3n° 4+ 302 = 3n)yillLh (2, y)
(303 + 6n2)y2 1) (2, y) + (n® + 3n? + 3n)y 1), (2, y)]

n?(n+1)2 1

AR ) (H) _ (H

4(1,2 +4 ) n ( ’ ) (.CE2 +4y)2 [( (x +4y> —|—6TL y)f +1(x y)

—((n? + n)32y) £ (2, )]
(by repeated deductions using (1.1) ,(1.2) and (1.3))

The proof of (4.2) is similar to that of (4.1).

n n—k _ gn—k
ZkS DI ) = YRk (T )

k=1
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-l e () - e )]

k=1
n?(n+1)32
= {(Zl)fém(%y)
Oé"+4 3 Bn+4 Bn—&-S ﬁn+2
+ (a_ﬁ)5(n (23 = 30?430 — 1)+ (30 4 60 — )

nt1 3 2
| LA A
+ (—n®>—=3n"-3n-1) s, +4 a)

I@n+4 an+4 n+3 an+2
( 5)5(3 F (=308 =302 +3n - DO 4 (3n% + 6n2 — 4)
o —

n gn+i Bn+3 gn+2

n+1 043 Oé2 a
Tt )
by using tablel, m = 3)

n3 —3n% —3n — 1)

(=
(

_ [ n+ D2, ]
- & _1@4 [n3< nt — gnH) +(3n% +3n2 — 3n + 1)aﬁ(an+::gn+2)
+ (303 + 602 — 4)(ap)? ( — g ) + (n3 + 302 + 3n — 1)(a5)3(0ﬂ_§[:?_2)
I e T et & RO et ]
( by using (1.4) and (1.5))
= [ g )
= M[ﬁ ) 4 (30 + 302 — 3n + 2)yf ) (2, )
+ (33 4+ 6n% = 8)y? £ (z,y) + (n® + 3n® + 3n + 2y £ ) (x, y)]
= PO 000, — s [+ 40) — Gl 1) )

+ 20%y(a® + dy) + 3ny(a® + dy) + 2y(a + 4y) + 3y(na® — dy) {1 (. )|
(by repeated deductions using (1.1) ,(1.2) and (1.3))

The proof of (4.4) is similar to that of (4.3). The same procedure of employing general-

ized Bernouli identity can be applied to compute convolution identities at any level.
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