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Abstract

In this paper, we discuss the common fixed point theorems with the assumption of
weakly compatible and coincidence point of four maps on an upper semi continuous
contractive modulus and (p, 1) contractive type mappings in complete cone metric
space via cone C'—class functions.

1. Introduction and Mathematical Preliminaries

The notion of cone metric space is initiated by Huang and Zhang [2] and also they
discussed some properties of the convergence of sequences and proved the fixed point
theorems of a contraction mapping for cone metric spaces; Any mapping 7" of a complete

cone metric space X into itself that satisfies, for some 0 < k < 1, the inequality
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d(Tz,Ty) < kd(x,y),Vx,y € X has a unique fixed point. Note on (¢,?) contractive
type mappings and related fixed point are proved by Arslan Hojat Ansari [8]. The
common fixed point theorems with the assumption of weakly compatible and coincidence
point of four maps on an upper semi continuous contractive modulus in complete cone
Banach space are proved by R. Krishnakumar and D. Dhamodharan [4].

In this paper we investigate the common fixed point theorems with the assumption
of (p,1) contractive type mappings, weakly compatible and coincidence point of four
maps on an upper semi continuous contractive modulus in complete cone metric space
via cone C'—class functions.

Definition 1.1 : Let E be the real Banach space. A subset P of F is called a cone if
and only if:

(by) P is closed, non empty and P # 0
(be) ax 4+ by € P for all x,y € P and non negative real numbers a, b
(b3) PN (=P)={0}.

Given a cone P C FE, we define a partial ordering < with respect to P by = < y if and
only if y,x € P. We will write x < y to indicate that x < y but x # y, while z,y
will stand for y,x € intP, where intP denotes the interior of P. The cone P is called
normal if there is a number K > 0 such that 0 < z < y implies ||z| < K]y|| for all
x,y € E. The least positive number satisfying the above is called the normal constant.

Example 1.2 [7] : Let K > 1. be given. Consider the real vector space with
1
E={arx+b:abe R;z € U’E’l]}
with supremum norm and the cone
P={ax+b:a>0,b<0}

in E. The cone P is regular and so normal.
Definition 1.3 : Let X be a nonempty set. Suppose the mapping d : X x X — F

satisfies

(b1) d(z,y) =0 if and only if z =y,
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(b2) d(.’E,y) = d(ya :L‘),
(bs) d(x,2) <d(z,y)+d(y, z).

Then (X, d) is called a cone metric space (CMS).
Example 1.4 : Let £ = R?

P={(z,y): 2,y >0}

X =Rand d: X x X — FE such that

d(z,y) = (|z,y|, oz, y|)

where o > 0 is a constant. Then (X, d) is a cone metric space.

Definition 1.5 : Let (X, d) be a CMS, z € X and {x,},>0 be a sequence in X. Then
{zn}n>0 converges to x whenever for every ¢ € E with 0 < E, there is a natural number
N € N such that d(x,,x) < cforalln > N. It is denoted by lim,,_, z,, = z or , — .
Definition 1.6 : Let (X, d) be a CMS, z € X and {z,, }»,>0 be asequence in X. {z,}n>0
is a Cauchy sequence whenever for every ¢ € E with 0 < ¢, there is a natural number
N € N, such that d(zp,zn) < c for all n,m > N

Definition 1.7 : Let (X,d) be a CMS, x € X and {zy, }n>0 be a sequence in X. (X, d)
is a complete cone normed space if every Cauchy sequence is convergent. Complete cone
normed spaces will be called complete cone metric spaces.

Lemma 1.8 [3] : Let (X,d) be a CMS, P be a normal cone with normal constant K,
and {z,} be a sequence in X. Then

(A) the sequence {x,} converges to z if and only if d(z,,z) — 0 as n — oo,

(B) the sequence {z,} is Cauchy if and only if d(x,,, zm,) — 0 as n,m — oo,

(c) the sequence {z,} converges to x and the sequence {y,} converges to y, then
d(Tn, yn) — d(,y).

Definition 1.9 : Let f and g be two self maps defined on a set X maps f and g are
said to be commuting of fgxr = gfx for all x € X

Definition 1.10 : Let f and g be two self maps defined on a set X maps f and g are
said to be weakly compatible if they commute at coincidence points. that is if fx = gz
forall z € X then fgxr = gfx

Definition 1.11 : Let f and g be two self maps on set X. If fo = gx, for some z € X

then z is called coincidence point of f and g
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Lemma 1.12 : Let f and g be weakly compatible self mapping of a set X. If f and ¢

have a unique point of coincidence, that is w = fxr = gx then w is the unique common

fixed point of f and g.

Definition 1.13 : An ultra altering distance function is a function ¢ : P — P which

satisfies

(a) ¢ is continuous.

(b) ¢(0) > 0.

Definition 1.14 [9]: : A mapping F : P? — P is called cone C, class function if it is

continuous and satisfies following axioms:

1.

2.

F(s,t) < s

F(s,t) = s implies that either s =0 or t = 0; for all s,t € P.

We denote cone Cclass functions as C.

Example 1.15 [9] : The following functions F : P? — P are elements of C, for all

s,t € [0,00):

1. F(s,t) = s,t,

2. F(s,t) = ks, where 0<k<1,

3. F(s,t) = sp(s), where 3 :[0,00) — [0, 1),

4. F(s,t) = U(s), where ¥ : P — P \W(0) =0 ,¥(s) > 0 for all s € P with s # 0
and ¥(S) < s forall s € P,

5. F(s,t) = s,¢(s), where ¢ : [0,00) — [0,00) is a continuous function such that
o(t)=0<t=0;

6. F(s,t) = s,h(s,t), where h : [0,00) x [0,00) — [0,00) is a continuous function
such that h(s,t) =0t =0 for all t,s > 0.

7. F(s,t) = ¢(s),F(s,t) = s = s = 0, here ¢ : [0,00) — [0,00) is a upper semi

continuous function such that ¢(0) = 0 and ¢(t) < t for ¢t > 0.
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Lemma 1.16 : Let ¢ and ¢ are altering distance and ultra altering distance functions

respectively , F' € C and {s,,} a decreasing sequence in P such that

Y(sn+1) < F(Y(sn), p(sn))

for all n > 1. Then lim s, = 0.

n—o0

2. Main Result

Theorem 2.1 : Let (X,d) be a complete cone metric space with regular cone P such
that d(z,y) € intP. Suppose that the mappings P,@,S and T are four self maps of
(X,d) such that T'(X) C P(X) and S(X) C Q(X) and satisfying

Y(d(Ty, Sx))
< F(¢(ad(Pz,Qy) + b{d(Px, Sx) + d(Qy, Ty)} + c{d(Px, Ty) + d(Qy, Sz)}),
¢(ad(Px,Qy) + b{d(Pz, Sz) + d(Qy, Ty)} + c{d(Pz,Ty) + d(Qy, Sx)}))

(2.1)

for all z,y € X, where a,b,c > 0 and a+2b+2¢c = 1. ¢ and ¢ are altering distance and
ultra altering distance functions respectively ,F' € C such that ¥(t + s) < ¥(t) + ¥(s).
Suppose that the pairs {P, S} and {Q,T} are weakly compatible, then P,Q,S and T
have a unique common fixed point.

Proof : Suppose zg is an arbitrary initial point of X and define the sequence {y,} in
X such that

Yon = STan = QTon41
Yont1 = Twop 11 = Prop o

By (2.1) implies that

V(d(yant1,y2n)) = Y(d(Ta2n41, ST2n))

F(¢Y(ad(Pxan, Qrant1) + b{d(Pxayn, Szopn) + d(Qxon, Txon11)}
+c{d(Paon, Toopi1) + d(Qu2ni1, St2n)}),

¢(ad(Pxan, Qrany1) + b{d(Pran, Sxon) + d(Qxopn, Txan41)}
+c{d(Pxon, Toopt1) + d(Quont1, Stan)}))

IN
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IN

F((ad(yan—1,y2n) + b{d(y2n—1,y2n) + d(y2n, y2n+1)}

+e{d(yan—1, Yan+1) + d(Y2n, y2n) }), p(ad(y2n—1, Y2n)

+0{d(y2n—1,Y2n) + d(y2n, y2n+1)} + c{d(y2n—1, Y2n+1) + d(y2n, y2n)}))
F(y(ad(yan—1,y2n) + b{d(Yan—1, y2n) + d(y2n, y2nt1)}

+cd(Yan—1, Yon+1))-0(ad(Y2n—1, Y2n) + bd(Y2n—1,Y2n))

IN

+d(y2n, y2n+1)} + cd(yan-1,Y2n11)))
F@((a+b+ c)d(y2n—1,Y2n) + (b + c)d(y2n, Y2n+1),
o((a+ b+ c)d(yan—1,y2n) + (b + c)d(y2n, Y2n+1))
Y((a+b+c)d(yan—1,y20) + (b4 ¢))d(y2n, y2n+1)
= d(Yont1,%20) < d(yon,Yon—1)
d(Yan+1,Y2n) < hd(y2n, y2n—1) (2.2)

IN

IN

implies that the sequence {d(y2n+1,y2,)} is monotonic decreasing and continuous. There

exists a real number, say r > 0 such that

limd(y2nt1,92n) =7,

as n — oo equation (2.2) =
P(r) < F(y(r),¢(r))

s0, ¥(r) = 0 or ¢(r) = 0 which is only possible if » =0 . Thus
Jim d(Y2n+1,Y2n) = 0.

Claim: {y2,} is a Cauchy sequence.
Suppose {ya,} is not a Cauchy sequence.

Then there exists an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;41
d(ymwym) > € and d(ymi,yni,l) <e (2.3)

€ < d(Ymis Yn;) < dWmi> Yniy) + A Yni_ys Yns)
therefore

Bm Y, Yn,) = €
11— 00
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now

€ < d(Ymi_1>Yniey) < AYmi_y>Ym;) + A(Ymy Yni_y)
by taking limit ¢ — co we get,
hm d(ymi—1?ym—1) =€
11— 00

from (2.7) and (2.8)

IN

P(d(Ym,> yn;)) = b(d(Stm,;, Tzn,))
< FAM@mis @), oA (@m;, 2n;))) (A (@m,, Tn;))

¥(e)

where implies
¥(e) < F(Mamg, Tn,))s 0(Mm;, Tn;))) (2.4)
M Ty, Tn,) = ad(PTpm,, Q) + bd(Pxy,,, Stm,) + d(Qxn,, TTy,),

+ c(d(Pxm;, Txy,;) + d(Qxn,;, Sxm,))

=ad(Txm,; ,,STn, ) +0)TTm, \,STm;) +d(Sxpn, |, Txy,),
+c(d(Tzpm, |, Txn,) +d(STn, |, STm,))

= ad(Ym, 1> Yni—1) + OYm s Ym,) + AYn, s Yn,);
(d(Ymi_ysYn:) + d(Yn;_y» Ym;))

Taking limit as ¢ — oo, we get

lm Az, Tn,) = ae+ 00+ 0+ c(e +¢€)}

1—00
lm ANz, xn,) <€
1—00
Therefore from (2.4) we have,(e) < F(¢(¢€), p(€))
so, 1¥(€) = 0 or ¢(e) = 0 This is a contraction because € > 0 .

Therefore {y2,} is Cauchy sequence in X
Hence {y,} is a Cauchy sequence.

There exists a point [ in (X, d) such that

lim {y,} =1, lim Sy, = lim Qzgo,+1 =1 and lim Tzg9,41 = lim Pxo,yo =1
n—oo n—oo n—oo n—oo n—oo
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that is,

lim S, = lim Qxop11 = lim Taopiq = lim Pxo,io = a*
n—oo n—oo n—oo n—oo

Since T'(X) C P(X), there exists a point z in X Such that z* = Pz then by (1)

(d(Sz,2%)), p(d(Sz,27)))
(d(Sz, Txon—1) + d(Txan-1,27)), p(d(Sz, Tx2n-1) + d(TT20-1,27)))
(ad(Pz, Qran-1) + b{d(Pz, Sz) + d(Qran—1,TT2n-1)}
+c{d(Pz, Tron-1) + d(Qran—1,82)} + d(Tx2n-1,2")),
p(ad(Pz,Qran—1) + b{d(Pz,S2) + d(Qzan—1, Txon-1)}

+ c{d(Pz,Txon-1) + d(Qran-1,52)} + d(Txon-1,2%)))

P(d(Sz,2%)) < F(y
< F@
< F@Y

Taking the limit as n — oo

P(d(Sz,a*)) < F(Y(ad(z*, 2*) + b{d(z*, z*) + d(2*, Sz)}
+ c{d(z*, x™) + d(z*, Sz)} + d(z*, z")),
olad(z*, z*) + b{d(z*, x™) + d(z*, Sz)}
+ c{d(z*, ") + d(z*, Sz)} + d(z*, z")))
< F(Y(0 4 b{d(x*,Sz) + 0} 4+ c{0 + d(z*,Sz)} +0
+ (b+ c)d(x*,S52)), p(0 + b{d(z*,S2) + 0} + {0+ d(z*,S52)} + 0
+ (b+ c)d(x*, Sz)))

Which is a contraction since a + 2b + 2¢ = 1.
therefore Sz = Pz =z*

Since S(X) C Q(X) there exists a point w € X such that * = Qu.
By (1)

Y(d(Sz,2")) < Y(d(Sz, Tw))
< F(¢(ad(Pz, Qu) + b{d(Pz, S2) + d(Quw, Tw)}
+ e{d(Pz, Tw) + d(Qu, Sw)}), p(ad(Pz, Qu)
+b{d(Pz, Sz) + d(Qu, Tw)} + c{d(Pz, Tw) + d(Qu, Sw)}))
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< F(Y(ad(z*, 2*) + b{d(z*, z*) + d(z*, Tw)} + c{d(z*, Tw)
+d(z*,2")}), plad(z*, x*) + b{d(z*, 2") + d(z*, Tw)}
+ c{d(z*, Tw) + d(z*,2%)}))
< F((0+ {0+ d(z*, Tw)} + c{d(z*, Tw) + 0}),
©(0+0{0 + d(z*, Tw)} + c{d(z*, Tw) + 0}))

F(p(d(z", Tw)) < F(¥((b+ c)d(z*, Tw)), p((b+ c)d(z”, Tw)))

which is a contradiction since a + 2b + 2¢ = 1.
therefore Tw = Quw = z*

Thus Sz =Pz=Tw=Quw =z*

Since P and S are weakly compatible maps,
Then SP(z) = PS(z)

Sx* = Px*

To prove that z* is a fixed point of S
Suppose Sz* # z* then by (2.1)

P(d(Sz™,a")) < p(d(Sa™, Tz"))
< F(¢(ad(Pz*, Qw) + b{d(Pz*, Sx*) + d(Qw, Tw) }+
+ c{d(Pz", Tw) + d(Qw, Sz*)}),
o(ad(Pz*, Qu) + b{d(Pa*, Sz*) + d(Qw, Tw)}+
+ c{d(Pz*, Tw) + d(Qw, Sz*)}))
< F(¢(ad(Sx*, z*) + b{d(Sx*, Sx*) + d(x*, z*) }+
+ cf{d(Sz™, ") + d(z*, Sz™)}),
o(ad(Sz*, z*) + b{d(Sz*, Sx™) + d(z*, z*) }+
+ c{d(Sz",z") + d(z*, Sz™)}))
< F((ad(Sz*, 2%) + b{0 + 0} + 2¢d(Sz*, %)),
plad(Saz*,a*) + b{0 + 0} + 2¢d(Sz*, 2%)))
P(d(Sz™, ")) < F(¢((a+ 20)d(Sz™, %)), o((a + 2¢)d(Sz", 27)))
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Which is a contradiction, Since a + 2b + 2¢ = 1.

Sz* =z

Hence Sx* = Pz* = x* Similarly, ) and T are weakly compatible maps then TQw =
QTw, that is Tx* = Qx*

To prove that z* is a fixed point of T.
Suppose T'z* # z* by (2.1)

Y(d(Ta", 27)) < $(d(Sa*, Ta"))
< F((ad(Pz*, Q") + b{d(Pz*, Sa*) + d(Q*, Tx*)} +
+ c{d(Pz*, Tx*) + d(Qz*, Sz*)}), p(ad(Px*, Qx™)
+ b{d(Pz*, Sz*) + d(Qx*, Tx*)} + c{d(Pz*, Tx") + d(Qz*, Sz™)}))
< F((ad(z*, Tz") + b{d(z", x*) + d(Tz*, Tz")} + c{d(z*, Tx™)
+d(Te*, 2)}), plad(a”, Ta*) + b{d(z*, 2*) + d(Ta*, Ta*)} +
+e{d(z*, Tz*) + d(Ta*, 7))
< F(Y(ad(Tx*,2*) + b{0 + 0} + 2¢)Tz*, z*)),
o(ad(Tz*, 2*) + b{0 + 0} + 2¢)Tz*, z")))
Y(d(Tz*,2*)) < F(¢((a+ 2¢)d(Tx*, z*)), p((a + 2¢)d(Tx*, z*)))

which is a contradiction since a + 2b + 2¢ = 1.

Tz = z*.

Hence. Tz* = Qz* = z*

Thus Sx* = Px* =Tzx* = Qx* = z*

That is, * is a common fixed point of P, @, S and T
To prove that the uniqueness of x*

Suppose that z* and y*, * # y* are common fixed points of P, @, S and T respectively,
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by (2.1) we have,

P(d(a”,y")) < P(d(Sz", Ty"))
< F((ad(Pz”, Q™) + b{d(Pz”, Sz*) + d(Qy™, Ty") }+
+ c{d(Pz", Ty") + d(Qy”", Sz™)}), p(ad(Pz", Qy*)
+ b{d(Pz*, Sz*) + d(Qy*, Ty*) }+
+ c{d(Pz", Ty") + d(Qy", Sz7)}))
+ {d(z", %) + d(y",y")}

< F(¢(ad(z”, y")
+ c{d(z",y") + d(y", 7)}), p(ad(z”, y)
+0{d(z", 2") + d(y", y")} + efd(2”, y7) +d(y", 27)}))

< F(Y(ad(z®,y") + 0{0 + 0} + c{d(z", y") + d(y", z%)}),
plad(z”,y") + b{0 + 0} + c{d(z", y") + d(y", 27)}))
< F(¥((a+20)d(z", y7)), p((a + 2¢)d(z7, y7)))

which is a contradiction. Since a + 2b + 2¢ = 1.
therefore z* = y*.

Hence z* is the unique common fixed point of P, @Q,.S and T respectively. a
Corollary 2.2 : Let (X,d) be a complete cone metric space with regular cone P such
that d(x,y) € intP. Suppose that the mappings P, S and T are three self maps of (X, d)
such that T'(X) C P(X) and S(X) C P(X) and satisfying

P(d(Sz, Ty)) < F(y(ad(Px, Py) + b{d(Pz, Sy) +d(Pz, Ty)}
+c{d(Pz,Ty) + d(Py, Sz)}), p(ad(Pz, Py) (2.5)

+b{d(Px,Sy) + d(Pz,Ty)} + c¢{d(Pz,Ty) + d(Py, Sx)}))

for all x,y € X, where ¢ and ¢ are altering distance and ultra altering distance functions
respectively, F' € C such that ¥(t + s) < ¥(t) + ¥(s), a,b,c > 0 and a + 2b + 2¢ < 1.
suppose that the pairs {P, S} and {P, T} are weakly compatible, then P, S and T have
a unique common fixed point.

Proof : The proof of the corollary immediate by taking P = @ in the above Theorem
2.1. O
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Definition 2.3 : A mapping ® : PU{0} — P U {0} is said to be contractive modulus

if it is continuous and which satisfies
1. ®(t) =0if and only if t =0
2. d(t)<tforteP
3. D(t+s) < P(t) + P(s) for t,s € P

Theorem 2.4 : Let (X,d) be a complete cone metric space with regular cone P such
that d(z,y) € intP. Suppose that the mappings P, @, S and T are four self maps of
(X,d) such that T'(X) C P(X) and S(X) C Q(X) satisfying

P(d(Sz, Ty)) < F(p(S(AM(z,9))), p(@(A(2,9)))), (2.6)

for all z,y € X, where 1) and ¢ are altering distance and ultra altering distance functions
respectively, F' € C such that ¢(t + s) < 9 (t) + ¢(s) and ® is contractive modulus.

N,y) = max{d(Pz,Qy),d(Pz, Sz),d(Qy, Ty), 3{d(Px,Ty) + d(Qy, Sz)}}. Suppose
that the pairs {P, S} and {Q,T} are weakly compatible, then P,@,S and T have a

unique common fixed point.

Proof : Let us take z( is an arbitrary point of X and define a sequence {y2,} in X

such that

Yon = STon = QTon+1,  Yont1 = TTon1 = Propio.
By (2.6) implies that

V(d(Yon, Yont1)) = Y(d(Sz2n, TT2n+1))

F(p(@(M@2n, 22n+1))), o(R(A(@2n, T2n+1))))

F(¢(A@2n, T2nt1)), 0(A(@2n, T2nt1)))

F( Y(max{d(Pzxay, Qront1), d(Pxay, Sxopn), d(Qran+1, TTont1),
§{d(PIE2m Twont1) + d(Quont1, Swon)}}), p(max{d(Pron, Qr2ni1),

IN N

1
d(Pxop, Stan), d(Qxon+1, TTon+1), i{d(PxQna Txont1) + d(QTont1,S52m)}})
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= F(¢(max{d(T$2n—17 S$2n)a d(TmZn—la Sx?n)a d(SxQny T:Z;Qn-l—l)a

1
§{d(T$2n—la Tx2n+1) + d(5x2n7 S.Tgn)}}), (P(max{d(TxQn—l, Sx2n)>

1
d(Tx2n—1,5%2,), d(Sx2n, TTon11), i{d(T@n—l, Txont1) + d(Swapn, Swan)}}))
= F(w(max{d(Txgn_l, S.%'Qn), d(Tl‘Qn_l, S.TQn), d(S.%’Qn, T$2n+1),

1
id(Tl?n—lv Txon41)}), p(max{d(Txon_1, ST2n),
1

d(TxQTL—17 SxQn)a d(SZ]}'Qn, Tx2n+1)7 d(Tx2n—17 Tx?n—i—l)}))

2

1
5 §d<y2n—17 y2n+1)})7

= F(¢(max{d(y2n, Y2n-1), d(Y2n; Yon+1)
e(max{d(y2n, Y2n—1), A(Y2n, Y2n+1), §d(212n—17 Y2n+1)}))
< F(y(max{d(yan, Y2n—1), d(Y2n, Y2n+1)}),
e(max{d(y2n, Y2n—1), d(Y2n: Y2nt1)}))

Since ¢ and @ are altering distance and ultra altering distance functions respectively,
F € C and ® is an contractive modulus, A(x2n, Z2n+1) = (Y2n, Yon+1) is not possible.
Thus,

Y(d(Y2n, Yon+1)) < F@(R(d(y2n—-1,Y2n))), ¢(P(d(Y2n—1,Y2n))))- (2.7)

Since @ is an upper semi continuous, contractive modulus. Equation (2.7) implies that
the sequence {d(Yy2n+1,¥2,)} is monotonic decreasing and continuous. There exists a

real number, say r > 0 such that

lim d(yony1,Y2n) =1,
n—oo

as n — oo equation (?77) =

P(r) < F(p(B(r)), p(®(r)))

so, ¥(r) = 0 or ¢(r) = 0 which is only possible if r = 0 and @ is a contractive modulus.
Thus

lim d(y2n+1, y2n) = 0
n—oo

Claim: {y2,} is a Cauchy sequence.

Suppose {ya,} is not a Cauchy sequence.
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Then there exists an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;41
d(ym“yTM) Z € and d(ymﬂyni—l) S € (28)

€ S d(ymlvynz) S d(ym”ym_J + d(yni_pym)
therefore  lim d(ym,,yn,) =€
1— 00
now
€ S d(ymi—l ’ yni—1) S d(ymi—l ’ yml) + d(ymz’ yni—l)

by taking limit i — oo we get,
Jim d(ym; s yni ;) =€
from (2.7) and (2.8)
v(e) < F(dYm,,Yn,)), (dYm;: Yn,)))
= F((®(d(Szm,;, Tn,))), o(®(d(Szm;, Tn;))) (2.9)

< P (@A (@m s 2n,))), o(@(A(@m;, Tn;)))
where implies
)‘(xmz ) xm) - max{d(Pmml, anz>7 d(P$m17 Smmz)? d(anm Txm)7

S (AP, T + d(Qi Sm,)))

= max{d(TTm, ,, 5%, 1), d(TTm; y,%m,), d(STn, ,,Tan,),
1

§(d(Txmi71 ) Txni) + d(ani71 ’ Sxmz))}

= maX{d(ymFl > ymf1)7 d(ymi,l ) ymi)a d(ym,l ) yni)a
1

§(d(ymi—1 ’ ym) + d(yni—l ) ymz))}

Taking limit as ¢ — oo, we get

1
lim A(zp,, Tn,) = max{e, 0,0, —(e+¢€)}

1—00 2
Hm Az, Tn,) = €
Therefore from (2,9) we have, 1(e) < F(¢(®(¢)), (P (¢)))

This is a contraction because € > 0, 1/ and ¢ are altering distance and ultra altering
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distance functions respectively, F' € C and ® is contractive modulus.
Therefore {yay,} is Cauchy sequence in X

There exits a point z in X such that ILm Yo = 2

Thus, o

lim Sxo, = lim Qxoy41 =2 and
n—oo n—oo

lim Txops+1 = lim Pxopyo =2
n—oo n—oo

(e} Jig, 5o = Jig, Qvans = ling Toanss = Jig, Poania =2

T(X) C P(X), there exists a point u € X such that z = Pu

P(d(Su, z)) = Y(d(Su, Txont1) + d(Tx2n+1, 2))
< Y(d(Su, Trong1)) + Yd(Tr2n41, 2))

Fp(@(A(u, 72041))), p(P(A(u; 22041))) + Y(d(Tz20+41,2)))
where

/\(U,x2n+1) = maX{d(PU; Qx2n+1)7d(Pua Su)yd(Q$2n+17TUC2n+1);

1

i(d(Pu’ Tx2n+1) + d(Q$2n+1a SU))}

= max{d(z, Szay), d(z, Su), d(Szapn, TTan+1),

%(d(zv T$2n+l) + d(SxQTL’ SU))}

Now taking the limit as n — oo we have,

A, Top41) = max{d(z, Su),d(z, Su), d(Su, Tu), %(d(z, Tu) 4 d(z,Su))}

— max{d(z, Su), d(z, Su), d(Su, 2), %(d(z, 2) + d(z, Su)}
= d(z, Su)
Thus

P(d(Su, 2)) < F(p(@(d(Su, 2))), p(@(d(Su, 2))) + ¢ (d(2, 2)))
= F((®@(d(Su, 2))), p(®(d(Su, 2))))

If Su # z then d(Su,z) > 0 and hence as ® is contracive modulus
F((®(d(Su, 2))), p(®(d(Su, 2))) < F(¢(d(Su, z)),e(d(Su,z))) Which is a contradic-

tion, Su = z so, Pu= Su =z



158 R. KRISHNAKUMAR & D. DHAMODHARAN

So u is a coincidence point if P and S. The pair of maps S and P are weakly compatible
SPu = PSu that is Sz = Pz.
S(X) C Q(X), there exists a point v € X such that z = Qu.

Then we have

P(d(Su, Tv))

(L(P(A(u, ), p(P(A(u, v)))

(Y (A, v)), p(Mu, v))

(¢ (max{d(Pu, Qv),d(Pu, Su),d(Quv,Tv),

P(d(z,Tv))

IN

F
<F
F
1

(d(Pu, Tv) 4+ d(Qu, Su))}), p(max{d(Pu, Qv),

\)

A(Pu, Su), d(Qv, Tv), 5(d(Pu, To) + d(Qu, Su)})
= F(¢(max{d(z, z),d(z, z),d(z, Tv),

%(d(z, Tv) 4+ d(z,2))}, p(max{d(z, z),d(z, z),d(z, Tv),

%(d(z’TU) +d(z,2))}))
= F(y(d(z,Tv)), p(d(z, Tv))

Thus ¢(d(z, Tv)) < F(p(@(d(2,Tv))), p(@(d(2, Tv)))).
If Tv # z then d(z,Tv) > 0 and hence as ® is contractive modulus

F(@(d(z,Tv))), p(®(d(2,Tv))) < F(¥(d(2,Tv))p(d(z, Tv)))

which is a contradiction. Therefore Tv = Qv = z

So, v is a coincidence point of () and T.

Since the pair of maps @ and T are weakly compatible, QTv = T'Qu
(i.e) Qz =Txz.

Now show that z is a fixed point of S.
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We have

¥(d(5z, 2))

Y(d(Sz,Tv))

F(2(A(z,0))), p(2(A(2,v))))

F(y(Mz,0)), 0(A(z,0)))

F (¢ (max{d(Pz, Qu), (Pz,Sz),d(Qv,Tv),%(d(Pz,Tv) +d(Qu, S2)}),

IAIA

p(max{d(Pz, Quv),d(Pz,Sz),d(Qv,Tv), %(d(Pz, Tv) 4+ d(Qv,Sz))}))
= F(¢(max{d(Sz,2),d(Sz,Sz),d(z,2), %(d(Sz, z) +d(z,52))}),

p(max{d(Sz,z),d(Sz,Sz),d(z,z), %(d(Sz, z) +d(z,52))}))
= F((d(Sz, 2)), p(d(Sz, 2)))

Thus $(d(S2, 2)) < F(@(d(S2, 2))), p(D(d(Sz, 2)))).
If Sz # z then d(Sz, z) > 0 and hence as ® is contractive modulus
F(y(®(d(Sz,2))), p(2(d(S2, 2))) < F(¥(d(Sz, 2)), p(d(Sz, 2)))
which is a contradiction. There exits Sz = z. Hence Sz = Pz = 2
Show that z is a fixed point of T.

We have

P(d(z,Tz))

P(d(Sz,T%))

F(®(A(z,2))), p(P(A(2, 2)))

F(y(A(z,2)), p(A(z, 2))

Flo(max{d(Pz, Q2), (Pz,Sz),d(Qz,Tz),%(d(Pz,Tz) +d(Qz,5))),

INIA

p(max{d(Pz, Q2),d(P2, 52), d(Qz,T2), L (d(P2,T2) + d(Qz, 52))))
= F(¢(max{d(z,Tz),d(z,2),d(Tz,T=z), %(d(z, Tz)+d(Tz,2))})

p(max{d(z,Tz),d(z,z),d(Tz,Tz), %(d(z, Tz)+d(Tzz2))})
= F(y(d(2,Tz)),¢(d(2,Tz))

Thus ¢ (d(z,T2)) < F((®(d(2,Tz))), p(@(d(2,T2))))-
If z # Tz then d(z,Tz) > 0 and hence as ® is contractive modulus

F(®(d(2,T2))), p(2(d(2,T2))) < F(P(d(z,T2)), p(d(z, T2))).
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which is a contradiction. Hence z = Tz.
Therefore Tz = Qz = z.

Therefore Sz = Pz =Tz =Qz = z.

That is z is common fixed point of P,Q,S and T.

Uniqueness
Suppose, z and w is (z # w) are common fixed point of P,Q, S and T.

we have

P(d(z,w))

P(d(Sz,Tw))

F(2(A(z, w))), p(@(A(2, w)))

F(A(z,w)), o(Az,w))

F(p(max{d(Pz, Qu), d(Pz, Sz), d(Qu, Tw), %(d(PZaTw) + d(Qu, 52))})),

IN

IN

p(max{d(Pz, Qw),d(Pz,Sz),d(Quw, Tw), %(d(Pz, Tw) + d(Quw, Sz))})

Az w) + dw,2)))),

p(max{d(z,w),d(z, z), d(w,w), %(d(z, w) +d(w, 2))})
— Pz, w)), ol d(z, )
Thus, $(d(z w)) < FG(@(d(z,w)), o(@(d(z, v))))

Since z # w, then d(z,wd(> 0 and hence as ® is contractive modulus.

= F(¢(max{d(z,w),d(z, z),d(w,w),

F(@(d(z,w))), p(®(d(2,w)))) < F(¥(d(z,w)), p(d(2,w)))

therefore F(y(d(z,w)), p(d(z,w)) < F(¢(d(z,w)), ¢(d(z,w))

which is a contradiction,

Z=w

Thus z is the unique common fixed point of P, @, .S and T O
Corollary 2.5 : Let (X, d) be a complete cone metric space with regular cone P such
that d(x,y) € intP. Suppose that the mappings P, S and T" are three self maps of (X, d)
such that T'(X) C P(X) and S(X) C P(X) satisfying

P(d(Sz,Ty)) < F((2(A(z,9))), p(2(A(x,9)))), (2.10)
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for all x,y € X, where ¢ and ¢ are altering distance and ultra altering distance functions
respectively, F' € C such that (t 4+ s) < 1(t) + ¢(s) and @ is contractive modulus.
ANz,y) = max{d(Pz, Py),d(Pz, Sx),d(Py,Ty), 3{d(Pz,Ty) + d(Py, Sz)}}. The pair
{S, P} and {T, P} are weakly compatible. Then P, S and T have a unique common
fixed point.

Proof : The proof of the corollary immediate by taking P = @ in the above Theorem
2.4.
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