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Abstract

The object of this paper is to evaluate some integrals involving the I-function of
r-variables and employ them to obtain some Fourier Sine Series for I-function of
r-variables. These results are useful in solving certain problems of Applied Mathe-
matics and Engineering. On specializing the parameters the result can be reduced
to integrals involving H-function of r-variables and in particular H-function of 2-
variables. The corresponding Fourier Sine Series for these functions can also be
derived which reduces to the result proved by K. L. Choudhary [1, p.53].

1. Introduction
Notations used :
(ap) = 1(aj)p stands for ai,ag, - - 7ap

1(aj;04j)p stands for (a1;041), (ag,;an),- - 7(ap;ap)'

Key Words : I-function of several complex variables, Multivariable H -functions, Fourier Series,

Fourier Sine Series.
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1(aj; a5, Aj)p stands for (a1; o, Ar), (az; a2, Az), -+, (ap; op, Ap).
1(aj; a5, Aj; 1), stands for (ar; a1, A1 1), (ag; an, Az; 1), -+, (ap; ap, Aps; 1).
The generalized Fox’s H-function, namely I-function of r-variables introduced by Prathima,

et al. [2, p.38] is defined and represented in the following manner:

7N:m S5 M M
a1, 2] = 1037Q:p1fq1;1~~,pr,qr
1 T 1 1 T T
| e, a2 P 2O
1 r 1 1 1 r
| @Y BBy s a(dsY 85 DY) s (@, 657 D),
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= 01 Sq ”’07’87’ ¢317"'787‘ ZSI"'Zde81"'dSr, 11
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where ¢(s1,---,s,) and 6;(s;),7 =1,2,--- ,r are given by,
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jl;[1r ' (1_aj+iz1aj Si)

¢($1,"' vs?") = ) (1'2)
. S0 ) T S0
[[ 1% <1 —b+ 26 32’) [ T4 <aj -2 Si)
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Also, z; # 0 (i = 1,---,7), w = V=1, mj,nj,pj,q; (j = 1,---,7), N,P,Q are
non-negative integers such that 0 < N < P, Q > 0,0 < m; < ¢;, 0 < n; <
pj (7 =1,2,---,7) (not all zero simultaneously). ozgi) j=12,--- ,Pi=1,2---,r),
B9 (=12 ,Qi=12- )7 (=12 pni=12--r) and 6" (j =
1,2,--+,¢,i=1,2,--- ,r)are positive numbers. a; (j =1,2,---,P),b; (j =1,2,---,Q),
ng') (j=1,2,-+,p,i =1,2,--- ,r) and dg-) (j=1,2,--+,q;,1=1,2,--- ,r) are com-
plex numbers. The exponents A; (j = 1,2,---,P), B; (j = 1,2,---,Q), C(l (j =

1,2,--- ,pi,i=1,2,--- ,r) and D](-i) (j=1,2,--+,qi,t = 1,2,--- ,r) of various gamma

functions may take non integer values. The I-function of r variables is analytic if

v, _ZAa ZBJﬁ(UrZC(WJ’) ZD i=1,2,-- .
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The integral (1.1) converges absolutely if |arg(z;)| < %Aﬂr,i =1,2,--- ,r where

qi
- - Z Ajal? ZBﬁ(Z +ZD()5 S Dl

Jj=n+1 j=m;+1
+ZC 0 >
J nz“l‘l

Hann D. B. D. E. [2, p. 73]

/2 ; T(w)(v) =
/ (sin )" (cos z)" e H)T gy = Meluf (1.4)
0 [(u+v)
Re u >0, Re v > 0.
Lryzhk I. M. and Gradshtejn I. S. (3, p. 490]
/2 ‘ 0, if m#n,m=n=0
/ ™ gin dngdr = ' (1.5)
0 T, if m=n#0.

2. The Integrals Involving /-functions of r-variables
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L Zreihrg l(bj7ﬁ » ﬁ(r) B)

ool oA (e G A
1 1 r r
(1—u—wv;2hy, -, 2h51) = 1(d, 6, D)oo s 1@, 687 D),

r (%) r (@)
d d¢
Re<u+2hicszi)>>0, Re<v+2hi5gn>>o, j=1,2,- ,m.
: : {
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Proof:

/2
. w1 v—1i(utv)z Ole,m,' L
/ (sinz)"" *(cosx) (ute) 1B Qpravi protr
0

21 (sin z cos )1 e2h1i

| 2 (sinz cos z)hre2hrei
1 T 1 1 1 r T r
1((1j,()é§ )aa §)7A) : l(cg )773( )7C]( ))P157 (5)7’7]( )703( ))Pr
dx
1 r 1 1 1 r T r
1<bj7ﬁ() ’ ();BJ>Q: (dg)v(s]()?D]( ))lh;" (d§)76]( )7D( ))
7r/2
v—1 z (utv)x
(sinz)" *(cosz o(s1,+ ,8:)01(81) - ,0-(sy
-/ ) () [ [ o or(s1) -+ 615,
(z1(cos zsin )1 e2MiT)51 . (2, (cos x sin x)re2Mri®)sr gy . . dsr} dx.
Changing the order of integration
1 " S1 Sy
= Dy L T . P(s1, y8r)01(s1) - 97‘(37")21 T Zp
/2 u+i his;—1 v+£ his;—1 1 u+’u+i 2h;s; |z
/ sinx) =t (cosz) =t e< i=1 > dx | dsy---ds,.
0

Solving the inner integral using (1.4),

<27rz> /L1 /¢51, 5p)01(s1) - Op(s,) 250 -+ 25

I'(u+ his; |T'( v+ his; ) r .
< z':zl ) ( zgl ) Z(“f; hisi)?
o e i=1
r <u +ou+ Y, 2hi3i>

=1

dsi---dsy.
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From which (2.1) is obtained by using (1.1).

/2
. u—1 v—1 z(u+v)x 0,N:mq,n1;- ;mr,n
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Proof:
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X
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7r/2 1
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0 2 Ll Lr

(z1(cos )M eMi®)st .. (2, (cos ) ehri®)srds, - . -dsr} dx.

(2.2)
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Changing the order of integration

1\ s s
— <27T,L) /Ll 5 ¢(81) ,57»)9]_(8]_)“’9T(87~)211 ...ZTT

i T
/2 v+ hisi—1 i(u—l—v—&-z hisi>:r
/ (sinx)" (cosx) =t e i=1 dx | dsy---ds,.
0

Solving the inner integral using (1.4),

= <21m> /Ll . (z)(sl’... 737“)91(31)"‘97"(37")2? Z;fr
F(U)F <U+ ihﬁ,)

=1

F<U+U+Zh182>

=1

i T
e2dsy -+ - ds,.

From which (2.2) is obtained by using (1.1).
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J
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Proof:

w/2
: u—1 v—1 z(u+v)x 0,N:m1,n1; ;Mp, Ny
/0 (sinz) (cosz) IPQPI#]I:' Prsqr

[ 21 (sin )M ehe®t
| 2 (sina)trehn
T 1 r T r
1((],]‘;045-1),"‘ ) 5)714) (C§1)77§ )7C]('1))p1;" ) (5)77]( )7Cj( ))pr g
x
1 BN B0 By)g 1 dM 80, DO s (@D, 60 D0,

7r/2
/ (sin )"~ (cos z)V el vt [() / P51, 80)01(s1) -+, 0r(5r)
0 2mi) Ju,  JL,

(z1(sinz) M eMi®)st .. (2, (sinz)r ehri®)srds, - - 'dsr} dx.

Changing the order of integration

<2m> /L1 /d)31, 5p)01(s1) - Op(s,) 250 -+ 25

w/ u—l—z his;i—1 i(u—i—v—&—i hisi>x
/ (sinz) =t (cosz)’Le i=1 dz| dsy---dsy.
0
Solving the inner integral using (1.4),

1\ s s
— <27.(.,L> /L1 . (Z)(Sl’... 787")01(31)”'97“(87“)2:11 ...ZTT

r <u+ Er hi5i> L(v) (&
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=1 . e < i=1 ) 2 dsy---ds,.
r <u—|—v—|— > hi&')
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From which (2.3) is obtained by using (1.1).
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3. The Fourier Sine Series Involving /-functions of r-variables

: 4u—1 4v—1 O7N: ’ ) ’
hi e?hlxi
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T 1 1 r r r
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(3.1)
Proof : Consider
—( 4u—1 4v—1 70,N:m1,n1;- yme,ny

Fa) = (sin2) ™ (cos 2) ™ T pgup, 012 prug,
[ 21 (sinz cos ) 2@
| 2 (sin cos z)hre?hred

1 T 1 1 1 r T r
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1 r 1 1 1 r T T
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n=0
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. . . 4 + y . . .
Multiplying both sides by e*(#+t%)%% and integrating with respect to « from 0 to %

/2
: du—1 dv—1 4(utv)zi 70,N:ma,ni; sme,ny
/ (sin ) (cos z) € IP,Q:m,qu-“ Prgr
0

21 (sin x cos )M e2h@i

2, (sin x cos )" e2hr @i
1 r 1 T r r
tagiaf ol A p (Y A ) (D A5 e,
o B0 BB (a0 D), D,
/2 >
:/ 64(“'“’)‘“chsinél(u—i—n):vd:c.
0 n=0

Changing the order of summation and integration the integral is equal to

s /2 :
Z Cn / AT gin A(u + n)ada.
n=0 0

On evaluating the integral using (1.5) it takes the value ¢, §i from which (3.1) is obtained

by using (2.1) and (3.2).
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[ 21(cos ) e2mi
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1 r 1 1 1 T r T
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(3.3)
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Proof : Let
R 4u—1 4v—1 70,N:mq,n1; smp,np
fz) = (sin2)™(cos 2)™ T p g i pray
[ 21 (z cosx) e
| 2 (cosz)hre2hrai
1 r 1 1 1 r r r
iagiof el A p A (e Y O )51 A O,
1 r 1 1 1 T T r

oo
= chsinél(u—l—n)x, 0<x< g

n=0

. . . 4 + y . . .
Multiplying both sides by e*(#+%)%" and integrating with respect to 2 from 0 to 5

w/2
. 4u—1 4v—1_4(u+v)zi 70,N:myi,ni;- smp,ny
/ (sinz) (cosz) € IP,Q:m,qu'" PryQr
0

21 (cos x)h1 g2
2, (x cos x)hre2hri
Hagiad? - ad A p s 1 (A0, O (A 5,
dz
1(b37ﬁ§1)7 T 7/8j('r); B])Q : 1(d§1)75§1)7 D;'l))(h; s l(dgr)v 5§T)a D§T))QT
w/2 >
= / etlutviat Z cpsind(u + n)xdz.
0 n=0

Changing the order of summation and integration the integral is equal to
o0 w/2 ]
Z Cn / AUtV gin 4(u + n)zdz.
n=0 0

Evaluating the integral using (1.5) it takes the value ¢, %4 from which (3.3) is obtained

by using (2.2) and (3.4).
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4v—1I07N:m1,n1§'” M, Ny

o Ndu—1
(sinz)* ™ *(cosx) P,Q:p1,q15 prdr

(3)

4 o0
= 0,N+1:my,ny;- sme,np
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r 1 1
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v=0
ae™E | (1= dushy, e B 1),
P 1 r
zethrs 1(bj;ﬁj( N ﬁj( ) B))a,
1 r 1 1 1 r T r
a0 Ap s 1D, s (e
sin4(u + v)z.
(1—4u—4v; b, s 1) 2 a(d, 680, D)5 1@, 6575 D),
(3.5)
Proof : Let
—( 4u—1 4v—1 70,N:m1,n1;-- yme,ny
fz) = (sin @)™ (cos &)™ TP Qipy gyi- prar
[ 21 (sinz)1 e2Mme
i 2, (sin x)r e2hr @t
1 T 1 1 1 r r r
l(ajaag )7 7a§ )7A])P 1(C§ )7/7‘7( ))C]( ))p17 ) l(cg )77]( )70‘7( ))pr
1 r 1 1 1 r T r
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n=0



204 P. C. SREENIVAS & M. SUNITHA

. . 2 . 4 + y . . .
Multiplying both sides by e*(#+t%)%% and integrating with respect to « from 0 to %

/2
. du—1 4v—1_4A(utv)zi 70,Nima,na;e sme,nr
/ (sinx) (cosz)™ e I Qipr avs e prodr
0

z1(sin :U)hle%l”
2, (sin z)hr e2hr @i
a0 A s 2D Wi 1 (e 00,
dzx
l(bj7 BJ('l)v T aﬁj('T); BJ)Q : 1(d§'1)’ 53('1)7 D]('l))lh; T 1(d§'r)a 5](7")’ D]('T))QT
/2 >
= / Hutv)i Z cpsind(u + n)xde.
0 n=0

Changing the order of summation and integration the integral is equal to

o0 w/2 )
Z Cn / TV gin 4(u + n)ade.
n=0 0

Evaluating the integral using (1.5) it takes the value ¢, %4 from which (3.3) is obtained
by using (2.3) and (3.6).

Special Cases :

1. In the results, when the third variable equal to 1, it reduces to H-function of

r-variables.
2. When r = 2, all results will reduce to I-function of 2-variables.

3. When r = 2 and the third parameter equal to 1, it reduces to H-function of

2-variables.

4. Put N = P = Q = 0 and take » = 1, then all results reduce to product of r

I-functions of 1- variables.
5. When r = 1, all results will reduce to I-function of 1-variable.

6. When r = 1 and the third parameter equal to 1, it reduces to the result proved by
K. L. Choudhary [1].
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