International J. of Math. Sci. & Engg. Appls. (IJMSEA)
ISSN 0973-9424, Vol. 11 No. II (August, 2017), pp. 57-73

ON LONGEST PATH POLYNOMIAL (LP POLYNOMIAL) IN
GRAPHS

J. DEVARAJ!' AND S. SOWMYA?
associate Professor, Department of Mathematics,
Nesamony Memorial Christian College, Marthandam, India

2 Research Scholar, Department of Mathematics,
Nesamony Memorial Christian College, Marthandam, India

1

Abstract

Let G be a simple graph with no isolated vertices. Let [, (G, k) be the collections of

longest path sets of G with length k and let (G, k) = |I,(G, k)|. Then, the Longest

Path polynomial L,(G, ) is given by L,(G,z) = > (G, k)x*, where v1(G) is
k= (G)

the minimum cardinality of the length of the longest path between two vertices.

In this paper, we discussed the LP polynomial of the graphs such as path, cycle,

complete graph, triangular snake graph, complete bipartite graph, wheel graph.

1. Introduction

Unless mentioned or otherwise, a graph in this paper shall mean a simple finite graph
and without isolated vertices. We denote the vertex set and edge set of the graph G by
V(G) and E(G) respectively. For standard terminology and notations we follow [2]. A

walk of length k is a finite sequence vge; vies vg - - - e v Whose terms are alternatively
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vertices and edges such that the ends of an edge ¢; are v;_1 and v; for 1 < ¢ < k. A
walk in which all the vertices are distinct is called a path. The number of edges in the
sequence is called the length of the path.

Definition 1.1 : Let G be a simple graph with no isolated vertices. Let [,(G, k) be the
collections of longest path sets of G with length k and let {(G, k) = |l,(G, k)|. Then, the

Longest Path polynomial L,(G,z) is given by L,(G,z) = 3. 1(G(k)z*, where v,(G)
k=%(G)
is the minimum cardinality of the length of the longest path between two vertices.

Note 1.2 :

1. Minimum cardinality of the length of the longest path between two vertices is

notated as v;(G).

(In other words,y;(G) is known to be longest path number of G).
2. Number of longest path sets of G with length k is notated as I(G, k).

Theorem 1.3 : The LP polynomial for cycle C,, is given by

n—1
S nak if n is odd
k=[2]+1
Ly(Cp,z) =
n—1 "
> naf+2%z2 ifniseven
k=2+1

for n > 3.
Proof : Let C, be the cycle with n vertices and n edges.
The minimum cardinality of the length of the longest path between two vertices of

Chn,71(G) for even

n
1(G) = b)
and for odd
n
1(G) = {§J + 1.

Number of longest path sets of C), with length k, I(C,, k) is
(Ch, k) =n; if LgJ +1<k<n—1 fornisodd
5 if k=75

(Cn, k) = for n is even
n if 3<k<n-—1
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The LP polynomial of Cy, is L,(Cy,z) = > (G, k)x*

k=%(G)
n—1
nxk if n is odd
k=[%]+1
LP(CTH J}) =
n—1 "
> naf+2Zzz ifniseven
k=241
This is true for all n > 3.
Hence proved.
Illustration 1.4 :
1
5 2
4 3
Cs

Longest path between two vertices are given below.
From vertex 1 to other vertices: From vertex 2 to other vertices :

1(1,2) = {15432} (length 4) 1(2,3) = {21543} (length 4)
1(1,3) = {1543} (length 3) 1(2,4) = {2154} (length 3)
1(1,4) = {1234} (length 3) 1(2,5) = {2345} (length 3)
I(1,5) = {12345} (length 4)

From vertex 3 to other vertices :
1(3,4) = {32154} (length 4)
1(3,5) = {3215} (length 3)
From vertex 4 to other vertices :
1(4,5) = {43215} (length 4).

Minimum cardinality of the length of the longest path between two vertices,
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Longest path of length 1 and 2 :
There is no longest path of length 1 and 2 [(G,1) = (G, 2) = 0.
Longest path of length 3 : [(G,3).

I,(G,3) = {1(1,3),1(1,4),1(2,4),1(2,5),1(3,5)}
I(G,3) = |lp(G,3)=5.

Longest path of length 4 : [(G,4).
I,(G,4) = {1(1,2),1(1,5),1(2,3),1(3,4),1(4,5)}
(G,4) = |lp(G,4)|=5.

That is, for odd vertices, k varies as 5] +1 <k <n — 1.
n—1
The LP polynomial of Cy, is L,(G,z) Y. na*.
k=[5]+1
For n =5,

L,(Cs,z) = Z 52"
=[5]+

Note 1.5 : The LP polynomial of cycle Cp,,n > 3 for some nodes is given below :
1. Ly(Cs,z) = 322
2. L,y(Cy,x) = 4a® + 222
3. Ly(Cs,x) = 5zt + b5a?
4. Ly(Cg,z) = 62° + 62* + 323

5. Ly(Cr,x) = T2" + T2 + Tat.

n—1
Theorem 1.6 : The LP polynomial of path P, is given by Ly,(Py,z) = > (n — k)a*
k=1
for n > 2.

Proof : Let P, be the path with n vertices and n — 1 edges.
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The minimum cardinality of the length of longest path between two vertices k£ of path
Pn, ’}/l(G) = 1.
The number of longest path sets of P, with length & is

(P, k)=n—Fk; if 1<k<n-1 for n>2.

The LP polynomial for P, is

L(P,,z) = zn: (P, k)z*

k=v(G)

= n—-Dz+n-2)22+ -3+ +(n—(n—1)z""
n—1

= (n — k)z*.

=1

ol

That is Ly(P,,x) = Yp—1 (n — k)z*.
This is true for all n > 2.
Hence proved.

Illustration 1.7 :

o
20
w O
= 0

Py

Consider the above graph G with vertices V = {1,2, 3,4} and edges F = {12,23,34}.

Longest path between two vertices are given below.
From vertex 1 to other vertices: From vertex 2 to other vertices :

[(1,2) = {12} (length 1) 1(2,3) = {23} (length 1)
[(1,3) = {123} (length 2) 1(2,4) = {234} (length 2)
[(1,4) = {1234} (length 3)

From vertex 3 to other vertices :

1(3,4) = {34} (length 1)

Longest path of length 1 /(G,1) :
1,(G,1) = {1(1,2),1(2,3),1(3,4)}
I(G,1) = |l,(G,1)| = 3.
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Longest path of length 2 : [(G, 2).

L(G2) = {i(1,3),1(2,4),}
(G,2) = |I,(G,2)]=2.

ZP(G>3) = {l(1a4)}
1(G,3) = [1,(G.3)] = 1.

There is no path of length more than 3.
that is, [(G, k) = 0 for k > 4.
The LP polynomial of C), is

Ly(G,z) = Y UG k)"
k
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= (G, 1)z +1(G,2)z* +1(G, 3)z?

= 3x+ 22>+ 22

Note 1.8 : The LP polynomial of path graph F,,,n > 2 for some nodes is given below :

1. Ly(Py,z) =x

2. Ly(Ps,x) =2 + 2z

3. Ly(Py,x) = 23 + 222 + 32

4. Ly(Ps,z) = 2% + 223 + 323 + 4z

5. Ly(Ps,x) = a5 + 22 + 323 + 422 + 5.

Theorem 1.9 : The LP polynomial of the complete graph K, is given by

Ly(Kp,x) = nCyzx™ ' for n > 3.

n(n—1)

Proof : Let K, be the complete graph with n vertices and HT edges.

The minimum cardinality of length of longest path between two vertices of K,,, isn—1

(that is, v(G) =n —1).

In K,,, there is no other longest path number greater than n — 1.
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The number of longest path sets of K,, with length k is,
(K, k=nCy; for k=n—1 and

(K, k)=0; for k>n-—1.

The LP polynomial of K, is

Lp(Kn,z) = Y U(EKn k)z*
k=m(G)

= > UK, k)"

k=n—1

= nCyx™ L.

That is, Ly(Kp,z) = nCox™ 1.

This is true for all n > 3.

Hence proved.

Note 1.10 : The LP polynomial of complete graph K,,n > 3 for some nodes is given

below :
1. Ly(K3,z) = 32°
2. Ly(Ky,x) = 623
3. Ly(Ks,z) = 10z*
4. L,(Kg,x) = 1525.

Theorem 1.11 : The LP polynomial of the complete bipartite graph K, , is given by

n+2
L,(Kpn,z) = i: n(k —n+ 1):13k for* n > 2.
k=n+1
Proof : Let K, , be the complete bipartite graph with n vertices and n? edges.
The minimum cardinality of the length of longest path between two vertices of Ky, ,,,71(G) =
n+ 1.
The number of longest path sets of K, ,, with length £,

(Kpn,k)=nk—n+1)in+1<k<n+2 for n>2.
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The LP polynomial of K, ,, is

Ly(Kpmx) = > 1(Knp, k2"

k=%(G)

= n[(n+1) —n+ 12" +n[(n+2) —n+ 12"

n+2

= Z n(k —n+ 1)zF.

k=n+1
That is
n+2
L,(Kpn,z)= Z n(k —n+1)z*.
k=n+1

In other words

Ly(Kpn,x) = n?x* 1 4n(n — 1)2? 2,

This is true for all n > 2.
Hence proved.

Note 1.12 : The LP polynomial of complete bipartite graph K, ,,n > 2 is given below

1. Ly(Kag,7) = 423 + 222
2. Ly(K33,z) =925 + 621
3. Ly(Kyua, ) = 1627 + 1226
4. Ly(K55,7) = 252° 4 2025,

Definition 1.13 : The Dutch windmill graph (friendship graph) is the graph obtained
by taking n copies of the cycle graph C3 with a vertex in common.

Theorem 1.14 : The LP polynomial of the Friendship graph F;, is given by
Ly(Fp,2) = 3nz® 4+ 2n(n — 1)2? for n > 1.

Proof : Let F), be the graph obtained from the one point union of n copies of Cs.
The graph F;, has 2n + 1 vertices and 3n edges.

The minimum cardinality of length of the longest path between two vertices of Fj,,
N(G) = 2.

Therefore in F;,, the longest path numbers are 2 and 4.
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The number of longest path sets of F,, with length k are
I(F,,2) =3n and [(F,,4) =2n(n—1).
The LP polynomial of F}, is

Lp(Fn,x) = > U(Fn k)a”
k=v(G)

= > UFy k)"

k=24
= (F,,2)x +1(F,,4)z*

= 3nz® 4 2n(n — 1)
That is, L,(F,,z) = 3nz? + 2n(n — 1)2%.
This is true for all n > 1.

Hence proved.

Note 1.15 : The LP polynomial of Friendship graph F,,n > 1 is given below:

1. L,(Fy,z) = 322

2. Ly(Fp,z) = 4z + 622

3. Ly(Fs,2) = 122% 4 922
4. Ly(Fy, ) = 242t + 1222,

Illustration 1.16 :

65
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Theorem 1.17 : The LP polynomial of the complete bipartite graph K, , is given by

n+2
Ly(Kpn,x) = ZJF: n(k —n+1)z* for n>2.
k=n+1
Proof : Let K, , be the complete bipartite graph with n vertices and n? edges.
The minimum cardinality of length of longest path between two vertices of K, ,, vi(G) =
n+ 1.
The number of longest path sets of K, , with length &k

(Kpnp,k)=nk—n+1); n+1<k<n+2 for n>2.

The LP polynomial for K, , is

Ly(Knmx) = > (Knp, k2"
k=(G)
= n[(n+1)—n—12"" +n[(n+2) —n+ 12"
n+2
= Z n(k —n+ 1)k
k=n+1

That is, Ly(Knn, ) = St n(k —n + 1)zk.

In other words, Ly(Ky 5, ) = n?2z?" 1 + n(n — 1)2?" 2.
This is true for all n > 2.

Hence proved.

Note 1.18 : The LP polynomial of complete bipartite graph K, ,,,n > 2 is given below:
1. Ly(Kag,7) = 423 + 222
2. Ly(K33,7) =925 + 624
3. Ly(Kya,7) = 1627 + 1225
4. Ly(Ks5,x) = 252° 4 2025,

Theorem 1.19 : The LP polynomial of Wheel graph W), is given by L,(W,,z) =
nCoz™ 1 for n > 4.

Proof : Let W,, be a wheel graph has n vertices and 2(n — 1) edges.

The minimum cardinality of length of the longest path between two vertices of W,
M(G)=n—1.



ON LONGEST PATH POLYNOMIAL (LP POLYNOMIAL)... 67

There is no other longest path number greater than n — 1.

The number of longest path sets of W,, with length k,
I(Wy,k) =nCy; for k=n—1
I(Wy,k)=0; for k>n—1
The LP polynomial of W, is

Ly(Wy, ) = > U W, k)at
k=~(G)

=T peny {(Wy,  k)2k
= nCox™ 1.
That is, Ly(W,,z) = nCox™ 1.
This is true for all n > 4.
Hence proved.
Note 1.20 : The LP polynomial of Wheel graph W,,n > 4 for some nodes is given

below:
1. Ly(Wy,z) = 623
2. L,(Ws,x) = 1024
3. L,(Wg,z) = 152°
4. L,(Wr,z) = 2125.

Illustration 1.21 :

o
(o]

Wy
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Theorem 1.22 : The LP polynomial of Triangular snake graph TS, is given by

2n

k
Ly(TSy,z) = Z 4n+1-— i)xk + 3na® for n > 2.
k=4k iS even

Proof : Let T'S,, be a triangular snake graph whose block-cut point graph is a path.
Equivalently, it is obtained from a path P = vy, v9, -+ ,vn41 by joining v; and v;41 to
a new vertex ui, ug, us, - , Un.

The graph T'S,, has 2n + 1 vertices and 3n edges, where n is the number of blocks in
the triangular snake.

Let V(T'S,) = {ui/1 <i<n} U {v;/1<i<n-—1} and

E(TS,) = {wuir1/1 <i <n}U{wv;/1 <i<n}U{vuit1/1 <i<n}.

The minimum cardinality of length of the longest path between two vertices of TS,
(G) = 2.
The number of longest path sets of T'S,, with length £k,

TSy, k) =3n; for k=2

k
(TSp, k) =4(n+1— 5), for 4 <k<2n, k iseven/

The LP polynomial of T'S,, is

Lp(TSn,z) = Y UTSn k)a"
k=v(G)
2n k
= Z 4(n—|—1—§)xk—|—3na:2.
k=4,k is even

That is
2n

k
L,(TS,,z)= Z dn+1— §)mk + 3na?.

k=4,k 1S even
This is true for all n > 2.
Hence proved.

Note 1.23* : The LP polynomial of T'S,,,n > 2 is given below:

1. L,(TSs,z) = 42 + 622
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2. L,(TS3,z) = 425 + 8x% + 922
3. Ly(TSy, ) = 428 + 825 + 122 + 1222
4. Ly(TSs,x) = 4210 4 828 + 1225 + 162* + 1522

Illustration 1.24 :

TS;:

Theorem 1.25 : The LP polynomial of graph P, x Cs given by L,(P, x C3,z) =
3nCoz?"1 for n > 2.

Proof : Let P, x C3 be the graph obtained by joining 3 copies of P,, with n copies of
Cs.

Let the vertices of P, x C3 be {a;;/1 < i < 3,1 < j < n} and the edges of P, x C3
be {aija;ij+1/1 < i < 3,1 < j < n—1} U {anaz/l < i < n}U{ajas/l < i <
n} U {agias; /1 <i<n}.

The graph P, x C5 has 3n vertices and 6n — 3 edges.

In P, x C3,v(G) =3n — 1.

The number of longest path sets of P, x Cs with length &,

(P, x C3,k) =3nCy; for k=3n-—1
(P, xC3,k)=9; for k>3n—1.
The LP polynomial of P, x Cj is

Lp(Pox Cy,z) = > U(Pyx Cs k)a
k—v(G)
= 3nCya®" L.



70 J. DEVARAJ & S. SOWMYA

That is, Ly(P, x C3,7) = 3nCoz3" L.
This is true for all n > 2.
Hence proved.

Note 1.26 : The LP polynomial of P, x C3,n > 2 is given below:
1. Ly(Py x Cs,2) = 152
2. L,(P3 x C3,z) = 3628
3. Ly(Py x C3, 1) = 661!
4. L,(Ps x C3,x) = 105z,

Illustration 1.27 :

P: X C_;

Theorem 1.28 : The LP polynomial of the graph C, x C,, is L,(Cy, x Cp,z) =
(n2 —1)Cyz™ ! for n > 4.

Proof : Let C), x C}, be the graph obtained by joining n copies of C,, with n copies of

Ch.
The graph C,, x C,, has 2n? edges and n? vertices.
Let the vertices of C, x C,, be {a;1, a2, a;3,- -+ ,ain/1 < i <n}.

Here each row and each column is respectively adjacent and {a1;,an;/1 < i < n} are

adjacent and {a;1,a;,/1 < i < n} are adjacent.
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The minimum cardinality of length of the longest path between two vertices of C,, x Cy,
’yl(G) = 77,2 - 1.
There is no other longest path greater than n? — 1.

The number of longest path of length &,
I(Cp x Cp k) = (n?> —1)Cy; for k=n?—1

I(Cp x Cyy k) =0; for k>n?—1.

The LP polynomial of C), x C,, is

Lp(Cpx Cryz) = Y UCpx Cp, k)"
k=%(G)

= Y UCnx Cp, k)

k=n2-1
= (n*— 1)0256"271.

That is, Ly(Cp x Cp,z) = (n% — 1)Coz™ 1.
This is true for all n > 3.
Hence proved.

Illustration 1.29 :

-

CixCs

Note 1.30 : The LP polynomial of C,, x Cp,n > 3 is given below:
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1. Ly(C5 x C3,x) = 3628

2. Ly(Cy x Cy,z) = 12021°
3. Ly(Cs x Cs,z) = 3000224
4. L,(Cg x Cg, ) = 6302

Theorem 1.31 : The LP polynomial of the graph A,, is Ly(An,z) = 2nCez**~! for
n > 3.

Proof: Let A, be an antiprism graph which corresponds to the skeleton of an antiprism.
A semiregular polyhedron (antiprism) constructed with 2n-gons and 2n triangles. The
graph A, has 2n vertices and 4n edges.

The minimum cardinality of length of the longest path between two vertices of A,,
7(G) =2n — 1.

The number of longest path of length £,

l(An, k) =2nCy ; for k=2n—1
l(Ap, k) =for k>2n-—1.
The LP polynomial of A, is

Lp(Ap,x) = > (A k)"
k=v,(G)

= ) (A, k)2t

k=2n—1
= 2nCyx® 1.

That is, Ly(Ap, k)z* = 2nCox®"~1.
This is true for all n > 3.
Hence proved.

Note 1.32 : The LP polynomial of A,,n > 3 is given below:
1. L,(As,x) = 152°
2. Ly(Ay,x) = 2827

3. Ly(As,z) = 452°
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4. Ly(Ag,z) = 662

Illustration 1.33 :
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