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Abstract

The object of this paper is to obtain the r-integrals involving the I-functions of
several variables. On specializing the parameters similar results can be derived in
the case of I-functions of two variables and H functions of r and two-variables which
include the result proved by Prasanth and Nambisan [2, p.102].

1. Introduction

Notations used:

1(aj ;αj , Aj)p stands for (a1;α1, A1), (a2;α2, A2), · · · , (ap;αp, Ap).
The generalized Fox’s H-function, namely I-function of r-variables introduced by Prathima,

Nambisan and Santha Kumari [3, p.38] is defined and represented in the following man-

ner:
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I[z1, · · · , zr] = I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr z1
...
zr

∣∣∣∣∣∣∣
1(aj ;α

(1)
j , · · · , α(r)

j ;Aj)P : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

1(bj ;β
(1)
j , · · · , β(r)j , Bj)Q : 1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ; · · · ; 1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr


=

1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr) φ(s1, · · · , sr) zs11 · · · zrs
rds1 · · · dsr, (1.1)

where φ(s1, · · · , sr) and θi(si), i = 1, 2, · · · , r are given by

φ(s1, · · · , sr) =

N∏
j=1

ΓAj

(
1− aj +

r∑
i=1

α
(i)
j si

)
Q∏
j=1

ΓBj

(
1− bj +

r∑
i=1

β
(i)
j si

)
P∏

j=N+1

ΓAj

(
aj −

r∑
i=1

α
(i)
j si

) , (1.2)

θi(si) =

mi∏
j=1

ΓD
(i)
j (d

(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)j + γ

(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)j + δ

(i)
j si)

pr∏
j=ni+1

ΓC
(i)
j (cj(i) − γ(i)j si)

. (1.3)

Also zi 6= 0 (i = 1, · · · , r), ω =
√
−1,mj , nj , pj , qj (j = 1, · · · , r), N,P,Q are non-

negative integers such that 0 ≤ N ≤ P , Q ≥ 0, 0 ≤ mj ≤ qj , 0 ≤ nj ≤ pj

(j = 1, 2, · · · , r) (not all zero simultaneously). α
(i)
j (j = 1, 2, · · · , P, i = 1, 2, · · · , r),

β
(i)
j (j = 1, 2, · · · , Q, i = 1, 2, · · · , r), γ(i)j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r) and δ

(i)
j (j =

1, 2, · · · , qi, i = 1, 2, · · · , r) are positive numbers. aj (j = 1, 2, · · · , P ), bj (j = 1, 2, · · · , Q),

c
(i)
j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r) and d

(i)
j (j = 1, 2, · · · , qi, i = 1, 2, · · · , r)are complex

numbers.

The exponents Aj (j = 1, 2, · · · , P ), Bj (j = 1, 2, · · · , Q), C
(i)
j (j = 1, 2, · · · , pi, i =

1, 2, · · · , r) and D
(i)
j (j = 1, 2, · · · , qi, i = 1, 2, · · · , r) of various gamma functions may

take integer values. The I-functioi of r-variables is analytic if

Ψi =

P∑
j=1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

qi∑
j=1

D
(i)
j δ

(i)
j ≤ 0, i = 1, 2, · · · , r.

The integral (1.1) converges absolutely if |arg(zi)| < 1
2π∆i, i = 1, 2, · · · , r where

∆i = −
P∑

j=N+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

D
(i)
j δ

(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j



ON THE r-INTEGRALS INVOLVING THE I-FUNCTIONS OF... 37

+

ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j > 0. (1.4)

The I- function of r-variables is defined and represented in the following manner:

I[z1, · · · , zr] = I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr
z1
...
zr

∣∣∣∣∣∣∣∣∣∣∣

1(aj ;α
(1)
j , · · · , α(r)

j ;Aj)P : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

1(bj ;β
(1)
j , · · · , β(r)j , Bj)Q : 1(d

(1)
j , δ

(1)
j ; 1)m1 ; m1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1

· · · ; 1(d
(r)
j , δ

(r)
j ; 1)mr ,mr+1 (d

(r)
j , δ

(r)
j ;D

(r)
j )qr


=

1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr) φ(s1, · · · , sr) zs11 · · · z
sr
r ds1 · · · dsr, (1.5)

where

θi(si) =

mi∏
j=1

Γ(d
(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)j + γ

(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)j + δ

(i)
j si)

pi∏
j=ni+1

ΓC
(i)
j (c

(i)
j − γ

(i)
j si)

.

The integral converges absolutely of |arg(zi)| < 1
2π∆′i, i = 1, 2, · · · , r where

∆′i = −
P∑

j=N+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

δ
(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j +

ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j ≥ 0

f(p)
·
=
·
f(t) = f(p) = p

∫ ∞
0

e−ptf(t)dt (1.6)

provided the integral is convergent and Re(p) > 0.∫ ∞
0

e−pttx−1dt =
Γ(x)

px
, Re(p) > 0. (1.7)

2. r-integrals Involving the I-functions of Several Variables

If f(p)
·
=
·

f(t) and
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ψ(t) =
1

as11 a
s2
2 · · · a

sr
r
t−s1−s2···−srI

0,N :m1,n1+1;··· ;mr,nr+1
P,Q:p1+1,q1;··· ;pr+1,qr

1/a1t
...

1/art

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1(aj ;α
(1)
j , · · · , α(r)

j ;Aj)P : (1− s1, 1; 1), 1(c
(1)
j , γ

(i)
j ;C

(1)
j )p1 ;

· · · ; (1− sr, 1; 1), 1(c
(r)
j , γ

(r)
j ;C

(r)
j )pr

1(bj ;β
(1)
j , · · · , β(r)j ;Bj)Q : 1(d

(1)
j , δ

(1)
j ; 1)m1 , mi+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

· · · ; 1(d
(r)
j , δ

(r)
j ; 1)mr , mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr


f(t), (2.1)

then∫ ∞
0
· · ·
∫ ∞
0

zs1−11 · · · zsr−1r I[z1 · · · zr](a1z1+· · ·+arzr+c)−1f(a1z1+· · ·+arzr)dz1 · · · dzr

=
ψ(c)

c
. (2.2)

Provided

(i) Min

{
Re

(
si +

d
(i)
j

δ
(i)
j

)}
> 0, j = 1, 2, · · · ,mi; i = 1, 2, · · · , r

(ii) |arg(zi)| < 1
2π∆′i, i = 1, 2, · · · , r where

∆i = −
P∑

j=n+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

δ
(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j

+

ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j > 0

(iii)

Ψi =
P∑
j=1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

mi∑
j=1

δ
(i)
j

−
qi∑

j=mi+1

D
(i)
j δ

(i)
j ≤ 0, i = 1, 2, · · · , r.

(iv) Min{Re(a1), Re(a2), · · · , Re(ar), Re(c)} > 0.
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Proof :

LHS =

∫ ∞
0
· · ·
∫ ∞
0

zs1−11 · · · zsr−1r I[z1 · · · zr](a1z1 + · · ·+ arzr + c)−1

f(a1z1 + · · ·+ arzr + c)dz1 · · · dzr

=

∫ ∞
0
· · ·
∫ ∞
0

zs1−11 · · · zsr−1r

{(
1

2πi

)r ∫
L1

· · ·
∫
Lr

θ1(λ1) · · · θr(λr)

φ(λ1, · · · , λr)zλ11 · · · z
λr
r dλ1 · · · dλr

}
{∫ ∞

0
e−(a1z1+···+arzr+c)tf(t)dt

}
dz1 · · · dzr.

Now changing the order of integration, which is justified under the given conditions,

and evaluating the inner integral, LHS is

=

∫ ∞
0

e−ct
{(

1

2πi

)r ∫
Lr

· · ·
∫
Lr

θ1(λ1) · · · θr(λr)φ(λ1, · · · , λr)[∫ ∞
0
· · ·
∫ ∞
0

zλ1+s1−11 · · · zλrsr−1r e−(a1z1+···+arzr)tdz1 · · · dzr
]
dλ1 · · · dλr

}
f(t)dt

=

∫ ∞
0

e−ct
{(

1

2πi

)∫
L1

· · ·
∫
Lr

θ1(λ1) · · · θr(λr)φ(λ1, · · · , λ1)[
Γ(λ1 + s1)

(a1t)λ1+s1
· · · Γ(λr + sr)

(art)λr+sr

]
dλ1 · · · dλr

}
f(t)dt

=

∫ ∞
0

e−ct
{(

1

2πi

)r ∫
L1

· · ·
∫
Lr

θ1(λ1) · · · θr(λrφ(λ1, · · ·λr)Γ(λ1 + s1) · · ·Γ(λr + sr)(
1

a1t

)λ1
· · ·
(

1

art

)λr
dλ1 · · · dλr

}(
1

a1t

)s1
· · ·
(

1

art

)sr
f(t)dt

=

∫ ∞
0

e−ctψ(t)dt, on using (1.5), (1.7) and (2.1)

=
ψ(c)

c
, on using (1.6).

Special Cases

1. Taking r = 2, the result reduces to the double integral involving I -function of 2

variables.
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If f(p)
·
=
·
f(t) and

ψ(t) =
1

as11 a
s2
2

t−s1−s2I
0,N :m1,n1+1;m2,n2+1
P,Q:p1+1,q1;p2+1,q2

1/a1t

1/a2t

∣∣∣∣∣∣∣∣∣∣∣

1(aj ;α
(1)
j , α

(2)
j ;Aj)P : (1− s1, 1; 1), 1(c

(1)
j , γ

(1)
j ;C

(1)
j )p1 ;

(1− s2, 1), 1(c
(2)
j , γ

(2)
j ;C

(2)
j )p2

1(bj ;β
(1)
j , β

(2)
j ;Bj)Q : 1(d

(1)
j , δ

(1)
j , D

(1)
j )q1 ; 1(d

(2)
j , δ

(2)
j ;D

(2)
j )q2

 f(t),

then ∫ ∞
0

∫ ∞
0

zs1−11 zs2−1r I[z1 · · · z2](a1z1 + a2z2 + c)−1φ(a1z1 + a2a2 + c)dz1dz2

=
ψ(c)

c
. (2.3)

Provided

Min

{
Re

(
si +

d
(i)
j

δ
(i)
j

)}
> 0, j = 1, 2, · · · ,mi; i = 1, 2

|arg(zi)| < 1
2π∆′i, i = 1, 2, where

∆′i = −
P∑

j=n+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

δ
(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j

+

ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j > 0.

Ψi =
P∑
j=1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

mi∑
j=1

δ
(i)
j

−
qi∑

j=mi+1

D
(i)
j δ

(i)
j ≤ 0, i = 1, 2.

Min{Re(a1), Re(a2), Re(c)} > 0.

2. When all the exponents are equal to unity, (2.2) reduces to the r-integrals involving

the H-functions of several variables given by Prasanth and Nambisan [2,p-102].
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If f(p)
·
=
·
f(t) and

ψ(t) =
1

as11 a
s2
2 · · · a

sr
r
t−s1−s2−s3H0,N :m1;··· ;mr,nr+1

P,Q:p1+1,q1;··· ;pr+1,qr
1/a1t

...
1/art

∣∣∣∣∣∣∣∣∣∣∣

1(aj ;α
(1)
j , · · · , α(r)

j )P : (1− s1, 1), 1(c
(1)
j , γ

(1)
j )p1 ;

· · · , (1− sr, 1), 1(c
(r)
j , γ

(r)
j )pr

1(bj ;β
(1)
j , · · · , β(r)j )Q : 1(d

(1)
j , δ

(1)
j )q1 ; · · · ; 1(d

(r)
j , δ

(r)
j )qr

 f(t),

then∫ ∞
0
· · ·
∫ ∞
0

zs1−11 · · · zsr−1r H[z1 · · · z2](a1z1+· · ·+arzr+c)−1φ(a1z1+· · · arar+c)dz1 · · · dzr

=
ψ(c)

c
. (2.4)

Provided

Min

{
Re

(
si +

d
(i)
j

δ
(i)
j

)}
> 0, j = 1, 2, · · · ,mi; i = 1, 2, · · · , r

|arg(zi)| < 1
2π∆′i, i = 1, 2, · · · , r where

∆i = −
P∑

j=n+1

α
(i)
j −

Q∑
j=1

β
(i)
j +

mi∑
j=1

δ
(i)
j −

qi∑
j=mi+1

δ
(i)
j +

ni∑
j=1

γ
(i)
j −

pi∑
j=ni+1

γ
(i)
j > 0.

Ψi =
P∑
j=1

α
(i)
j −

Q∑
j=1

β
(i)
j +

pi∑
j=1

γ
(i)
j −

mi∑
j=1

δ
(i)
j ≤ 0, i = 1, 2, · · · , r.

Min{Re(a1), Re(a2), · · · , Re(ar), Re(c)} > 0.

3. When r = 2, (2.4) reduces to corresponding result for H function of 2 variables.

If f(p)
·
=
·
f(t) and

ψ(t) =
1

as11 a
s2
2

t−s1−s2H0,N :m1,n1+1;m2,n2+1
P,Q:p1+1,q1;p2+1,q2 1/a1t

...
1/a2t

∣∣∣∣∣∣∣
1(aj ;α

(1)
j , α

(2)
j )P : (1− s1, 1), 1(c

(1)
j , γ

(1)
j )p1 ; (1− s2, 1), 1(c

(2)
j , γ

(2)
j )p2

1(bj ;β
(1)
j , β

(2)
j )Q : 1(d

(1)
j , δ

(1)
j )q1 ; 1(d

(2)
j , δ

(2)
j )q2

 f(t),
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then ∫ ∞
0

∫ ∞
0

zs1−11 zs2−12 H[z1, z2](a1z1 + a2z2 + c)−1f(a1z1 + a2z2 + c)dz1dz2

=
ψ(c)

c
. (2.5)

Provided

Min

{
Re

(
si +

d
(i)
j

δ
(i)
j

)}
> 0, j = 1, 2, · · · ,mi; i = 1, 2.

|arg(zi)| < 1
2π∆′i, where

∆i = −
P∑

j=n+1

α
(i)
j −

Q∑
j=1

β
(i)
j +

mi∑
j=1

δ
(i)
j −

qi∑
j=mi+1

δ
(i)
j +

ni∑
j=1

γ
(i)
j −

pi∑
j=ni+1

γ
(i)
j > 0.

Ψi =

P∑
j=1

α
(i)
j −

Q∑
j=1

β
(i)
j +

pi∑
j=1

γ
(i)
j −

mi∑
j=1

δ
(i)
j ≤ 0, i = 1, 2.

Min{Re(a1), Re(a2), · · · , Re(c)} > 0.
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