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Abstract

We obtain sufficient conditions for the existence of coincidence points and com-
mon fixed points for three mappings satisfying generalized contractive conditions in
TVS-valued cone metric spaces without the assumption of normality. Our results
generalize several well-known recent results in the literature.

1. Introduction and Preliminaries
Huang and Zhang [9] generalized the concept of a metric space by replacing the set
of real numbers by ordered Banach space and obtained some fixed point theorems for

contractive type mappings in a normal cone metric space. Subsequently, several other
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authors [3,4,12,15] studied the existence of common fixed point of mappings satisfying
a contractive type condition in normal cone metric spaces. Afterwards, Rezapour and
Hamlbarani in [10] studied fixed point theorems of contractive type mappings by omit-
ting the assumption of normality in cone metric spaces. Recently, Beg et al.[1] studied
common fixed points of a pair of maps on TVS-valued cone metric space which is a
larger class than that of introduced by Huang and Zhang [9]. Since then several pa-
pers deal with fixed point theorems for contractive type mappings in TVS-valued cone
metric spaces [2,5,6,7,8,11]. In this paper we obtain common fixed points and points of
coincidence of three mappings in TVS-valued cone metric spaces without the assump-
tion of normality. Our results improve and generalize various comparable results in the
literature e.g. [2,6,7,11]. The following definitions and results will be needed in the
sequel.

Let (E,T) be a topological vector space (TVS) and P a subset of E. Then, P is called

a cone whenever

i) P is closed, non-empty, and P # {0},

ii) ax + by € P for all z,y € P and non-negative real numbers a, b.
iii) PN (—P) = {6}.

For a given a cone P C E, we can define a partial ordering <with respect to P by z <y
if and only if y —z € P. x < y will stand for z < y and x # y, while x < y will stand
for y — x €intP, where intP denotes the interior of P. A cone P is called solid if int P
is nonempty.

Definition 1.[1,2] : Let X be a nonempty set. Suppose the mapping d: X x X — E

satisfies

(d1) 6 <d(x,y) for all x,y € X and d(z,y) = 0 if and only if x = y,
(d2) d(z,y) =d(y,z) for all z,y € X,

(d3) d(z,y) 2d(z,2) +d(z,y) forall z,y,z € X.

Then d is called a TVS-valued cone metric on X and (X, d) is called a TVS-valued cone

metric space.
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If E is a real Banach space then (X.d) is called cone metric space [9].
Definition 2 [1] : Let (X, d) be a TVS-valued cone metric space, € X and {z,},>;

a sequence in X. Then

(i) {Zn},> converges to x whenever for every ¢ € E with § < c, there is a natural
number N such that d(z,,z) < ¢ for all n > N. We denote this by lim,, o x,, =

T or T, — X.

(ii){zn},>, is a Cauchy sequence whenever for every ¢ € E with § < ¢, there is a

natural number N such that d(z,,x,,) < ¢ for all n,m > N.

(iii) (X,d) is a complete TVS valued cone metric space if every Cauchy sequence is

convergent.

A pair (F,T) of self-mappings on X is said to be weakly compatible if FTz = TFz
whenever Fo = T'x. A point y € X is called point of coincidence of a family T}, j € J,
of self-mappings on X if there exists a point x € X such that y = T;x for all j € J.

Lemma 3 [4] : Let X be a nonempty set and the mappings S,7,F : X — X have
a unique point of coincidence ¥ € X. If (S, F') and (T, F') are weakly compatible, then

S,T and F have a unique common fixed point.

2. Common Fixed Point Theorems

In this section we obtain common fixed points and points of coincidence of three map-
pings in TVS-valued cone metric spaces.

Theorem 4 : Let (X,d)be a complete TVS-valued cone metric space, P be a solid
cone, and mappings, S,T, F' : X — X satisfy:

d(Sz,Ty) = a1d(Fx, Fy)+ad(Sx, Fx)+asd(Ty, Fy)+a4[d(Sx, Fy)+d(Ty, Fx)] (2.1)

for all x,y € X, where a1, a9, as, a4 are non-negative real numbers with a; + as + ag +
204 < 1. If S(X)UT(X) C F(X) and F(X) or S(X)UT(X) is a complete subspace of
X, then S, T and F have a unique point of coincidence. Moreover, if (S, F))and (T, F)
are weakly compatible then S,T and F have a unique common fixed point.

Proof : We shall first show that, if S,7 and F have a point of coincidence, then it

is unique. For this, assume that there exist two distinct points of coincidence ¥, 9*of
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mappings S,T and F in X. It follows that there exists u,u* € X such thaat
¥ =Fu=Su="Tu,

and

V= Fu* = Su* = Tu".
From (2.1), we obtain
d(9,9%) = d(Su,Tu")
a1d(Fu, Fu*) 4+ asd(Su, Fu) + asd(Tu*, Fu*) + a4[d(Su, Fu*) + d(Tu*, Su)]
ald(ﬁ, 19*) + agd(ﬁ, 19) + agd(ﬂ*, 19*)

PN

(a1 + 2a4)d(9,9%)(Sincear + ag + ag + 2a4 < 1).

It implies that ¥ = ¥*, a contradiction.

Now, we prove the existence of a point of coincidence of the mappings S,T and F. Let
xg be any arbitrary point in X. Choose a point 1 in X such that Fax; = Txg. This
can be done since S(X) U T(X) C F(X). Similarly choose a point z2 in X such that
Fxy = Sz; . Continuing this process having chosen x,, in X, we obtain z,1in X such

that

Fxopt1 = Txoy

Fropys = Swopy1,n > 0.
Suppose there exists n such that Fxg, = Fxo,y1. Then Fxg, = Tx, and from (2.1)

d(Fxon, Ston) = d(Fxont1,STon)
= d(TCCQn,Sl‘Qn)

< ald(Fxgn, Fl‘gn) + CLQd(Sl‘Qn, F:Ezn) + agd(Tl‘gn, F{L‘Qn)
“+ay [d(SxQn, F.%'Qn) + d(T.%Qm Fl‘gn)]
< a2d<F.%'2n, ngn) + a4d(Fx2n, szn)

= (a2 + a4)d(Fxon, Stay)

which yields Fzo, = Sxo, and so, Fxo, = Sxo, = Txo, = y is the required unique

point of coincidence of F,S and T. Similarly, if Fxon11 = Faxonie for some n. Then
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Fxopy1 = Sxopy1 = Txopyr1 = y is the required point. Thus in this sequel of proof we

can suppose that Fx, # Fx,; for some n, From (2.1)

d(Fxop, Frony1) = d(Szan—1,Tx2,)

=< ad(Fzon—1, Fxop) + asd(Sxon—1, Fxon—1)
+agd(Txon, Fron) + ag[d(Sxan—1, Fxa,) + d(Txoy, Fron_1)]
= a1d(Fran—1, Frop) + asd(Fxay, Fron_1) + agd(Fxay, Froni1)
+ay|d(Faon, Frop) + d(Fwong1, Fron—1)]
= md(Fxgn_l, Fxay)
=

{a1+a3+a4 a1+ ag +ay
max

d(Fxop_1,F
1_a2_a47 1_@3_@4} ( Toan—1, x2n)

and

d(Fxop—1, Fxoy) d(Txon—2,STon—1)

PN

a1d(Fxon—o, Fxon_1) + a2d(Szon—1, Fron—1)
+asd(Txon—2, Fron—2)

+ayg[d(Szon—1, Fron—2) + d(Txon—2, Fron—1)]
a1d(Fxon—o, Fxon_1) + asd(Fxoy, Fron_1)

+agd(Fron—1, Fron—2) + asd(Fxay, Fron_2)
= Wd(ﬂtzn—m Fxo,_1)
—ag —ay
{a1+a3+a4 a1+ as + ay
max

= ;
1—@2—0,4 1—a3—a4

} d(Fxon—2, Fxon—_1).

It implies that d(Fxop, Front1) = Ad(Fron—1, Fray), where A = max { aifasztas ajfaztaq }

l—a2—a4 ’ 1—az—ay

As Fz,, # Fry,y1 and A+ B < 1, therefore, 0 < A < 1 and for all n, d(Fz,, Fx,+1) <

M(Fxy 1, Fry) 2 N2d(Fxy o, Fr, 1) X — — — < X'd(Fxo, Fx1). Now for any m > n,
d(Fxp, Fr,) = d(Fzn, Frp)+d(Fapger, Fepgo) + — — — +d(Fep—1, Fay,)
= [)\n + )\n-l—l 4+ - ——+ )\m_l]d(F:E(_), FCL‘l)
< Fxg, Fxy).
) [1 _ A]d( Zo, 1‘1)

Let 0 < ¢ be given, choose a symmetric neighborhood V of 0 such that ¢+ V C int P.



30 A. K. DUBEY & MADHUBALA KASAR

Also, choose a natural number N; such that
)\TL

[1 - A

Then A5d(Fz1, Fxo) < ¢, for all n > Ny. Thus,

|d(Fxo, Fz1) €V for all n> Nj.

n

A
d(Fxp, Fry,) = [1 —

|d(Fxo, Fz1) < c,

for all m > n. Therefore, {Fx,},>1 is a Cauchy sequence. Since FX is complete,
there exist u € X, ¥ € FX such that Fa,, — ¢ = Fu (this holds also if S(X)UT(X) is
complete with ¢ € S(X)UT(X)). Choose a natural number Ny such that for all n > Ny,
c(l —as—ay)

d(Fzrpi1, Fx,) <
( n+l n) 2(&1 +ag + a4)

and
c(l—as—ay)

d(Fxpy1, Fu) < 5

xThen for all n > Ny

d(Fu,Tu)

PN

d(FU, F:L’Qn+2) + d(F$2n+2, TU)

IA

d(Fu, Fropyo) + d(Sxont1,Tu)

IA

d(FU, F$2n+2) + ald(F$2n+1, FU) + a2d(S$2n+1, Fl‘QnJrl)
+azd(Tu, Fu) + a4[d(Szont1, Fu) + d(Tu, Fxon+1)]

PN

d(Fu, Fxopyo) + a1d(Faoni1, Fu) + asd(Fronyo, Fron 1)

PN

(

( )
+asd(Tu, Fu) + ag|d(Fropio, Fu) + d(Tu, Fxon+1)]
d(Fu, Froni2) + a1d(Fxon+1, Fu) + asd(Froni1, Froni2)
(

+asd(Tu, Fu) + a4|d(Fropto, Fu) + d(Tu, Fu)]

1 a1 +az +a
d(Fu, Fag o) + ———t 2

IA

7 d(Fzopi1, Frony2)
— a3 — a4

1—&3—&4
<48
—+-=c
2 2
Thus
al(Fu,Tu)<<£ for all m>1.
m

So, = — d(Fu,Tu) € P, for all m > 1. Since = — 6 (as m — oo) and P is closed,
—d(Fu, Su) € P. But d(Fu,Tu) € P, therefore, d(Fu,Tu) = 6. Hence

9= Fu="Tu,
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and

d(Fu,Su) = d(Tu,Su) < a1d(Fu, Fu) + asd(Fu, Su)
+asd(Tu, Fu) + a4[d(Su, Fu) + d(Tu, Fu)]
= (a2 + aq)d(Fu, Su)

implies that ¢ is a unique point of coincidence of F,S and T'. If (S, F') and (T, F) are

weakly compatible, then by Lemma 3, 9 is a unique common fixed point of S, T and F.

Theorem 5 : Let (X,d) be a complete TVS-valued cone metric space, P be a solid
cone, and mappings, S,T, F' : X — X satisfy:

d(Sz,Ty) R a1d(Fx, Fy)+ad(Sx, Fy)+asd(Ty, Fx)+as[d(Sx, Fx)+d(Ty, Fy)] (2.2)

for all x,y € X, where a1, a9, as, a4 are non-negative real numbers with a; + as + ag +
204 < 1. If S(X)UT(X) C F(X) and F(X) or S(X)UT(X) is a complete subspace of
X, then S, T and F have a unique point of coincidence. Moreover, if (S, F))and (T, F)

are weakly compatible then S,T and F' have a unique common fixed point.

Proof : It can be easily seen that if S, T and F have a point of coincidence, then it is
unique. Let x¢ be an arbitrary point in X. Choose a point 1 in X such that Fx; = Txg.
This can be done since S(X)UT(X)1 C F(X). Similarly choose a point z in X such
that Fxg = Sxq. Continuing this process having chosen z, in X, we obtain x,1 in X

such that

Fropyy =Two, and Fronio = Swopi1,n > 0.

Suppose there exist n such that Fxo, = Fxo,y1. Then using (2.2), we obtain Fxg, =
Sxoy, = Txo, = y(say) is the required unique point of coincidence of F,S and T.
Similarly, if Fixo,+1 = Fxan4o for some n. Then Fao,y1 = Sxopt1 = Txop41 = y is the

required point. Thus in this sequel of proof we can suppose that Fx,, # Fz,.1. From
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(2.2), we obtain

d(Fxon, Frony1)

and

d(Fx2n—17 Fx?n)

It follows that

d(Fxop, Froni1)

and

IA

PN

PN

A

d(Fzont1, Fronga) 2

A. K. DUBEY & MADHUBALA KASAR

d(Sxon—1,Tray)

a1d(Fxon—1, Fxon) + asd(Sxon—1, Fxon)

+asd(Txop, Fron—1) + as[d(Szon—_1, Fxon—1) + d(Txay, Fxay,)]
ard(Fxon_1, Fxop) + aed(Fxop, Fxoy) + asd(Frapt1, Fron—1)
tas[d(Fron, Fron-1) + d(Fropi1, Faon)]

ard(Fxan—1, Fxon) + as[d(Faan—1, Fag,) + d(Fron, Fro11)]
+ay|d(Fxon, Fron—1) + d(Fxoni1, Faa,))

a1 +az+a
d(Fxon, Frons1) =< 711 3 4d(F£U2n—1,Fl'2n)
—asz — aq

d(Txap—2,STon—1)

d(Szan—1,Txo,—_2)

a1d(Fxon—1, Fron—2) + a2d(Szon—1, Fron—2)

+asd(Txzon—2, Fron—1) + as4ld(Swon—1, Fron—1) + d(Txon—2, Fron—2)]
a1d(Fxon—o, Fron—1) + asd(F oy, Fro,_2)

+asd(Fxon—1, Fron—1) + as[d(Faon, Fron—1) + d(Fron—1, Fron_2)]

a1+ as + aq

d(Fxon—1, Fxon) =< 1 d(Frop—2, Fron—1).

— G2 — a4

a1+ as + ay
1—a3—ay
{a1+a3+a4 a1+ ag + ay

IA

d(Fxop—1, Froy)

. d(Fxon_o, Fxo,_
1— a3 — ay 1_a2_a4:| (37271 2, L' Ton 1)

{a1+a3+a4 a1+ ag + ay

n
. d(Fxg, F
1—0,3—&4 1—a2—a4] ( 0, $1),

ay +ag +aq

d(F F
1—ay—as ( T2n, 932n+1)

ay+ag+ayg |a1+az3+aqg ay +az+aq
“ 1l—ag—ay

n
. d(Fzg, Fxy).
1—a3—a4 1—@2—&4:| ( 0, $1)
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Let

a1 +as +ay B_a1+a3+a4
l—as—as’  1l—as—ay
then as Fx, # Fx,+1 and a1 + as + a3 + 2a4 < 1,

A=

a1 +az+ayg a1 +az+ay
l—as—as 1—as—ay
a1 +az+aq a1 +az+ay

= . <1l.1=1.
l—ag—ay 1—as—ay

0< AB =

Now for any n < m, we have

d(Fxon+1, From+1) = d(Fxont1, Fronts) + d(Fronto, Fronts)

+ — — — +d(Fxom, Fromi1)
A[AB]"d(Fxo, Fx1) + [AB]""'d(Fxzo, Fx1)

+—— — — 4+ [AB]"d(Fxo, Fx1)
P}:Mm—li}AmﬁJ:n+ﬂm§3ABﬂdﬂ%mFm)
FMABYl (AB)"+!

IA

IA

IA

1- AB 1—A3}d@%“Fm)

A(AB)"
1-AB

A

(1+lﬂ[ ](qumpwg.

Similarly, we obtain

(AB)"
1- AB
(AB)"
1- AB

d(F$2n,F£U2m+1) < (1—|—A) |: :| d(Fl’o,Fxl),

d(Fxon, Fray) = u+A)[ ]d@%mFm%

and
A(AB)"

d(Fxon+1, From) =< (1+ B) [1 1B

](KFme@Q.

Hence, for 0 <n <m

2(AB)P
1-AB

d(Fxy, Frpy) < [ ] d(Fzo, Fx1),

where p is the integer part of 5. Let 6 < ¢ be given. Choose a symmetric neighborhood

V of 6 such that ¢+ V C int P. Since

2(AB)P

Z%Hw[l—AB

:| d(Fl‘o, Fl‘l) = 0,
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there exists a natural number Njsuch that

22

:| d(FCITo,Fxl) eV,

for all p > Ny and so

[2(AB)”

1—AB} d(Fzo, Fx1) < ¢, forall p> Nj.

Consequently, for all n,m € N with 2N; < n < m, we have d(Fx,, Fr,,) < c.
Therefore, {Fxy,},>1 is a Cauchy sequence. Since F(X) is complete, there exist u €
X, ¥ € F(X) such that Fz, — ¢ = Fu (this holds also if S(X) U T(X) is com-
plete with ¥ € S(X) U T(X)). Choose a natural number Ny such that for all n >
No,d(Fxpq1, Flu) < 557, where M = mazx { 1astas “1+a3+a4} . Then for all n > Ns,

l—az—a4q’ 1—as—aq

d(Fu,Tu)

IA

d(Fu, Fxonyo) + d(Front2, Tu)
d(Fu, Fronyo) + d(Szan+1, Tu)

IA

A

d(FU, Fx2n+2) + ald(Fx2n+1, Fu) + agd(S$2n+1, FU)
+aszd(Tu, Fxoni1) + ag[d(Sxont1, Front1) + d(Tu, Fu))

PN

d(F’LL, F:L'QnJrg) + ald(F$2n+1, Fu) + agd(FCL'Qn+2, FU)
+azd(Tu, Fropt1) + as[d(Frony2, Front1) + d(Tu, Fu))

IA

d(Fu, F$2n+2> + ald(Fu, F$2n+1) + agd(Fu, Fx2n+2)
+az[d(Fu, Tu) + d(Fu, Fropy1)]
+ag[d(Fu, Frons2) + d(Fu, Frony1) + d(Fu, Tu)]

1+as+a a1+ as+a
= #d(FU, Fxopyo) + ¥4d(Fx2n+l, Fu)
1l—a3—ay 1l—a3—ay
c c
L -+ =-=c

2 2

By a similar argument Fu = Tu = Swu, which implies that ¢ is a unique point of
coincidence of F, S, and T. If (S.F) and (T, F') are weakly compatible, then by Lemma
3, ¥ is a unique common fixed point of S, T and F.

Corollary 6 : Let (X,d) be a complete TVS-valued cone metric space, P be a solid
cone, and mappings S, T : X — X satisfy:

d(Sz,Sy) < a1d(Tz,Ty) + axd(Sz, Tx) + azd(Sy, Ty) + as[d(Sz, T'y) + d(Sy, Tx)]
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for all z,y € X, where ay,a2,a3,a4 € [0,1) satisfying a1 + ag + a3z + 2a4 < 1. If
S(X) € T(X) and one of S(X) or T'(X) is a complete subspace of X, then S and T
have a unique point of coincidence in X. Moreover, if S and T are weakly compatible,
then S and T have a unique common fixed point.

Corollary 7 : Let (X,d) be a complete TVS-valued cone metric space with a cone P

having the non-empty interior. If a mappings S : X — X satisfies:
d(Sz, Sy) 2 ard(x, y) + axd(Sx, ) + asd(Sy,y) + as[d(Sz,y) + d(Sy, z)]

for all z,y € X, where a1, a2, a3, a4 € [0,1) satisfying a1 + as + a3 + 2a4 < 1. If S(X) is
a complete subspace of X, then S has a unique fixed point in X.

Now, we give one example to validate Theorem 4:
Example 8 : Let £ = (Cjo 1}, R)

P=(peE:9>0)CE,

X =[0,1] and d: X x X — E defined by d(z,y)(t) = (Jz — y|)e!, where e! € E. Then
(X,d) is a cone metric space. Consider three mappings S, T, F': X — X defined by

S:L’:%,Tx:%,szg
Clearly S(X)UT(X) C F(X) for all z,y € X.
Az To)e) = (1%~ Lhe' = (e — e’
d(Fz, Fy)t) = (53D
Az P = (15 - 3" = (e
ATy, Fy)H) = (2~ L)et = (122
d(Sz, Fy) + d(Ty, Fz) = (%_%H%_g)t
and so
Az, Ty)(t) = (e~ 2)e
< G053 - Ipet o 23 et + 202t
OG-8 e
= ad(Fz, Fy)(t) + apd(Sz, Fz)(t) 4+ asd(Ty, Fy)(t)

+ayq[d(Sz, Fy)(t) + d(Ty, Fx)(t)].
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Thus all the conditions of Theorem 4 are satisfies with a1 + as + a3 + 2a4 = % < 1. Note

that 0 is the unique common fixed point of the mapping S,7T" and F'
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