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Abstract

We obtain sufficient conditions for the existence of coincidence points and com-
mon fixed points for three mappings satisfying generalized contractive conditions in
TVS-valued cone metric spaces without the assumption of normality. Our results
generalize several well-known recent results in the literature.

1. Introduction and Preliminaries

Huang and Zhang [9] generalized the concept of a metric space by replacing the set

of real numbers by ordered Banach space and obtained some fixed point theorems for

contractive type mappings in a normal cone metric space. Subsequently, several other

−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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26 A. K. DUBEY & MADHUBALA KASAR

authors [3,4,12,15] studied the existence of common fixed point of mappings satisfying

a contractive type condition in normal cone metric spaces. Afterwards, Rezapour and

Hamlbarani in [10] studied fixed point theorems of contractive type mappings by omit-

ting the assumption of normality in cone metric spaces. Recently, Beg et al.[1] studied

common fixed points of a pair of maps on TVS-valued cone metric space which is a

larger class than that of introduced by Huang and Zhang [9]. Since then several pa-

pers deal with fixed point theorems for contractive type mappings in TVS-valued cone

metric spaces [2,5,6,7,8,11]. In this paper we obtain common fixed points and points of

coincidence of three mappings in TVS-valued cone metric spaces without the assump-

tion of normality. Our results improve and generalize various comparable results in the

literature e.g. [2,6,7,11]. The following definitions and results will be needed in the

sequel.

Let (E, τ) be a topological vector space (TVS) and P a subset of E. Then, P is called

a cone whenever

i) P is closed, non-empty, and P 6= {θ},

ii) ax+ by ∈ P for all x, y ∈ P and non-negative real numbers a, b.

iii) P ∩ (−P ) = {θ}.

For a given a cone P ⊆ E, we can define a partial ordering �with respect to P by x � y
if and only if y − x ∈ P. x ≺ y will stand for x � y and x 6= y, while x � y will stand

for y − x ∈intP, where intP denotes the interior of P . A cone P is called solid if int P

is nonempty.

Definition 1.[1,2] : Let X be a nonempty set. Suppose the mapping d : X ×X → E

satisfies

(d1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y,

(d2) d(x, y) = d(y, x) for all x, y ∈ X,

(d3) d(x, y) � d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called a TVS-valued cone metric on X and (X, d) is called a TVS-valued cone

metric space.
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If E is a real Banach space then (X.d) is called cone metric space [9].

Definition 2 [1] : Let (X, d) be a TVS-valued cone metric space, x ∈ X and {xn}n>1

a sequence in X. Then

(i) {xn}n>1converges to x whenever for every c ∈ E with θ � c, there is a natural

number N such that d(xn, x)� c for all n > N . We denote this by limn→∞ xn =

x or xn → x.

(ii){xn}n>1 is a Cauchy sequence whenever for every c ∈ E with θ � c, there is a

natural number N such that d(xn, xm)� c for all n,m > N.

(iii) (X, d) is a complete TVS valued cone metric space if every Cauchy sequence is

convergent.

A pair (F, T ) of self-mappings on X is said to be weakly compatible if FTx = TFx

whenever Fx = Tx. A point y ∈ X is called point of coincidence of a family Tj , j ∈ J,
of self-mappings on X if there exists a point x ∈ X such that y = Tjx for all j ∈ J.
Lemma 3 [4] : Let X be a nonempty set and the mappings S, T, F : X → X have

a unique point of coincidence ϑ ∈ X. If (S, F ) and (T, F ) are weakly compatible, then

S, T and F have a unique common fixed point.

2. Common Fixed Point Theorems

In this section we obtain common fixed points and points of coincidence of three map-

pings in TVS-valued cone metric spaces.

Theorem 4 : Let (X, d)be a complete TVS-valued cone metric space, P be a solid

cone, and mappings, S, T, F : X → X satisfy:

d(Sx, Ty) � a1d(Fx, Fy)+a2d(Sx, Fx)+a3d(Ty, Fy)+a4[d(Sx, Fy)+d(Ty, Fx)] (2.1)

for all x, y ∈ X, where a1, a2, a3, a4 are non-negative real numbers with a1 + a2 + a3 +

2a4 < 1. If S(X) ∪ T (X) ⊆ F (X) and F (X) or S(X) ∪ T (X) is a complete subspace of

X, then S, T and F have a unique point of coincidence. Moreover, if (S, F )and (T, F )

are weakly compatible then S, T and F have a unique common fixed point.

Proof : We shall first show that, if S, T and F have a point of coincidence, then it

is unique. For this, assume that there exist two distinct points of coincidence ϑ, ϑ?of
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mappings S, T and F in X. It follows that there exists u, u? ∈ X such thaat

ϑ = Fu = Su = Tu,

and

ϑ? = Fu∗ = Su∗ = Tu∗.

From (2.1), we obtain

d(ϑ, ϑ∗) = d(Su, Tu∗)

� a1d(Fu, Fu∗) + a2d(Su, Fu) + a3d(Tu∗, Fu∗) + a4[d(Su, Fu∗) + d(Tu∗, Su)]

= a1d(ϑ, ϑ∗) + a2d(ϑ, ϑ) + a3d(ϑ∗, ϑ∗)

+a4[d(ϑ, ϑ∗) + d(ϑ∗, ϑ)]

� (a1 + 2a4)d(ϑ, ϑ∗)(Since a1 + a2 + a3 + 2a4 < 1).

It implies that ϑ = ϑ∗, a contradiction.

Now, we prove the existence of a point of coincidence of the mappings S, T and F. Let

x0 be any arbitrary point in X. Choose a point x1 in X such that Fx1 = Tx0. This

can be done since S(X) ∪ T (X) ⊆ F (X). Similarly choose a point x2 in X such that

Fx2 = Sx1 . Continuing this process having chosen xn in X, we obtain xn+1in X such

that

Fx2n+1 = Tx2n

Fx2n+2 = Sx2n+1, n ≥ 0.

Suppose there exists n such that Fx2n = Fx2n+1. Then Fx2n = Tx2n and from (2.1)

d(Fx2n, Sx2n) = d(Fx2n+1, Sx2n)

= d(Tx2n, Sx2n)

� a1d(Fx2n, Fx2n) + a2d(Sx2n, Fx2n) + a3d(Tx2n, Fx2n)

+a4[d(Sx2n, Fx2n) + d(Tx2n, Fx2n)]

� a2d(Fx2n, Sx2n) + a4d(Fx2n, Sx2n)

= (a2 + a4)d(Fx2n, Sx2n)

which yields Fx2n = Sx2n and so, Fx2n = Sx2n = Tx2n = y is the required unique

point of coincidence of F, S and T . Similarly, if Fx2n+1 = Fx2n+2 for some n. Then
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Fx2n+1 = Sx2n+1 = Tx2n+1 = y is the required point. Thus in this sequel of proof we

can suppose that Fxn 6= Fxn+1 for some n, From (2.1)

d(Fx2n, Fx2n+1) = d(Sx2n−1, Tx2n)

� a1d(Fx2n−1, Fx2n) + a2d(Sx2n−1, Fx2n−1)

+a3d(Tx2n, Fx2n) + a4[d(Sx2n−1, Fx2n) + d(Tx2n, Fx2n−1)]

� a1d(Fx2n−1, Fx2n) + a2d(Fx2n, Fx2n−1) + a3d(Fx2n, Fx2n+1)

+a4[d(Fx2n, Fx2n) + d(Fx2n+1, Fx2n−1)]

� a1 + a2 + a4
1− a3 − a4

d(Fx2n−1, Fx2n)

� max

{
a1 + a3 + a4
1− a2 − a4

,
a1 + a2 + a4
1− a3 − a4

}
d(Fx2n−1, Fx2n)

and

d(Fx2n−1, Fx2n) = d(Tx2n−2, Sx2n−1)

� a1d(Fx2n−2, Fx2n−1) + a2d(Sx2n−1, Fx2n−1)

+a3d(Tx2n−2, Fx2n−2)

+a4[d(Sx2n−1, Fx2n−2) + d(Tx2n−2, Fx2n−1)]

� a1d(Fx2n−2, Fx2n−1) + a2d(Fx2n, Fx2n−1)

+a3d(Fx2n−1, Fx2n−2) + a4d(Fx2n, Fx2n−2)

� a1 + a3 + a4
1− a2 − a4

d(Fx2n−2, Fx2n−1)

� max

{
a1 + a3 + a4
1− a2 − a4

,
a1 + a2 + a4
1− a3 − a4

}
d(Fx2n−2, Fx2n−1).

It implies that d(Fx2n, Fx2n+1) � λd(Fx2n−1, Fx2n), where λ = max
{
a1+a3+a4
1−a2−a4 ,

a1+a2+a4
1−a3−a4

}
As Fxn 6= Fxn+1 and A+ B < 1, therefore, 0 < λ < 1 and for all n, d(Fxn, Fxn+1) �
λd(Fxn−1, Fxn) � λ2d(Fxn−2, Fxn−1) � −−− � λnd(Fx0, Fx1). Now for any m > n,

d(Fxm, Fxn) � d(Fxn, Fxn+1) + d(Fxn+1, Fxn+2) +−−−+ d(Fxm−1, Fxm)

� [λn + λn+1 +−−−+ λm−1]d(Fx0, Fx1)

� [
λn

1− λ
]d(Fx0, Fx1).

Let θ � c be given, choose a symmetric neighborhood V of θ such that c+ V ⊆ int P.
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Also, choose a natural number N1 such that

[
λn

1− λ
]d(Fx0, Fx1) ∈ V for all n ≥ N1.

Then λn

1−λd(Fx1, Fx0)� c, for all n ≥ N1. Thus,

d(Fxm, Fxn) � [
λn

1− λ
]d(Fx0, Fx1)� c,

for all m > n. Therefore, {Fxn}n≥1 is a Cauchy sequence. Since FX is complete,

there exist u ∈ X, ϑ ∈ FX such that Fxn → ϑ = Fu (this holds also if S(X)∪ T (X) is

complete with ϑ ∈ S(X)∪T (X)). Choose a natural number N2 such that for all n ≥ N2,

d(Fxn+1, Fxn)� c(1− a3 − a4)
2(a1 + a2 + a4)

and

d(Fxn+1, Fu)� c(1− a3 − a4)
2

.

xThen for all n ≥ N2

d(Fu, Tu) � d(Fu, Fx2n+2) + d(Fx2n+2, Tu)

� d(Fu, Fx2n+2) + d(Sx2n+1, Tu)

� d(Fu, Fx2n+2) + a1d(Fx2n+1, Fu) + a2d(Sx2n+1, Fx2n+1)

+a3d(Tu, Fu) + a4[d(Sx2n+1, Fu) + d(Tu, Fx2n+1)]

� d(Fu, Fx2n+2) + a1d(Fx2n+1, Fu) + a2d(Fx2n+2, Fx2n+1)

+a3d(Tu, Fu) + a4[d(Fx2n+2, Fu) + d(Tu, Fx2n+1)]

� d(Fu, Fx2n+2) + a1d(Fx2n+1, Fu) + a2d(Fx2n+1, Fx2n+2)

+a3d(Tu, Fu) + a4[d(Fx2n+2, Fu) + d(Tu, Fu)]

� 1

1− a3 − a4
d(Fu, Fx2n+2) +

a1 + a2 + a4
1− a3 − a4

d(Fx2n+1, Fx2n+2)

� c

2
+
c

2
= c.

Thus

d(Fu, Tu)� c

m
for all m ≥ 1.

So, c
m − d(Fu, Tu) ∈ P, for all m ≥ 1. Since c

m → θ (as m → ∞) and P is closed,

−d(Fu, Su) ∈ P. But d(Fu, Tu) ∈ P, therefore, d(Fu, Tu) = θ. Hence

ϑ = Fu = Tu,
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and

d(Fu, Su) = d(Tu, Su) � a1d(Fu, Fu) + a2d(Fu, Su)

+a3d(Tu, Fu) + a4[d(Su, Fu) + d(Tu, Fu)]

� (a2 + a4)d(Fu, Su)

implies that ϑ is a unique point of coincidence of F, S and T . If (S, F ) and (T, F ) are

weakly compatible, then by Lemma 3, ϑ is a unique common fixed point of S, T and F.

Theorem 5 : Let (X, d) be a complete TVS-valued cone metric space, P be a solid

cone, and mappings, S, T, F : X → X satisfy:

d(Sx, Ty) � a1d(Fx, Fy)+a2d(Sx, Fy)+a3d(Ty, Fx)+a4[d(Sx, Fx)+d(Ty, Fy)] (2.2)

for all x, y ∈ X, where a1, a2, a3, a4 are non-negative real numbers with a1 + a2 + a3 +

2a4 < 1. If S(X) ∪ T (X) ⊆ F (X) and F (X) or S(X) ∪ T (X) is a complete subspace of

X, then S, T and F have a unique point of coincidence. Moreover, if (S, F )and (T, F )

are weakly compatible then S, T and F have a unique common fixed point.

Proof : It can be easily seen that if S, T and F have a point of coincidence, then it is

unique. Let x0 be an arbitrary point in X. Choose a point x1 in X such that Fx1 = Tx0.

This can be done since S(X) ∪ T (X)1 ⊆ F (X). Similarly choose a point x2 in X such

that Fx2 = Sx1. Continuing this process having chosen xn in X, we obtain xn+1 in X

such that

Fx2n+1 = Tx2n and Fx2n+2 = Sx2n+1, n ≥ 0.

Suppose there exist n such that Fx2n = Fx2n+1. Then using (2.2), we obtain Fx2n =

Sx2n = Tx2n = y(say) is the required unique point of coincidence of F, S and T.

Similarly, if Fx2n+1 = Fx2n+2 for some n. Then Fx2n+1 = Sx2n+1 = Tx2n+1 = y is the

required point. Thus in this sequel of proof we can suppose that Fxn 6= Fxn+1. From
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(2.2), we obtain

d(Fx2n, Fx2n+1) = d(Sx2n−1, Tx2n)

� a1d(Fx2n−1, Fx2n) + a2d(Sx2n−1, Fx2n)

+a3d(Tx2n, Fx2n−1) + a4[d(Sx2n−1, Fx2n−1) + d(Tx2n, Fx2n)]

= a1d(Fx2n−1, Fx2n) + a2d(Fx2n, Fx2n) + a3d(Fx2n+1, Fx2n−1)

+a4[d(Fx2n, Fx2n−1) + d(Fx2n+1, Fx2n)]

� a1d(Fx2n−1, Fx2n) + a3[d(Fx2n−1, Fx2n) + d(Fx2n, Fx2n+1)]

+a4[d(Fx2n, Fx2n−1) + d(Fx2n+1, Fx2n)]

d(Fx2n, Fx2n+1) �
a1 + a3 + a4
1− a3 − a4

d(Fx2n−1, Fx2n)

and

d(Fx2n−1, Fx2n) = d(Tx2n−2, Sx2n−1)

= d(Sx2n−1, Tx2n−2)

� a1d(Fx2n−1, Fx2n−2) + a2d(Sx2n−1, Fx2n−2)

+a3d(Tx2n−2, Fx2n−1) + a4[d(Sx2n−1, Fx2n−1) + d(Tx2n−2, Fx2n−2)]

� a1d(Fx2n−2, Fx2n−1) + a2d(Fx2n, Fx2n−2)

+a3d(Fx2n−1, Fx2n−1) + a4[d(Fx2n, Fx2n−1) + d(Fx2n−1, Fx2n−2)]

d(Fx2n−1, Fx2n) � a1 + a2 + a4
1− a2 − a4

d(Fx2n−2, Fx2n−1).

It follows that

d(Fx2n, Fx2n+1) �
a1 + a3 + a4
1− a3 − a4

d(Fx2n−1, Fx2n)

�
[
a1 + a3 + a4
1− a3 − a4

.
a1 + a2 + a4
1− a2 − a4

]
d(Fx2n−2, Fx2n−1)

�
[
a1 + a3 + a4
1− a3 − a4

.
a1 + a2 + a4
1− a2 − a4

]n
d(Fx0, Fx1),

and

d(Fx2n+1, Fx2n+2) �
a1 + a2 + a4
1− a2 − a4

d(Fx2n, Fx2n+1)

� a1 + a2 + a4
1− a2 − a4

[
a1 + a3 + a4
1− a3 − a4

.
a1 + a2 + a4
1− a2 − a4

]n
d(Fx0, Fx1).
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Let

A =
a1 + a2 + a4
1− a2 − a4

, B =
a1 + a3 + a4
1− a3 − a4

then as Fxn 6= Fxn+1 and a1 + a2 + a3 + 2a4 < 1,

0 < AB =
a1 + a2 + a4
1− a2 − a4

.
a1 + a3 + a4
1− a3 − a4

=
a1 + a2 + a4
1− a3 − a4

.
a1 + a3 + a4
1− a2 − a4

< 1.1 = 1.

Now for any n < m, we have

d(Fx2n+1, Fx2m+1) � d(Fx2n+1, Fx2n+2) + d(Fx2n+2, Fx2n+3)

+−−−+d(Fx2m, Fx2m+1)

� A[AB]nd(Fx0, Fx1) + [AB]n+1d(Fx0, Fx1)

+−−−−+ [AB]md(Fx0, Fx1)

�
[
A

[

i= n]m− 1
∑

(AB)i+
[

i= n+ 1]m
∑

(AB)i
]
d(Fx0, Fx1)

�
[
A(AB)n

1−AB
+

(AB)n+1

1−AB

]
d(Fx0, Fx1)

� (1 +B)

[
A(AB)n

1−AB

]
d(Fx0, Fx1).

Similarly, we obtain

d(Fx2n, Fx2m+1) � (1 +A)

[
(AB)n

1−AB

]
d(Fx0, Fx1),

d(Fx2n, Fx2m) � (1 +A)

[
(AB)n

1−AB

]
d(Fx0, Fx1),

and

d(Fx2n+1, Fx2m) � (1 +B)

[
A(AB)n

1−AB

]
d(Fx0, Fx1).

Hence, for 0 < n < m

d(Fxn, Fxm) �
[

2(AB)p

1−AB

]
d(Fx0, Fx1),

where p is the integer part of n
2 . Let θ � c be given. Choose a symmetric neighborhood

V of θ such that c+ V ⊆ int P . Since

ltp→∞

[
2(AB)p

1−AB

]
d(Fx0, Fx1) = θ,
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there exists a natural number N1such that[
2(AB)p

1−AB

]
d(Fx0, Fx1) ∈ V,

for all p ≥ N1 and so[
2(AB)p

1−AB

]
d(Fx0, Fx1)� c, for all p ≥ N1.

Consequently, for all n,m ∈ N with 2N1 < n < m, we have d(Fxn, Fxm)� c.

Therefore, {Fxn}n≥1 is a Cauchy sequence. Since F (X) is complete, there exist u ∈
X, ϑ ∈ F (X) such that Fxn → ϑ = Fu (this holds also if S(X) ∪ T (X) is com-

plete with ϑ ∈ S(X) ∪ T (X)). Choose a natural number N2 such that for all n ≥
N2, d(Fxn+1, Fu)� c

2M , where M = max
{

1+a2+a4
1−a3−a4 ,

a1+a3+a4
1−a3−a4

}
. Then for all n ≥ N2,

d(Fu, Tu) � d(Fu, Fx2n+2) + d(Fx2n+2, Tu)

� d(Fu, Fx2n+2) + d(Sx2n+1, Tu)

� d(Fu, Fx2n+2) + a1d(Fx2n+1, Fu) + a2d(Sx2n+1, Fu)

+a3d(Tu, Fx2n+1) + a4[d(Sx2n+1, Fx2n+1) + d(Tu, Fu)]

� d(Fu, Fx2n+2) + a1d(Fx2n+1, Fu) + a2d(Fx2n+2, Fu)

+a3d(Tu, Fx2n+1) + a4[d(Fx2n+2, Fx2n+1) + d(Tu, Fu)]

� d(Fu, Fx2n+2) + a1d(Fu, Fx2n+1) + a2d(Fu, Fx2n+2)

+a3[d(Fu, Tu) + d(Fu, Fx2n+1)]

+a4[d(Fu, Fx2n+2) + d(Fu, Fx2n+1) + d(Fu, Tu)]

� 1 + a2 + a4
1− a3 − a4

d(Fu, Fx2n+2) +
a1 + a3 + a4
1− a3 − a4

d(Fx2n+1, Fu)

� c

2
+
c

2
= c.

By a similar argument Fu = Tu = Su, which implies that ϑ is a unique point of

coincidence of F, S, and T. If (S.F ) and (T, F ) are weakly compatible, then by Lemma

3, ϑ is a unique common fixed point of S, T andF.

Corollary 6 : Let (X, d) be a complete TVS-valued cone metric space, P be a solid

cone, and mappings S, T : X → X satisfy:

d(Sx, Sy) � a1d(Tx, Ty) + a2d(Sx, Tx) + a3d(Sy, Ty) + a4[d(Sx, Ty) + d(Sy, Tx)]
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for all x, y ∈ X, where a1, a2, a3, a4 ∈ [0, 1) satisfying a1 + a2 + a3 + 2a4 < 1. If

S(X) ⊂ T (X) and one of S(X) or T (X) is a complete subspace of X, then S and T

have a unique point of coincidence in X. Moreover, if S and T are weakly compatible,

then S and T have a unique common fixed point.

Corollary 7 : Let (X, d) be a complete TVS-valued cone metric space with a cone P

having the non-empty interior. If a mappings S : X → X satisfies:

d(Sx, Sy) � a1d(x, y) + a2d(Sx, x) + a3d(Sy, y) + a4[d(Sx, y) + d(Sy, x)]

for all x, y ∈ X, where a1, a2, a3, a4 ∈ [0, 1) satisfying a1 + a2 + a3 + 2a4 < 1. If S(X) is

a complete subspace of X, then S has a unique fixed point in X.

Now, we give one example to validate Theorem 4:

Example 8 : Let E = (C[0,1], R)

P = (ϕ ∈ E : ϕ ≥ 0) ⊂ E,

X = [0, 1] and d : X ×X → E defined by d(x, y)(t) = (|x − y|)et, where et ∈ E. Then

(X, d) is a cone metric space. Consider three mappings S, T, F : X → X defined by

Sx =
x

8
, Tx =

x

12
, Fx =

x

2
.

Clearly S(X) ∪ T (X) ⊆ F (X) for all x, y ∈ X.

d(Sx, Ty)(t) = (|x
8
− y

12
|)et =

1

8
(|x− 2y

3
|)et

d(Fx, Fy)(t) = (|x
2
− y

2
|)et

d(Sx, Fx)(t) = (|x
8
− x

2
|)et = (|3x

8
|)et

d(Ty, Fy)(t) = (| y
12
− y

2
|)et = (|5y

12
|)et

d(Sx, Fy) + d(Ty, Fx) = (|x
8
− y

2
|+ | y

12
− x

2
|)et

and so

d(Sx, Ty)(t) =
1

8
(|x− 2y

3
|)et

≤ 1

6
(|x

2
− y

2
|)et +

1

6
(|3x

8
|)et +

1

6
(|5y

12
|)et

+
1

6
(|x

8
− y

2
|+ | y

12
− x

2
|)et

= a1d(Fx, Fy)(t) + a2d(Sx, Fx)(t) + a3d(Ty, Fy)(t)

+a4[d(Sx, Fy)(t) + d(Ty, Fx)(t)].
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Thus all the conditions of Theorem 4 are satisfies with a1 +a2 +a3 + 2a4 = 5
6 < 1. Note

that 0 is the unique common fixed point of the mapping S, T and F .
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