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Abstract
The object of this paper is to derive four linear generating relations involving the
I- functions of r-variables. Special cases include the result proved by Lawrynovicz

2].

1. Introduction
Notations and Results used :

(a)p stands for a(a+1)---(a+n—1)

1<aj;a§'1)7"' 7a§'r);Aj)P stands for (a1§04§1)>"' ,CKY);Al),(GQ;OéS),”- 704g)§142>7
1 1 r
: 7(ap;al(7)v"' 7(047;0‘1(7)"" ,(Oq(;);Ap)
I'Na+n
(@) = %w)%nzL (1.1)
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M) (@ (12

DR LRI (13)
n=0

i = (1+1t) (1.4)

The generalized Fox’s H-function, namely I-function of r-variables introduced by Prathima,

Nambisan and Santha Kumari [3,p.38] is defined and represented as:

e =
1 T 1 1 1 r r
| o ol A s (A0 A0,
: 1 r 1 T r
o | B B By <d§ L0 D) s (@, 8575 D),
01(s1) Sp)O(s1,- -+, 8p)2)t - zpndsy - - - dsy, (1.5)
Ll T
where ¢(s1,--+,s,) and 6;(s;),i =1,2,--- ,r are given by
N r ()
[IT4(1 —a;+ 3 a)si)
s —
sty 80) = 5 : — Ij — (1.6)
PBi(1=b;+ 3 8)7s:) ] Th(a;— X afsy)
j=1 i=1 j=N-+1 i=1
mi o6 N A
[ 077 (@ = s0) TT T (1= ¢ +47s1)
=1 =1
bi(s1) = —5— — — (1.7)
I 2 —d?+60s) T 197D =405
Jj=m;+1 Jj=n;+1

Also z; # 0 (i = 1,---,7),w = vV=1,mj,nj,pj,q; (j = 1,---,r), N,P,Q are non-
negative integers such that 0 < N < P, Q > 0, 0 < m; < ¢j, 0 < nj < p;

(j = 1,2,---,r) (not all zero simultaneously), ay) (j =1,2,--- ,Pji =1,2,---,71),

5](74) (] = 172>"' 7Q7i: 1727"' 7T)7 7§Z) (] = 172a"' 7pi7i: 1727"' 7T) and 5](1) (] =
1,2,--,¢i,i=1,2,--- ,r)are positive numbers. a; (j =1,2,--- ,P),b; (j =1,2,---,Q),
cg»i) =12, ,p;i =1,2,--- ,r) and dg.i) (j=1,2,---,q;;1 =1,2,--- ,r) are com-
plex numbers. The exponents A; (j = 1,2,---,P), B; (j = 1,2,---,Q), CJ(.i) (j =
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1a2a"' apiai: 1727"'

P
j=1

The integral (1.5) converges absolutely if |arg(z;)| < 3A;m,i =

,7) and D§i) (j=1,2,---

functions may take non integer values. The I-function of r-variables is analytic if

ZBﬁ +ZC

7Qai: 1727"'

, ) of various gamma

ZD“ 5% <0,1,2,-

7j=1

S Z Ajali) — ZBB +ZD()6

j=n+1
(@) . (@) (i) .
+2Cj % Z Cj ;>0
j=1 Jj=n;+1
2. Result-1
(ag—1) oo 00 ys (nl/ak _ 1)t 0,n:m17n’1...;mr7n," I1 Il
mor Z 5! t P12, 5Prodr
5=0 t=0 z, | I2
O Q) (D M)
zin(l+y)™@ gy a5 Ay (657,
xQ T T T
. (1—>\,C¥,1), )1 (C‘S )’7]( )C]( ))pr 1(b.7’ 7 7 ’
Ty 1 1
<d§ )75§ )7D( )>Q17
where
1 r 1 1 1
L = 1(a];a§ )7 ,Oég )7Aj)p ‘1 (Cg )73( )’Cj( ))pu(
(1 —A—s0 1) ) 1(C§T)’,7§T)’C§T))pT
1 1 1
I, = 1(ijﬁ ) 76 ) (d§ )76]( )BDJ(‘ ))QU
provided

(i) k>n,n>0

(i) Re(n'/ox) > 1/2

(iii) arg(nz1) = o arg(n'/**) + arg(x;)

1

)

2

N ) +)
> Dy

Jj=m;+1

— - Onm,n,-
- (1+y) IPQPl-lf—Qih

;c§1>>p1, (ak, ax; 1),

(1.8)

(dgr),éj( )7D(T))

ap — t,Oék;; 1)7

S

(") <), H)
d\", 6 DS

,- -+ ,7 where

BBy

Jar

My, N
*3Pryqr

(2.1)
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(iv) arg(n*/**) < 7 and
(v) A; >0, |argz;| < %wAi,i =1,2,---,r

where

- - Z Ajal? ZBﬁ“JrZD

Jj=n+1

i Pi N
-y z+20 DR
j=m;+1 Jj=ni+1

Proof : Expressing the I-function of r- variables on the left hand side of (2.1) as a

contour integral using (1.5), the left hand side of (2.1) becomes:

(ap—1) 2. 2 —ljag _ 1) 1
y° ( t t
E . t) - (bt - alr
s! t! : (2mw)" /L1 L, o1(ta) - r(tr)art -2

! dty---dt
D(ag —t — apt))T'(1 — X — s — aty) ! "

X

where
H FAj(l —aj + z a;i)ti)
1, ty) = J=1 =1
) YY) T g r . p r .
[IT%0 b+ 3 676) 11 T - 3 aft)
j=1 =1 j=n+1 i=1
and
3 7 7 (1) 7
HIFD()(d()_(S( )t) HIFC’] (1— ()+,YJ )t~)
, . J j=
ls) = D @0 L s,y B owe® @)
H I ( _dj +5j ti) H | ) (Cj — % ti)

Jj=m;+1 Jj=n;+1

Using (1.2) the equation (2.2) reduces to :

(ap—1) X y ( 1/ak_1 .,
T Z_:Zg tl 27Tw /Ll /fpl t)or(tr) - Orltr)ay’ -

(1 —ar + agty): (A + ati)s dt1 .- dt
(—D)T(ax —axtr) (1) TA—A—at) 77
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Now using (1.4) in (2.3), it becomes:

(ak 1)
ok (t )01(t) - - 0 (t, )t -t
Gmw) //:1 /T 1 )01(t1) - - - Ot )2 - - -

1— ak+akt1 )\+ t)
ap aty
U ( +y) dtr - dt.
F(ak — Oéktl 1 — A — Oétl)
(1+
27_‘_3) /L / tl, 91 (tl) -0, (t,«)sc? ce xff
1 T
1 —aty
n" + y dty---dt,
N ozktl (1 —=X—aty)

1+y
- / (11, 8)63 (1) -6, (1)

[z1n(1 +y)~)rag - -alr
C(ap — agt1)T(1 — X — atq)

dty - dt, (2.4)

On applying (1.5) in (2.4) the right hand side of (2.1) is obtained.
Special Cases

When r = 2, (2.1) reduces to:

Corollary 2.1 :

(a—1) O X s —1/ap _ 1\t z1 | Iy
p Yy (77 1) 0,n:m1,n1;ma,n o -\ 70,n:m1,n1;ma,n
o Zg t! Ipvqml-l%?jzu;z,q; { ] =(1+y) Ip,q:m—llrlih;p?z,q;
s=01=0 " ’ T | Iy
l(aj;a§1)7a§2);Aj)p 1 (C‘g‘l)),y‘;l);cj(‘l))plv(akaak;1)7 1
m(l +9)7 (2 (2)~(2) 1) 52
(1= Ao i (€@ @ 0P, 1 (bs500, 825 By, - (2.5)
x2
1) (1 1 2) (2 2
(", 6D (@57 D)
where
1 1
Il = 1(@3, 5 )7 g )7A])p 1 ( 5 )’7]( )70‘7( ))plv(ak —t,O[k,l),
2
1= A= s a2 )
2) 1 2) (2 2
L= 1058787 By 1(d, 6 DY)y, (057,677 D),
provided

(i) k>n,n>0
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(ii) Re(n'/®r) > 1/2

(iii) arg(nz1) = ay, arg(n'/**) + arg(z1)
(iv) arg(n'/**) < 7 and

(v) A; >0, |argz;| < %ﬂ'Ai,i =1,2

where

= - Z Ajal? ZBB(Z—i—ZD

j=n+1
SO LR W LR S T
j=m;+1 j=ni+1

Proof : Proof is similar to that of (2.1).
Remark : On specializing the parameters the equation (2.5) reduces to the result

proved by Lawrynovicz [2].

Result -11:
®1) o ys (1_7’1/61)t O,nmi+1n15 ;me,nyp - 70,n:my,ny ympe,ny
e ZZ; t P Ipqm}qﬁil “iprogr
s=0 t=0
1 r 1 1) r r .
xln(l_ ) 1(aj;0z§-),--',0£§-);14j)pf (5)’% aC]( Plﬁ"' (] 7’7]( )aC]( ))pr
x2
: (A, 1); (b, Br 1)1 (053 88751 8575 By)g w2 (@, 68 DMy | (26)
Ly (r) s(r). ()
1<dj 75]‘ ;D )QT J
where
1 r 1 1 1 r r
o= aasa®se A (@l A5,
12 = (>‘+Svaa1)(t+b1’5171),(b])ﬁ](1)7 ) ](T)aBJ)q : Q(dg )75](1)5Dj(1))<11;"' 7(d§‘T)75j(‘T);Dj(’T))QT
provided

(i)n is arbitrary for m = 1 and for m > 1,|n*/# — 1] < 1

(it) arg(nz1) = Brarg(n'/®') + arg(a:)
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(iii) arg(nl/ﬁl) <3

(iv) arg(n'/**) < 7 and

(v) Ay > 0, |arge;| < 3wl i=1,2,--- 7

where

- Z Ajal? — ZBJﬁ( +ZD

j=n+1
)50 .0 N~ i)
- > D5 +ZCJ‘%‘ - > gy
j=m;+1 j=1 Jj=ni+1
Proof : Proof is similar to that of (2.1).
Result III :
0o 00 T I
(a,;In (—y) (1 — nl/al)t Oy 1L s 1
" s! ] D,q:p1+1,q155prygr
s=0 t=0 Z, IQ
_ A—1) 70,n:my ,n1 415 sme ny
- ( )( )Ipqpﬁlrljh,- iDryqr
. . (1) (7“) .
xln(1+y)—a ()\,Oz,l),(al,al,l) l(a]a j i, (& j aA])p .
x2 1 1 1 r T r
D5 (a5,
Ly 1 r 1 1 1
1(b]7/8§ )77 ]()7B)q 1(d§ )75]( )7D]( ))qu 7(d] )
where
L = (A=s,0;1);(aq —t,oz1;1)1(aj;a§-1),--- ,oz(r) Aj)p 2 ( (1) ( ),C’j(-l)
A,
1 2 1 1 1 r T T
o= a8 87 B a(d 60 D) (@67 D),

provided
(i)n>0,7>0

(ii) Re(n'/*1) > 1/2

(iil) arg(nz) = oy arg(n'/®v) + arg(z)
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(iv) arg(n*/®1) > 7/2 and

(V) A’L > 07 ‘C”“gxﬂ < %ﬂ'A“Z = 172’. T

where
- ) N= gl L N (0 5(0)
A= = ) Ao =Y BB+ ) DY
j=n+1 j=1 j=1
N ) L NS A () NS ) (D)
- Y DYET Y Oy = Y oy
J=mi+1 Jj=1 J=ni+1

Proof : Proof is similar to that of (2.1).

Result IV :
0o oo L1 I
(o) s (pl/Bk — 1)t 1
3, Yy (77 1) 0,n:m1,n1; ;Mp Ny . _ -\ 70,n:my,nye s mpe gy
e Z Z sl t! Ip7q:p1,1q1i2;--~ iProgr : =1+y) [pvq:p1,1q1i2;-" iProgr
s=0 t=0 Ty _[2
L )AL (0) 7
xln(]- +y)—A l(ajaaj ) 7aj 7A])p -1 (CJ a’yj aC] )pp ,(Cj 77] )pm
i) r
: 105 8, B By)g 1 (@60 DY, (b, B 1), (2.8)
Ty r r r
(A7a71);"';1(d§')753(‘);D3(‘ ))Qr J
where

Bo= sl oA (€000 i (. O
L= a8 8By 1(d)Y 655 D), (b 4t B 1), (A + 5,051);
cdots; (dg-r), 5j(.r); Dj(.r))qT
provided
(i)n>0,k>m
(ii) [n'/P) —1] < 1
(iii) arg(nar) = B arg(n'/P) + arg(z1)

(iv) arg(n'/Px) < 7/2 and
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(V) Az > Oa ‘arg$i| < %T‘-Ai?i = 172,"' T

where
z ) N= gl L N (0 5(0)
A= = ) A" =) BiBY + ) Do,
j=n+1 j=1 j=1
N ) L NS A0 () NS ) (D)
- > DYy ol = Y oty
j=mi+1 j=1 j=ni+1

Proof : Proof is similar to that of (2.1).
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