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Abstract

The object of this paper is to obtain a solution of a heat conduction problem in
a square plate by using the help of I-functions of several variables. Special cases
include the results proved by Ambika A [1] and S. S. Srivastava and Ritu Srivastava
[6 ,p.78-80].

1. Introduction

Notations and Results used :

(a)n stands for a(a+ 1) · · · (a+ n− 1)

(an) = Γ(a+n)
Γ(a) ,m ≥ 1

1(aj ;αj , Aj)p stands for (a1;α1, A1), (a2, α2, A2), · · · , (ap;αp, Ap).

−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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The I- function of r-variables introduced by Prathima, Nambisan and Santha Kumari

[4,p.38] is defined and represented as:

I[z1, · · · , zr] = I0,N :m1,n1;··· ,;mr,nr

P,Q:p1,1;··· ,pr,qr z1
...
zr

∣∣∣∣∣∣∣
1(aj ;α

(1)
j , · · · , α(r)

j ;Aj)P :1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ;1 (c

(r)
j , γ

(r)
j ;C

(r)
j )pr

1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)P :1 (d
(1)
j , δ

(1)
j ;D

(1)
j )q1 ; · · · ;1 (d

(r)
j , δ

(r)
j ;D

(r)
j )qr

 (1.1)

=
1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · z
sr
r ds1 · · · , dsr.

where

φ(s1, · · · , sr) =

N∏
j=1

ΓAj (1− aj +
r∑
j=1

α
(i)
j si)

Q∏
j=1

ΓBj (1− bj +
∑r

i=1 β
(i)
j si)

P∏
j=N+1

ΓAj (aj −
r∑
i=1

α
(i)
j si)

(1.2)

θi(s1) =

mi∏
j=1

ΓD
(i)
j (d

(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)

j + γ
(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j + δ
(i)
j si)

pi∏
j=ni+1

ΓC
(i)
j (c

(i)
j − γ

(i)
j si)

(1.3)

Also zi 6= 0 (i = 1, · · · , r), ω =
√
−1,mj , nj , pj , qj (j = 1, · · · , r), N,P,Q are non-

negative integers such that 0 ≤ N ≤ P, Q ≥ 0, 0 ≤ mj ≤ qj , 0 ≤ nj ≤ pj

(j = 1, 2, · · · , r) (not all zero simultaneously), α
(i)
j (j = 1, 2, · · · , P, i = 1, 2, · · · , r),

β
(i)
j (j = 1, 2, · · · , Q, i = 1, 2, · · · , r), γ(i)

j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r) and δ
(i)
j (j =

1, 2, · · · , qi, i = 1, 2, · · · , r) are positive numbers. aj (j = 1, 2, · · · , P ), bj (j = 1, 2, · · · , Q),

c
(i)
j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r) and d

(i)
j (j = 1, 2, · · · , qi; i = 1, 2, · · · , r) are com-

plex numbers. The exponents Aj (j = 1, 2, · · · , P ), Bj (j = 1, 2, · · · , Q), C
(i)
j (j =

1, 2, · · · , pi, i = 1, 2, · · · , r) and D
(i)
j (j = 1, 2, · · · , q, i = 1, 2, · · · , r) of various gamma

functions may take non integer values.

The I-function of r-variables is analytic if

Ψi =
P∑
j=1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

qi∑
j=1

D
(i)
j δ

(i)
j ≤ 0, i = 1, 2, · · · , r.
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The integral (1.5) converges absolutely if |arg(zi)| < 1
2∆iπ, i = 1, 2, · · · , r where

∆i =

− P∑
j=n+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

D
(i)
j δ

(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j

+

ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j

 > 0 (1.4)

On taking D
(i)
j = 1(j = 1, 2, · · · ,mi, i = 1, 2, · · · , r) in (1.1), then I-function will be

deonted by

I[z1, · · · , zr] = I0,N :m1,n1;··· ,;mr,nr

P,Q:p1,q1;··· ,pr,qr z1
...
zr

∣∣∣∣∣∣∣∣
I1

I2


=

1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · z
sr
r ds1 · · · , dsr. (1.5)

where

I1 = 1(aj ;α
(1)
j , · · · , α(r)

j ;Aj)p :1 (c
(1)
j , γ

(1)
j .;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j , C

(r)
j )pr

I2 = 1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)q : 1(d
(1)
j , δ

(1)
j ; 1)m1; m1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1

; · · · ;1 (drj , δ
r
j ; 1)mr ;mr+1 (d

(r)
j , δ

(r)
j ;D

(r)
j )qr

and

θi(si) =

mi∏
j=1

Γ(d
(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)

j + γ
(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j + δ
(i)
j si)

pi∏
j=ni+1

ΓC
(i)
j (c

(i)
j − γ

(i)
j si)

i = 1, 2, · · · , r.
The integral (1.5) converges absolutely if |arg(zi)| < 1

2∆′iπ, i = 1, 2, · · · , r where

∆′i =

− P∑
j=n+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

δ
(i)
j

−
qi∑

j=mi+1

D
(i)
j δ

(i)
j +

ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j

 > 0.
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Churchill [2,p.125].

If a square plate has its faces and edges x = 0 and x = π(0 < y < π), insulated its edges

y = 0 and y = π (0 < x < π) are kept at temperatures zero and f(x) respectively then

its steady temperature u(x, y) is given by

u(x, y) =
a0

2π
y +

∞∑
n=1

an sinhny

sinhnx
cosnx, (1.6)

where

an =
2

π

∫ π

0
f(x) cosnxdx, n = 0, 1, 2, · · · (1.7)

2. Heat Conduction in a Square Plate

Consider the Problem of determining u(x, y), defined in (1.6) with u(x, 0) = f(x) and

f(x) = (sinx)m−1 I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr

 z1(sinx)λ1

...
zr(sinx)λr

I1

I2

 (2.1)

where

I1 = 1(aj ;α
(1)
j , · · · , α(r)

j ;Aj)p :1 (c
(1)
j .γ

(1)
j ;C

(1)
j )p1 ; · · · ; (c

(r)
j , γ

(r)
j ;C

(r)
j )

I2 = 1(bj ;β
(1)
j , β

(2)
j ;Bj)Q : 1(d

(1)
j , δ

(1)
j ; 1)m1 ;m1+1 (d

(1)
j , δ

(1)
j ;D

(1)
j )q1

; · · · ;1 (drj , δ
r
j ; 1)mr ;mr+1 (d

(r)
j , δ

(r)
j , D

(r)
j )qr .

3. An Integral Required for the Sequel

∫ π

0
(sinx)m−1 cosnx× I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr

 z1(sinx)λ1

...
zr(sinx)λr

I1

I2

 dx
=
π cosnπ2

2m−1
I0,N+1:m1,n1;··· ;mr,nr

P+1,Q+2:p1,q1;··· ;pr,qr

 2−λ1z1
...

2−λrzr

∣∣∣∣∣∣
I3

I4

 (3.1)
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where

I1 = 1(aj ;α
(1)
j , · · · , α(r)

j ;Aj)p :1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; (c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = 1(bj ;β
(1)
j , β

(r)
j ;Bj)Q : 1(d

(1)
j , δ

(1)
j ; 1)m1 ;m1+1 (d

(1)
j , δ

(1)
j ;D

(1)
j )q1

; · · · ;1 (drj , δ
r
j ; 1)mr ;mr+1 (d

(r)
j , δ

(r)
j , D

(r)
j )qr .

I3 = (1−m,λ1 · · ·λr)1; (aj ;α
(1)
j , · · · , α(r)

j ;Aj)P : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I4 = 1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q :

(
1

2
− m

2
− n

2
,
λ1

2
, · · · , λr

2

)
1

;

(
1

2
− m

2
+
n

2
,
λ1

2
, · · · , λr

2

)
;

1(d
(1)
j , δ

(1)
j ; 1)m1 ; m1+1(d

(j)
1 , δ

(1)
j , D

(1)
j )q1 ; · · · ; (d

(r)
j , δ

(r)
j , 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr

where

∆k =

− P∑
j=N+1

Ajα
(k)
j −

Q∑
j=1

Bjβ
(k)
j +

mk∑
j=1

δ
(i)
j

−
qik∑

j=mk+1

D
(k)
j δ

(k)
j +

nk∑
j=1

C
(k)
j γ

(k)
j −

pk∑
j=nk+1

C
(k)
j γ

(k)
j

 > 0

and

|arg(zk)| <
1

2
∆kπ, k = 1, 2, · · · , r, Re(m) > 0.

Proof :

∫ π

0
(sinx)m−1 cosnx I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr

 z1(sinx)λ1

...
zr(sinx)λr

I1

I2

 dx
=

∫ π

0
(sinx)m−1 cosnx

×
(

1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)

zs11 (sinx)λ1s1 · · · zsrr (sinx)λrsrds1 · · · dsr
)
dx
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=
1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · , z
sr
r

×
(∫ π

0
(sinx)m−1+λs11+···+λrsr cosnxdx

)
ds1 · · · dsr

1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · , z
sr
r

×

(
π cosnπ2 Γ(λ1s1 + · · ·+ λrsr +m)

2λ1s1+···+λrsr+m−1 Γ(λ1s1+···+λrsr+m+n+1)
2

Γ(λ1s1+···+λrsr+m−n+1)
2

)
ds1 · · · dsr

=
π cosnπ2

2m−1
I0,N+1:m1,n1;··· ;mr,nr

P+1,Q+2:p1,q1;··· ;pr,qr

 2−λ1z1
...

2−λrzr

∣∣∣∣∣∣
I3

I4


I3 = (1−m,λ1 · · ·λr)1; (aj ;α

(1)
j , · · · , α(r)

j ;Aj)P : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I4 = 1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q :

(
1

2
− m

2
− n

2
,
λ1

2
, · · · , λr

2

)
1

;

(
1

2
− m

2
+
n

2
,
λ1

2
, · · · , λr

2

)
;

1(d
(1)
j , δ

(1)
j ; 1)m1 ; m1+1(d

(j)
1 , δ

(1)
j , D

(1)
j )q1 ; · · · ; (d

(r)
j , δ

(r)
j , 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr .

4. Solution of the Problem

Combining (1.7) and (2.1), and making use of the integral (3.1), we derive

an =
2

π

∫ π

0
(sinx)m−1 cosnx× I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr

 z1(sinx)λ1

...
zr(sinx)λr

I1

I2

 dx
=

π cosnπ2
2m−1

I0,N+1:m1,n1;··· ;mr,nr

P+1,Q+2:p1,q1;··· ;pr,qr

 2−λ1z1
...

2−λrzr

∣∣∣∣∣∣
I3

I4

 (4.1)

On putting the value of an in (1.6) we get the following required solution of the problem.

u(x, y) =
a0

2π
y +

∞∑
n=1

π cosnπ2
2m−2

sinhny

sinhnx
cosnxI0,N+1:m1,n1;··· ;mr,nr

P+1,Q+2:p1,q1;··· ;pr,qr

 2−λ1z1
...

2−λrzr

∣∣∣∣∣∣
I3

I4


(4.2)

provided that the condition stated with (3.1) are satisfied.

On taking zi = 0 and λi = 0 for i ≥ 2, (3.1) reduces to the result involving I-functions

of 2-variables as follows:
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Corollary 1 :

∫ π

0
(sinx)m−1 cosnx× I0,N :m1,n1;m2,n2

P,Q:p1,q1;p2,q2

 z1(sinx)λ1

...
z2|(sinx)λ2

∣∣∣∣∣∣
J1

J2

 dx
=

π cosnπ2
2m−1

I0,N+1:m1,n1;m2,n2

P+1,Q+2:p1,q1;p2,q2

 2−λ1z1
...

2−λrzr

∣∣∣∣∣∣
J3

J4

 (4.3)

where

J1 = 1(aj ;α
(1)
j , α

(2)
j ;Aj)p :1 (c

(1)
j .γ

(1)
j ;C

(1)
j )p1 ;1 (c

(2)
j , γ

(2)
j ;C

(2)
j )p2

J2 = 1(bj ;β
(1)
j , β

(2)
j ;Bj)Q : 1(d

(1)
j , δ

(1)
j ; 1)m1 ;m1+1 (d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

1(d
(
j2), δ(2)j ; 1)m2 ;m2+1 (d

(2)
j , δ

(2)
j , D

(2)
j )q2 .

J3 = (1−m,λ1, λ2)1; (aj ;α
(1)
j , α

(2)
j ;Aj)P : 1(c

(1)
j , γ

(1)
j ;C

(1)
j )p1 ; 1(c

(2)
j , γ

(2)
j ;C

(2)
j )p2

J4 = 1(bj ;β
(1)
j , β

(2)
j ;Bj)Q :

(
1

2
− m

2
− n

2
,
λ1

2
,

)
;

(
1

2
− m

2
+
n

2
,
λ1

2
,
λ2

2

)
;

1(d
(1)
j , δ

(1)
j ; 1)m1 ; m1+1(d

(j)
1 , δ

(1)
j , D

(1)
j )q1 ; (d

(2)
j , δ

(2)
j , 1)m2 ; m2+1(d

(2)
j , δ

(2)
j ;D

(2)
j )q2 .

and

|arg(zk)| <
1

2
∆kπ, k = 1, 2, · · · , r, Re(m) > 0.

∆k =

− P∑
j=N+1

Ajα
(k)
j −

Q∑
j=1

Bjβ
(k)
j +

mk∑
j=1

δ
(k)
j

−
qik∑

j=mk+1

D
(k)
j δ

(k)
j +

nk∑
j=1

C
(k)
j γ

(k)
j −

pk∑
j=nk+1

C
(k)
j γ

(k)
j

 > 0.

Remark 1 : On taking z2 = 0 and λ2 = 0, (4.3) reduces to the result proved by Ambika

[1].

Remark 2 : On taking Aj = Bj = C
(i)
j = D

(i)
j = 1 (i, j,= 1, 2, · · · , r), Remark 1

reduces to the result proved by S. S. Srivastava and Ritu Srivastava [6, p.79].
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