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Abstract
The object of this paper is to obtain a solution of a heat conduction problem in
a square plate by using the help of I-functions of several variables. Special cases
include the results proved by Ambika A [1] and S. S. Srivastava and Ritu Srivastava
[6 ,p.78-80].

1. Introduction
Notations and Results used :
(a), stands for a(a+1)---(a+n—1)
_ I'(atn)
(an) = Fa(a) ,m>1
1<aj; Qjs AJ)P stands for (a'l; a1, A1)7 (a27 a2, AQ): MR (a’P; Qp, AP)
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The I- function of r-variables introduced by Prathima, Nambisan and Santha Kumari

[4,p.38] is defined and represented as:

0,N:m1,n1; ,;mp, Ny
a1, 2] = IPQ p111, ! S Prqr
21 | q(aj; (1)’,.. , gr)’A) (§1)77§1);C§1))p1;"' . (ér)ﬁ]() CJ(T))pT
: (1.1)
Zr 1(bj; /83(1) /B(r )P 1 (dgl), 53(1); D](‘l))ql; Rt (d§T)7 5](T); D]('T))qm
1 5 .
= 7(27“'0)7' /Ll e . 91(51) e 01"(£T‘)¢(£17 e 787‘)'211 e erdsl e 7d8,r.
where
N r (i)
I1 (1 —a; + > a’s:)
¢(513 ) ST‘) = Q =l ' ];1 , ‘ (12)
[[T5(1—-b;+>, 5J('l)5i) [T T(a;—> 045-1)81')
Jj=1 J=N+1 i=1
1727 (@Y —6s) T 19 (1 -l +41s)
) i
0i(s1) = qu : (1.3)
2 (4) i i (i) . i
T rTamar s fi v
J=my; j=n;

Also z; # 0 (1 = 1,---,7),w = V=1,mj,n4,pj,q; (j = 1,---,r), N,P,Q are non-
negative integers such that 0 < N < P, Q > 0, 0 < m; < ¢;, 0 < nj < p;

(j = 1,2,---,r) (not all zero simultaneously), agi) (j=12,--- ,Pi=12---,r),
B (=12 ,Qi=12- )7 (=12 pni=12--,r) and 6" (j =
1,2,---,¢;,i=1,2,--- ,r) are positive numbers. a; (j = 1,2,--- ,P),b; (j =1,2,---,Q),
cg.i) j=12,---,p;i =1,2,---,r) and dg-) (j=1,2,---,¢;;i=1,2,---,r) are com-
plex numbers. The exponents A; (j = 1,2,---,P), B; (j = 1,2,---,Q), C'](-i) (j =
1,2,--- ,pii=1,2,---,7) and D](-i) (j=1,2,---,q,i =1,2,--- ,r) of various gamma

functions may take non integer values.

The I-function of r-variables is analytic if

P
=Y Al - Zwuzc o ZDW =12
j=1
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The integral (1.5) converges absolutely if |arg(z;)| < %Aﬂr,i =1,2,--- ,r where

p . Q omi ai o
s [ S eSS S o
j=n+1 j=1 j=1 j=mi+1
SN NS () (1)
+> 0T = Y Py | >0 (1.4)
j=1 j=nit+1

On taking D](-i) =1(j=12,---,my,i = 1,2,--- ,r) in (1.1), then I-function will be

deonted by
T DNm ST M N
Iz, ’Z’”] IE Qs
/ / 01(s1) - 0r(sr) (81, y8p)2) -+ 257 dsy -+ ,ds,.  (1.5)
Ll T
where
1 1 r r r
Il = l(a]';a§‘)v"'>a§ ; ) (] 7’7] aC( ))Pl;"'; 1(5')7'7](' )7Cj( ))Pr
Iy, = l(bj;/B(‘l), ... (7") :B; ) ( (1) L0 1)’ 1)m1; — (dgl),(sj(l),D(l))
(dgﬂ 6]7 1)mr’mr+1 (dg 7 ](T)>qr
and . v o
[1T(d? —6Vs) [I T4 (1= +41s,)
Oi(si) = ——— =
VY () i i @ i
I 2 1-d?+69s) [ 1970 105
j=m;+1 Jj=n;+1
1=1,2,--- 7.

The integral (1.5) converges absolutely if |arg(z;)| < $Alm,i=1,2,---,r where

Aj = ZAa ZBﬁ +Za<

j=n+1

i o
Z D(Z l)+ZCl)’yj Z C'j(-l)”yj(»l) > 0.

j=m;+1 j=n;+1
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Churchill [2,p.125].
If a square plate has its faces and edges x = 0 and x = 7(0 < y < 7), insulated its edges
y=0and y =m (0 < x < 7) are kept at temperatures zero and f(x) respectively then

its steady temperature u(x,y) is given by

o0 .
ag an sinh ny
_ % E :7 1.6
w,y) on’ +n:1 sinhnz o (16)
where

2 T

= / f(x)cosnxdz, n=0,1,2,--- (L.7)
™ Jo

2. Heat Conduction in a Square Plate

Consider the Problem of determining u(zx,y), defined in (1.6) with u(z,0) = f(x) and
21 (sinz)™M I
. _ N: T T .
(@) = (sina)™=t g : (2.1)
Z(sinz)M 2

where

o= aagaf -l A, 0 (VA o) (0405
1 2 1 1 1 1
o= a8 87 Ba 18 Dy (4,5 DY),

s (d5, 853 L) my s, (857, D)

3. An Integral Required for the Sequel
- 21 (sin z)M I
| Gy eosne g | dr
Ze(sinz)™ 2

- 2_>\12’1 I3
T COs Tl§ IO,NJrlzml,nl;--- M Ny
om—1 ~P+1,Q+2:p1,q1;;pr,qr

2 Az, | s



I- FUNCTIONS AND HEAT CONDUCTION IN A... 91

where

1 r 1 1 1 r r r
o= a(aal?, a7 40,0 (A 0 ) (0,405 ),

1) 1) (1 1) (1 1
I = 1<bj;/3§),ﬁ§);Bj>Q: 15,655 D nyimy 1 (5,675 DY)

1 (7,005 D), 1 (S, 687 D),

r 1 1 1 r r r
I; = (1 —m, At A (a5 0 ... ,04§ )7Aj)P3 1(65- ),7](- );C]( ))pl;"' ; 1(C§~ ),7](- )§CJ( ))pr
= bW g g, (Lom oA (L m e A A
I4 = 1(b]718j ) 7/8] aB])Q(2 2 2727 72>17 2 2 2727 72 3
1 1 1 r r
(d§ )75]( ),1>m1; m1+1(dgj)76]( )7 ( ))th;" ( § )a(SJ 71)m7‘7 mr"rl( ; )75§ )7D( ))
where
P
Ay = | = 3 4l ZB&’“)JFZ(S(
j=N+1
(k) ¢(k) (k k) ok k k
ZD)é( +Zc” S o) >0
j=mr+1 Jj=nr+1
and
1
larg(zi)| < iAkW’ k=1,2,---,r, Re(m)>0.

Proof :

. 21 (sinz)M I

/0 (sinac)m_1 COS NI I%g;?lé?}j"p:;’nr : dx

zr(sinz)M T2

s
= sinz)™ ! cosnx
(sinz)
0

" ((271'1w)T /Ll.../LT91<31)...gr(sr)(b(sh... )

251 (sin )Mt - 28 (sin @) Mo dsy - - dsT> dx
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1 — _
fnd / 91(81)“'97‘(87‘)¢(817“' ,Sr)zfl"‘ ,Zﬁr
Ly

(2mw)" L,

s
X (/ (sin )M IHASILFFArSr (g nwdm) dsy---dsy,
0

1 ya) n S1 Sr
W/Ll . 01(s1) - Or(s:)P(81, - 5 8r)27 ) R
mcosngl'(A1sy + - + Apsp +m)
X dsi---ds,
91814+ Arsp+m—1 F(/\ls1+---+A2rsr+m+n+1) F(/\1s1+~--+/\2rsr+m—n+1)
= 27)‘121 I3
_ TCOSTG 10 N+1lmmi,nyse ime,ny
- om—1 " P+1,0+2:p1,q15- ;progr :
2 Az, | 14
1 r 1 1 r r r
I = (L=mAr A (agieg” a4 (O s (7400,
1 m n )\1 A 1 m n M\ A
I = b n .. (.T).BA P ooy 2y A A
4 1(]7/83 ) 7/837 ])Q 2 2 2 2 72 2 2+2727 72
1(d§1) 5(1) 1)m1; m1+1(dgj)76j( )7D(‘1))q1;" ( 5,‘)753 71)mr7 mr+1( 5)75§T) D()

4. Solution of the Problem
Combining (1.7) and (2.1), and making use of the integral (3.1), we derive

o (7 21 (sin z)™ I
— _ 3 m—1 0 N: mi,n1; My, Ny .
an o T / (Sln x) COSTLL X IP Q P1,915 " 3Pryqr : dw
| 2-(sinx)
27)\121 13 .
ﬂ_COSnQID N+1mi,ni;- ;me,ny . (4 1)
om—1 "~ P+1,Q+2:p1,q1; pr.qr : :

2 Ar 2, Iy |
On putting the value of a,, in (1.6) we get the following required solution of the problem.

2_)‘121 I3

o0 I
_ag T COS N5 sinhny 0,N+Limy,ng; sme,np
(x =5_v+ Z om—2  ginh ne cos anP-H 'Q+2:p1,q15+ 5Progr .
2~ Ar Zr I
(4.2)
provided that the condition stated with (3.1) are satisfied.

On taking z; = 0 and \; = 0 for ¢ > 2, (3.1) reduces to the result involving I-functions

of 2-variables as follows:
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Corollary 1 :

i 21 (sin z)M Ji
/0 (sinz)™ ! cos nx x I%gigf&?;;gm : dx
z|(sinz)?2 | J2
- 2_)‘12’1 J3
o 7TCOSTL§ 0,N+1:m1,mn1;ma,n2 . 4.3
om—1 =~ P+1,Q+2:p1,q1;p2,q2 : ( : )
2 Az, | Ja
where
1 2 1) (1 1 2 2 2
D RN L MNP RN LN
1 2 1 1 1) (1 1
Jo = 1(bj;5j(' )a/B]( );Bj)Q : 1(d§ )763( )§1)m1;m1+1 (dg )’53( )7D]( ))lh;

1(d§'2)’ 5(2)j; 1)m2 yma+1 (d§'2)7 5]('2)3 D§2))q2
Joo = (L=m )i (agiaf ol e s ()25 O s (74707,
gV @y L (Lom oA ) (1 m A Ag
J4 - 1(bj76j 7/8] 7BJ)Q<2 2 2727>a<2 2+272)2 )

1 1 j 1 1 2 2 2 2 2
15,85 Doy (07,05, D)5 (@707 D) g (057,677 D).

and

1
larg(zi)| < iAkﬂ', k=1,2,---,r, Re(m)>0.

P Q mp

k k k

M- ( > el =3 w3
i=1 j=1

j=N+1

N )5k L N B () NS (k) ()
- Y DSy Oy = Y | >0
j=mp+1 j=1 j=np+1

Remark 1 : On taking zo = 0 and A2 = 0, (4.3) reduces to the result proved by Ambika
[1].

Remark 2 : On taking A; = B; = C’](-Z) = D](-Z) =1 (i,7,= 1,2,---,r), Remark 1
reduces to the result proved by S. S. Srivastava and Ritu Srivastava [6, p.79].
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