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Abstract

Recently much attention has been paid to the strong rate of convergence of
Euler-Maruyama scheme for SDEs with irregular coefficients, driven by a-stable-
type processes. However, most of the studies carried out so far deal with the case
where a € (1,2). There are few works, if any, on the case where o € (0,1]. The
aim of this paper is to contribute in narrowing this gap. Consider the stochastic
differential equation (SDE)

dX; = x+ b(t,Xt)dt + fooo f|z|§1 1[07 o(5,X,— ,2)] (T)Z./\N/(dz,d’/‘, dt)
(0.1)
+ Jizio1 L0, 0(s.x,2))(r) 2N (dz, dr, dt), Xy =z € R%

This SDE is a more general equation than the standard SDEs usually used in
the literature on the strong rate of convergence of the Euler-Maruyama scheme.
Furthermore, the driving process here is assumed to be an a-stable-type process,
with a € (0, 1]. We determine the strong rate of convergence of the Euler-Maruyama
scheme for the SDE (0.1) under weak conditions on the coefficients. For example,
the drift coefficient b is simply required to be a function in Besov spaces, which is

Key Words : Stochastic differential equations, Strong rate of convergence, FEuler-
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a weaker condition than, but covers, the Hélder continuity requirement. This work
thus extends many of the recent studies on the strong rate of convergence of Euler-
Maruyama scheme for SDEs with irregular coefficients and driven by a-stable-type
processes. Our method is based on the properties of the solution of the backward
Kolmogorov equation associated with this SDE.

1. Introduction
Consider the stochastic differential equation
dX; = @+b(t, Xo)dt + [i° [l.1<1 1o, o(s.x,_ ) (r)2N (dz, dr, dt)
(1.1)

+f000 f‘z|>1 Ljo, o’(s,Xs,,z)](r)ZN(dz7dr) dt), Xo=z € R
where b : [0,7] x R — R? is a Borel function and o : R* x R? x R — R is the
jump intensity kernel. N(dz,dr,dt) is a Poisson measure on R? x [0,00) x [0,00) and
N (dz,dr,dt) := N (dz,dr,dt) — v(dz)drdt, the corresponding Poisson random measure
where v is a Lévy measure. Note that, here, the jump intensity kernel o(t, x, z) is state-
dependent and the the driving process is a markov process, which is not necessarily a
Lévy motion. The SDE (1.1) is thus a more general SDE than the standard SDEs often
considered in the literature. More details on this SDE can be found in [15].
The solution of (1.1), when it exists, cannot always be found through analytical means.
Often one has to resort to numerical methods. Our reference for numerical methods
for SDEs include the books [6, 13]. The simplest and most used numerical scheme for
approximating the solutions of SDEs remains the explicit Euler-Maruyama scheme (see
Section 2.4). The aim of this paper is to determine the strong rate of convergence of the
Euler-Maruyama scheme for the SDE (1.1) under mild conditions on the drift function
b. Our method is based on regularity properties of the solution of the parabolic partial

differential equation
Ou+ Lou— A+ bVu=—f, u(0,z)=0. (1.2)

where A > 0 is a parameter and b, f : [0,1] x R? — R? are Borel functions. Here the

operator L7 is defined by

Ly f(z) = /Rd (f(@+2) = f(x) = Las1yl{z<32- V(@) o(t, z, 2)v(dz) (1.3)

There are many interesting results on the strong rate of convergence of the Euler-

Maruyama approximation for SDEs which allow non-globally Lipschitz coefficients. We
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refer to [4, 12, 8] and the references therein for a review of the work done on the strong
rate of convergence of the Euler-Maruyama approximations of SDEs driven by a Wiener
motion and to [14, 5, 3, 8, 10, 7] and the references therein for more information on the
work done on the strong rate of convergence of the Euler-Maruyama approximation to

the solution of SDEs with jumps.
Let us remark that the field of partial differential equations (PDEs) provides useful

tools for investigating the rate of convergence of a numerical scheme. For example,
Mikulevi¢ius and Platen in [9] used the backward Kolmogorov equation to study the
weak rate of convergence of the Euler Maruyama scheme when the coefficients are
p-Holder continuous. The results of [9] were generalised in [11] to the case of non-
degenerate SDEs driven by Lévy processes. However, Pamen and Taguchi [8] seem to
be the first to use the backward Kolmogorov equations to estimate the strong rate of
convergence of SDEs with irregular coefficients. Since then the idea has been used by
many authors to investigate the strong convergence and the strong rate of convergence
of the Euler-Maruyama scheme. In the continuous case, Bao et al.(2016) [1] has used
the idea to extend the result of [8] to the case of SDEs with Hélder-Dini continuous
coefficients and possibly unbounded drift. Dareiotis and Gerencsér (2018) also used
this approach. In the case of SDEs with jumps, Mikulevi¢ius and Xu [10] extended the
result of [8] to the case of SDEs with non constant diffusion using this same technique.
Very recently, using the same idea, Kiithn and Schilling [7] extended the result of [8] to

the case where the driving process L; belongs to a wide class of Lévy processes.

We note that most of the research on the strong rate of convergence of the Fuler-
Maruyama approximation to the solution of SDEs with jumps has focused on sub-
critical SDEs. There are much fewer studies on the supercritical SDESs in the literature.
Motived by the recent work of [15], we are going to use the PDE approach introduced
in [8] to estimate the strong rate of convergence the Euler-Maruyama approximation to
the solution to the SDE (1.1) under some mild conditions on the coefficients of (1.1).
More specifically, we assume that the drift coefficient b is a function in the Besov space
B§,7 ¢ (Rd). For information on functions in the non-homogeneous Besov spaces, one may

consult [15]. The present work thus extends the works of [8, 7, 10].
Notations and Assumptions:

We adopt the notations and assumptions of [15, 8]. We use the standard notation V f
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to denote the vector of partial derivatives with respect to the space variable and D, f
to indicate the time derivative of f. For a,b,R > 0 € R, we use a A b for min{a, b},
a Vb for max{a, b}, a® for max{a,0} and Bpg for the ball of centre 0 and radius R, i.e.,
Bp:={z € R?: |z| < R}. If F is a class of functions then C([a, b], F) denotes the space
of all functions f : [a,b] x R? — R¥ such that f(t,.) € F for all t € [a,b]. We mention

some function spaces:

o Cy(R% RF) denotes the space of bounded continuous functions f : R — R¥. For

a measurable function f, the supremum norm is defined || f|| ., := sup,ecga | f(2)].

e If g€ (0,1 and f : [0,T]xR% — R? is a function, we define the Holder semi-norm

by
|f(x) = f(y)]
flg = sup o
[ ]ﬁ TH#Y |l’ - y|6
and
1Fllpeece = sup|f(t2)[+ sup [f(t)]s
(t,z)€[0,T]|x R4 te[0,T]

e For p’ € [1,00], we write Lp?(T') := L>([0, T; LP (R%)) with norm

1Nl oo ¢y = sup_[[f (¢ ),
P te[0,T]

e Given 8 € R and p/,¢" € [1, 00|, we denote the non-homogeneous space of Besov
space by Bf, y (R%)). More information on Besov spaces can be found in [15] and
the references therein. If f € LOO([O,T];BE, 4 (R%)), then the norm of f is given
by

f g = sup ||f(t,.)] .8
s, = s 150y

e For 0 < a < 2, we denote the set of all non-degenerate non local symmetric stable

Lévy measures v“ by L.

We adopt the following assumptions of [15].

Assumption 1.1 : Assumption on the Lévy measure: we assume that

e (HY): the Lévy measure v is of a-stable type with a € (0, 1],
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o (HY): v(BYf) < oo and there exist vy, vy € L such that

v1(A) <v(A) <w(A), VA C By,

e HY : there exist v € [0,1] and 75 > 0 such that
/ |2 (dz) < 0o and / |z|7°v(dz) < oo.
|21<1 |2|>1

Assumption 1.2 : Regularity Assumptions on the drift b: We assume that the drift

coefficient b is a function i L>°(R™; Bg, ) where

2d
ﬂ>1—% and —<p < o0.
o

Assumption 1.3 : Regularity Assumptions on o: assume that

o (HY) : there exist constants kg, <1 > 0, K2 > 1 such that
ko < o(t,z,z) < Ky, V (t,z,2z) € RT x R? x R?
and for all (¢,2) € RT x R? and all § € (0, 1] we have

|U(t7$az) - U(ta Y, Z)’ < ’%2|$ - y|9> with |ZL‘ - y| <L

o (HY) : there exists a function g € Bg,po (RY) with ¢’ > g such that for every ¢t > 0

and almost all z,y € R? we have
/Rd |o(t, 2, 2) = o(t,y, 2)| (2] AL)w(dz) < |z —yl(o(x) + o(y))-

Under these assumptions, the existence and uniqueness of the strong solution of the SDE
(1.1) are guaranteed by [15, Theorem 2.6]. The objective of this work is to determine
the strong rate of convergence of the Euler-Maruyama approximation to the solution
of the SDE (1.1) under the above assumptions. As stated above, the condition b €
L>®(R*; Bf,po) is weaker than the condition b € Cf(Rd) imposed on the drift in, e.g.,
8, 10, 7].

The remaining part of this work is organized as follows. In section 2 we gather prelim-
inary results necessary for the proof of the results of this work. In section 3, we state

the main results of this paper. Finally, in section 4, we prove the main theorems of this
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paper.

2. Preliminaries

2.1 Moments estimates for the Process : Let (2, F, P) be a probability space. A
process Z; :  — R is said to be a stable type process if Z; is a pure jump process
the jump intensity kernel of which is comparable to that of one or more stable processes

(see [15]. Throughout this section we assume that v is a Lévy measure of a-stable type.

We set
t [e%¢) N
7} ::/ / / Lo, o(s,2,2)] (1)2N (dz, dr, dt)
0 JO |z|<1

t o)
ZtZ 2:/ / / 1[0, (7(8730%)](T‘)Z./\/‘(dz,dT‘7 dt).
0 JO |z|<1

The moments estimates of Z} and Z? play an important role in the proof of the main

and

results of this work. Let Z; = Z}! + Z2. The following Lemma is essential for this study.
Lemma 2.1 : Assume that the assumptions (1.1) and (1.3) hold. Then for any p > 0,
there exists a constant C' depending on p,d, k1,7, Voo, K1, 2(B1), v(Bf) such that for
any t € (0,77,

<

Cte if p<ac(0,1]

E| sup |27
S<t<T

{Ctg if  p>1

Proof : We prove Lemma 2.1 for the constant coefficients case ¢ = op(s,z). The
prove for the variable coefficients case is similar. Using Doob’s maximal inequality and

assumption (1.1), it follows that

B ya
t o0 2
B[ s 7P| < G ( [ ] w W)}<r>\z|2dw<dz>ds>>
0<t<T 0o Jo Jiz<1
- P
t 2
< GC,E // o(s,z)|z["v(dz)ds)
0 J|z|I<1
5, 4 )
< G /11/ |z|"v(dz) (/ ds)) < Gy, qt? (2.1)
|2l<1 0

with a similar inequality for the process ZZ. Thus for any p > 1 there exists C =
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C(p, Ko, k1) such that

NI

E | sup |Z,F

0<t<T

< prﬁlﬁoﬂﬂoot

In the case where p € (0,1) we use [[7], Theorem 3.1(i)]:

t 00 p
E| sup |Z}P| = E| sup // / Lo, U(s,z)](r)zﬂ/'(dz,dr,dt) ]
0<t<T o<i<t |Jo Jo Jj<a
B ya
t [o.¢] a
< GE ( A U(s,zn<r>|zr“dw<dz>ds>)
0 JO |z|<1
- » p
< GE // o(s,z)|z|*v(dz)ds) < Cprram(BE®
0 J|z|I<1

with a similar inequality for the process Z7. Thus for all p € (0,1), we have

ye
E | sup ’Zt|p < Cp,m,ﬁo,vl(Bf),l/z(Bﬂto‘
0<t<T
The proof is complete. a

2.2 The PDE associated with SDE (1.1) : The method we are going to use for
determining the strong rate of convergence of the Euler Maruyama approximations
relies heavily on the regularity properties of the solution of the backward Kolmogorov
equation associated with the SDE. Following [15], we consider the linear parabolic partial

differential equation
o+ Lou — M+ b.Vu = —f, u(0,z) = 0. (2.2)

where L9 is the infinitesimal generator defined by (1.3), A > 0 is a parameter and
b,f : [0,1] x R — R are Borel functions. In this paper we refer to the partial
differential equation (2.2) as the backward Kolmogorov equation associated with SDE
(1.1). The existence, uniqueness and properties of the strong solution to the integro
differential equation (2.2) are studied in [[15], Theorems 4.3, 4.6, 4.8 and 4.9]. The
following Lemma is a direct consequence of [[15], Theorem 4.6].

Lemma 2.2 : Assume that 0 < a < 1 and let hypothesis (H{) hold. Suppose that

b€ LOO([O,T];BE,OO(RCI)) with 8 > 1 —a and ;79— V2 < p/ < co. Let A > 0 and
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f e L“([O,T];Bg/oo(ﬂ%d)) with v € [0, 8], 2 < ¢ < p and ¢ < oo. Then for all
e € (0,1), the unique solution u € L>([0,T]; By .} (R?)) to the PDE

ou+ (LY — Nu+bVu=—Ff, u(0,z) = 0.

satisfies the inequality
. (2.3)

N |

[ulloe + [[Vulloo <& <

Proof : By [[15], Theorem 4.3 and 4.6] for all § € [0, + 7), the unique solution,
u € L([0,T); By 1 (RY)) to the PDE (2.2) satisfies

lult, Mpeps, < CAIFE M pzm, - (2.4)
q’,00 q',00

for some constant C) such that Cy — 0 as A — oo. Since A > 0 in [[15], Theorem 4.3]
< 5. Since L (R?) C BY,

q',00?

is arbitrary, it can be selected so that C) < 7D

£
”L%OB“’,
q ,00
the result then follows from the embedding Theorem given in [15], i.e.,

B Ry < 08 (R 2.5
p’7q’( >(_> b( ) ()

The proof is complete. a
The following corollary give the properties of the solutions of the PDE (2.2) in the case
¢ = oo. In this case B&,M(Rd) is a Holder space.

Corollary 2.3 : Assume that 0 < o < 1. Assume that b is bounded and S-Holder
continuous in z with 8 € (0,1) and a + 3 > 1. Let A > 0, and f € L*°([0,T); C} (RY))
with € [0, OAS]. Then, for all e € (0, 1), the unique solution u € L>([0, T]; B&'% (R%))
to the PDE

O+ (L) — Nu+b.Vu = —f, u(0,2) =

satisfies the inequality

1
hallos + [Vulloo < & < 5. (2.6)
Proof : It is enough to let ¢ = oo in Lemma 2.2 and use the fact that Bgo,oo(]Rd) =
Cy (RY) (see [15]). o

2.3 The transformed equation : Let u be the solution of the backward Kolmogorov

equation (2.2) with f replaced by b, i.e.,

O+ (L9 — Nu+ b.Vu = —b, u(0,z) = 0.
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For any t € [0, 7], consider the mapping 7 : R — R? defined by T;(z) = = + u(t, ).
Then 7T is C'-diffeomorphism 7!, with

L VT 9T <22 (2.7)

N |

(see [15]). We now introduce a new SDE which will play an important role in the study
of the strong rate of convergence of SDE (1.1). Let X; denote the solution of the SDE
(1.1). Then, by [[15], Lemma 5.5], the process Y; := Ty (X;) = X + u(t, X;) is a strong
solution to the SDE

t t [e’s)
Y, = 7;(1:)4—/ b(s,Ys)ds—}—// / 1[075(572)](7’)2/\/'(dz,d7‘,ds)
0 0 J0 |2]<1

t [e¢)
—|—/ / / Lio,5(s,2)) (1) 2N (dz, dr, dt) (2.8)
0 JO |z|>1

where

b(t,x) == du(t, T, (x)) — /| - (u(t, T, Hw) + 2) — ult, ﬁ_l(x))) a(t,z)v(dz) (2.9)
and
g2, 2) == Ti(T, Hx) + 2) — =, o(t,z):=o(t, z). (2.10)

In this paper we refer to the SDE (2.8) as the auxiliary SDE associated with SDE (1.1).
The advantage of the auxiliary SDE (2.8) over the original SDE (1.1) is that it has more
regularity. The coefficients b for example satisfies the following conditions.

Lemma 2.4 : Let the hypotheses Lemma 2.2 hold. Then the coefficients b in the

transformed equation (2.8) satisfy the inequality
b(t, ) = b(t,9)| < e A+ maw(BD) [y
in the constant coefficients case where o = o¢(t, z), and
b(t,2) = b(ty)| < 26 (A o(T (@) + oT () ly —

in the variable coefficients case, 0 = o(t, x, z)
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Proof : We use the MVT, hypothesis HY and Lipschitz properties of the mappings 7;

and 7,7, In the constant coefficients case we have
b(t.x) = b(ty) = Au(t, T (@) = Mult, T, (1))
/| u(t, T ) + 2) = u(t, ;! (@)) (¢, 2)w(d:)
+/ (u(t. T () +2) —ult. T, () (¢ 2)v(d2).
|z|>1
Thus
b(t,o) = blt.y)| < Afult, T, (@) = u(t T (v)

+e ‘7;—1(3;) _ ﬁ_l(y)l - a(t,z)v(dz) < 2e (N + kov(BY)) |z —y|.

where we have used (2.7). In the variable coefficient case, we have
bt,o) ~b(ty)| < Ke|T @) - T ')

+€/|>1 lo(t, T (), 2) — o(t, T~ 1 (@), 2)| (|2 A D(dz)
e [T74@) T )] + < T4 0) = T )] (T~ (0) + 0T )
< 26N+ o(T =) +o(T W) |y — 2.

IN

where we have used the hypothesis (HS). The proof is complete. 0
2.4 Euler-Maruyama Approximation : Suppose there exists a probability space
(Q, F, P) on which one can define a stable-type process Z; and a process X; such that
the SDE (1.1) is satisfied. Then the continuous Euler-Maruyama scheme for (1.1) is

given by
Xt(n) = / b(s, X( ds+/ / / 0, (s, x™) )](T)ZN(dz,dr,ds)
l2]<1 n(s)’
+/ / / 1 (n r)zN(dz,dr, ds 2.11
0 Jo Jps1 0t 52X 0% )]( )N ) (2.11)
where 7(s) = ’%T,s € ['%T, (ktll) } The following Lemma plays an important role in

the proof of the main result.
Lemma 2.5 : Let the hypotheses of assumptions (1.2), (1.3) hold. Suppose, in addi-
tion, that b is bounded. Then for any p > 0 there exists a constant C depending on
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P d, T, |[bl oo (y such that
p/

if p>1

() _ () [P
E XM - x <
[o?tl%‘ ! ’W)‘ ] - if  p<ae(0,1].

3 3
Q \»@‘ Q m\'ﬁ‘ Q

Proof : Using [[15], Theorem 2.6] and applying Jensen’s and Holder inequalities and

taking supremum and expectation, we have

i 0 o)
0<t<T
t
<¥ B | s t-m@r [ sw b<u,x<ngu)>\pdS]
Ost<T M (t) 0Su<s i
t o) p
+ 3R | sup / / / 1 o (r)zN (dz, dr, dt)
0<t<T |Jnn(t) JO  J]2|<1 [0,0(s,X5™",2)]
t o] p
+ 31 sup / / / 1 ) _(r)2N(dz,dr,dt)
o<t<T |Jouty Jo Jjgs1 [00(8:X702)]

< 3p—1TP7P 3P—1E Z. p
= w 20 o]

16117 !

where Z; = Z} + Z} as defined in subsection (2.1). The result follows from Lemma
(2.1). 0
The following Lemma is essential for the prove of the results of this work.

Lemma 2.6 : Assume that the hypotheses of assumptions (1.1) - (1.3) hold. Then for
any p > 0, there exists C' > 0 such that for any ¢ € [0, T], there exists a constant C' such
that for all n € N

E | sup ‘Xt—Xt(n)

0<t<T

). | P
]
0<t<T

P
]SCE

Proof : Since the mapping 7! is Lipschitz continuous, it holds that

X, - X

=T ) - T T )| < o v - T

Now the result follows by taking the supremum and then expectation on both sides of

the above inequality. a
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3. Main results
The following theorems constitute the result of this paper. Theorem 3.1 determines the

)

strong rate of convergence of the Euler-Maruyama approximation Xt(n to the solution
of (1.1) in the case where b is Holder continuous.

Theorem 3.1 : Assume that 0 < a <1 and the hypotheses H{ and HJ hold. Assume
that b is bounded, n-Holder continuous in the time variable and S-Holder continuous
in x with 8 € (0,1] and a + 8 > 1. Then there exists a constant C' depending on

p,d, T, K¢, V(Bl)a ||b||L;?(T) and ||Q||L%°Bg, - such that

P o if pB> 1.
E | sup ‘Xt - X, < "pnc 2 '
0<<T 0P if pB < a.
n [y

The following corollary is a direct consequence of Theorem 3.1.
Corollary 3.2 : Under the assumptions of Theorem 3.1, there exists a constant C

depending on p,d, T, K,e, \,v(B1), ||bHL;?(T) and ||QHL%OB;)/ N such that

¢ if  pB>1 A8
if pB<anB<

p
E

3
Q)

sup ‘Xt — Xt(")‘
0<t<T

<

3
of,

The following Theorem is our second main result. It deals with the case where the drift
coeflicients is not necessarily Holder continuous.

Theorem 3.3 : Let 0 < o < 1. Assume that the hypotheses in Assumptions (1.1) - (1.3)
all hold. Assume further that the spacial first partial derivatives of the drift function
b exist and satisfy the assumption (1.2). Suppose in addition that b is bounded and
n-Holder continuous in the time variable. Then for any p > 0, there exists a positive
constant C' depending on A, d,p,T, |b|L;?(T), |Vbly,|k|2, v(B1),v(Bf),e, and Qg B,
such that for any ¢ € [0, 7],

if p>1, a+8>1 AN n>
if p<a,at+pf>1 A n<

p )

<

NI N

E [ sup ‘Xt — Xt(n)
0<t<T

3 3
s:m‘Q m\\s‘Q

4. Proof of Main Results
We use the technique introduced by [8] which uses the regularity properties of the
solution to the backward Kolmogorov equation associated with the SDE under consid-

eration to derive the LP-error of the scheme. More specifically, using Lemma 2.2, for
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any ¢ € (0,1), and for any i = 1,2, ...,d the PDE

8ui
ot

+ ([’g - )\)uz + qul = *bi on ul(O,m) =0 (41)
has a unique strong solution, and moreover, for some A large enough, we have

[uilloo + | Vti]|oo <€ < (4.2)

l\D\H

Applying the It6 formula (see [[15], Lemma 5.1]) to the solution u; of the PDE (4.1) at

X;, we have
ui(t, Xe) = w0, :v)+/t(8 + Lo)ui(s, Xg)ds
/ / /Rd 8, Xs= 4+ 1[0, o(s,x,_ 2 (T )2) — ui(s, Xy )| N(dz x dr x ds)
= (0, x)+)\/ ul(s,Xs)ds—/Ot bi(s, Xs)ds

// H(s, Xs-, 2)N(dz x dr x ds),
Rd

where
H(S’ z,T, Z) = Uy (87 T+ ]-[0, o(s,x,2)] (T)Z) - ui(sv 'T)
= 1o, o(s,2,2)] (1) (i (5,2 + 2) — ui(s,x)). (4.3)
Thus

t

/Otbi(S,Xs)ds = ui(O,x)ui(tht)Jr)\/O (s, X)ds
/ / RdH 5, Xy, 2)N(dz x dr x ds). (4.4)

n)

Similarly, applying the It6 formula to u; at Xt( we have

t t
/bi (S,Xs(")> ds = /)\ui(s,Xg”))ds
0 0 .
+ [ (Tl X, (o). X7,) ~ s X0 ) s

// RstX_, 2)N(dz x dr x ds). (4.5)
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Using the definitions (1.1), (2.11), (4.4) and (4.5), for each i = 1,2,--- ,d, we have

‘Xt(i) _ Xt(n,i)

t
< [ A, X0) = s, X
0

uilt, X{™) = wilt, X)| +

t
T /0 (bitmals), X)) — bils, X)) dis

| [ (Tt X2, (ot 1) b )
t

+ / K(S,XS—,XLECL),T, 2)N (dz x dr x ds)
0 JO R4

t 00
+// / <1 o(s,X,—,2))(1) — 1 n ?”>Z./\7dz,dr,ds
o Jo 121<1 [0, (s, X —, )}( ) [0, U(s,Xf7<:)_,z)]( ) ( )

t o]
+ / / / (1 L o(s,x._ (1) — 1 (n) (T)) Z./V(dz, dr,ds)
0 0 ‘Z|>1 [0 ( Xs )} [0, O’(S,X’”(S)_,Z)]

where

(4.6)

Ki(s,Xsf,Xill),r, z) = (Hi(s, X4-,1,2) — Hi(s,Xéﬁ),r, z)).

4.1 Proof of Theorem 3.1 : We first consider the case where the jump intensity
kernel o is space-independent. In this case the last two terms in (4.6) vanish. We
need to control each of the terms on the right of the inequality (4.6). Since b is Holder

continuous in both variables, i.e. for all s,¢ € [0,T] and all z,y € RY,
[b(t, 2) = b(s,y)| < K(|s — 1" + [ —y|”),
we use the mean value Theorem (MVT) and Lemma 2.2 to reach the inequality:

. . t
x® _ xmdl < ¢ ‘Xt(”) - Xt’ + e / ‘Xs — X™|gs
0

t
n B
+(1+5)K/0 ‘Xfmzs)—Xé”)‘ ds+ (14 e)K(t — Tj_1)|s — nn(s)]?

t proo
+ / / Ki(s,Xsf,Xs(T_l),r, 2)N (dz x dr x ds)| . (4.7)
0 JO R4

Next, we form the LP-norm of the error ‘Xt - Xt(n) . To this end, we use Jensen and
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Holder’s inequalities:

X - X

d
P _ (Z )XZ _ Xt(n,z)
=1

2
2
2) = d5 5P 1Z‘XZ (n)

< db-lert p‘X(") X‘ (\e)PTP- 1/ XS—XS(“)‘pds
T,
+d§%?%14-@?k@1m1/n Aéné)—;XS”pﬁds
Ti_1 "

+d5 6P (1 + e)PKPTP|s — o (s) [P
t o]
/ / Kz‘(S,Xsf,Xé’z),r, 2)N (dz x dr x ds)
R4

p
it

Since € is arbitrary it can be chosen so that ¢, := d36P~1eP < 1. Now taking supremum
and then expectation on both sides of the above inequality, we have

|

E [ sup ’Xt — Xt(")

0<u<t
L 1pp—1 ppp—1  pt
(1—cp) 0 lo<u<s
p__ _ _
+d2 O+ e T tIE sup |X™  — x(™ e ds
(1 - Cp) 0 0<u<s I (3) s
dz=16P~1(1 + &)PKPTP
Ot PR s (o)
(1—cp)
d*fl p—1 - p
+(21 66 [sup // Ki(s, X, ,X() 2)N (dz x dr x ds) }
—¢p)  lo<u<t Rd
=T? 4+ T3+ T+ 15 (4.8)

To find estimates for the stochastic integral 7°, we use Doob’s maximal inequality. Note

that, in the constant coeflicient case,
K(s,.,r,2) = H(s,z,1,2) = H(s,y,7,2) = 1|0, 00(5,2)) (") (T2ui(s, %) — Toui(s,y)) . (4.9)
where, for any function f on R?, the operator 7 is defined by
T.f(s,z) = flx+2)— f(z) ¥V zeRL
Let us set

dA(s) = /| . (MIVTou] (5, X+ M [T (5, X0)) v(d2).
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Then using [[15], Lemma 5.2] and Minkowski inequality, there exists ¢z > 0 such that

E[A(s)] = E[/Z|<1/Ot (M|V7’zu\ (5, Xs) + M |Toul (s,X§">))2dsy(dz)]

IN

02/ ||V7'Zu\|%o?(T)l/(dz) < Csllufl ;oo gats <. (4.10)
j2I<1 » ERS

(see [15], page 36.) In the last inequality we have used Lemma 2.2. Thus applying
Doob’s maximal inequality, the hypothesis (H{ ), and using (4.10), we have

D
2
E| sup |T°P| = C,E (// / K(s, X, , X" 1, )|2/\7(dz,dr,dt))
0<t<T l2|<1
P
t 2
< E(// O'(S,Z)H’TZ’LL(S,XS)—EU(S,XS_L))PI/(dZ)dS)
0 J|z|I<1
g
< C,E (m/ / | Tou(s, Xo-) — ﬁU(s,Xin))IQV(dZ)dS)
l2|<1
5
< O, ( / Ko ’XS—X§”) dAS>
0

< 0, (E[A))? (E [/Ot Ko }XS - X§”)‘2ds]>g

t
P Jo 0<u<s

Substituting (4.11) back into (4.8) and then using Lemma 2.5, we get

X, — X

2] ds (4.11)

n d51er—1(\e)P [t
E[Sup ’Xt_Xt()p] : M/E[Sup Xu—Xfﬁ)p]ds
0<u<t (1—1¢p) 0 0Zuss
dﬂ_l p—1 1 PKP t . 5
271671+ ¢) /E sup [ X = x| g
(1 — Cp) 0 0<u<s Mn(8)
dE716 (14 ) (KT)” 1
-G, oy
! p
+Cp,T,m2,||b||p/ E [ sup | X, —qun) ] ds
0 0<u<s

p
< (C9FE [ sup | Xy — Xq(l") } ds
0<u<s
Cs . 1
Cs P8 if pB >
R
npn Cooif pB<ac(0,1).

o

n
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Finally, using mathematical induction on j = 1,2,...,m and Gronwall’s Lemma, one

verifies that
Aj

] if pB>1
< .
pf,;, if pB < a e (0,1).
where in each case A} = C2e“1T and Aj = (CoAj_1 + C)e“ T for all j = 2,3,...,m
Thus

3
|

=

E [ sup ‘Xu — X" .
0<u<t

Bl s [Xu- X[ < X[ s f-xif]
0<u<T = _1<u<T;
m L if pB>1
S A n12 .
=1 E Zf pﬁ <oce (0, 1)

The proof for the case where o is space-dependent is similar, we omit. The proof is
complete. O
4.2 Proof of Theorem 3.3 : As in Theorem 3.1, we prove the Theorem for the case
where the function o is independent of the space variable, i.e. o = o¢(t,z). The proof
of the case where o is space-dependent is similar. Let us introduce two new variables
Y; and T (X, ) defined by

Y, = TiX) = Xp +ult, Xy),  and  T(X™) =X 4, XM, (4.12)
Substituting back into (4.6) and taking absolute value on both sides we have

¥ Ty

t
S /
T]'_l

; / ot Xt 3t 5

S

b(s, Ys) — b(s, T(X§”))‘ ds +
0

((s), X)) = bils, X () ds

K(s, T (Yo ), T HT (X)), 7, 2)N (dz x dr x ds)

|z|<1

+ / / K(S,T_l(st),T_l('T(X(?)),r, 2N (dz x dr x ds)|. (4.13)
z|>1 ®

We proceed to find a bound for each of the terms on the right side of (4.13). For the

second term, we use Lemma 2.4 :

/ )b s, Ys) = b(s, T(XM)|ds < 25(A+n2u(Bl))/t

0

(X@)‘ ds.  (4.14)
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The third and fourth terms are more challenging since, unlike in the case of Theorem 3.1,
the coefficient b is not required to be Holder continuous in x. To overcome this difficulty,

we use an approximating sequence. Following [2], [15], consider p € C$°(R?) such that

Jga dz = 1. For m € N, define py, (¢, z) := m?p(t, mz) and
b (t, ) = /]Rd b(s,x)pm(t — s,z —y)dy
Then
by € HYARY) N CLURY, by —> b, [l and [ Vbially < V5]
Using the Hardy-Littlewood function of the function of b,,, we have
b (t, ) = b (t,9)) < Ca |z = y| (M|Vbn|(z) + M|Vbn|(y)) < Capr [|Vbmll,y |2 -yl

for some constant Cg,y > 0 (see [15]). Now since b is, by assumption, n-Hélder contin-

uous in t, so is b,,. We have

t
1y o [t ) bl X

n t
< [ fbts, ) < (s, X s [ oo, XE) = (s, K[
0 Tj—1 !

ds

t
(n) (n)
+/0 ‘bm(sv XT]n(S)) - bm(’l’](S), Xnn(s))

ds

t
[ [patins). X)) = bls). X1 )

T n t
= (n) _ () .

< KT<n> +cd,pK||meHp,/0 )XS X Vds + Clbm — b,y
V" "l (n)

< KT <n> + CapK V]|, /O ‘Xs — x| ds, (4.15)

where we applied Hoélder’s inequality and took the limit as m — oo in the last two
inequalities. Next, we substitute the inequalities (4.14) and (4.15), back into the in-

equality (4.13) and then use Jensen and Holder’s inequalities to form the LP-norm of
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the error. We have

n P
M—ﬂﬂh

d
=<2}W—ﬁ@@f
=1

< d55p1<ef<&ay>p7mljf
Tj,1

ya
2
2) 5150~ 1§ ’Yl Ti(x™M)i

t P

Y, = T(XM)[ ds

P_q.p1 T\P"
+dzI5P (1 4 ePKPTP [ =
n

¢
L PRIy, Vol / ’Xs(n) _ Xénz P
0

+ a5 1!

+dz15p1

<T'4+T?4+T34+T*+T° 4+ 1. (4.16)

//m||K@T%nxflwuﬁmmamwxmxﬂ
0 <1

f/m||K@T*%Jﬂ”ﬁ@ﬁmmﬁmwxwxﬂ
>1

19

To control the two stochastic integrals, we apply Doob’s maximal inequality to the terms

T? and T with K(s,z,y,r, z) defined in (4.9). We have

E [ sup |15
0<t<T
B s / / KT NY,0), TN T (X ™), 1, )N (de, dr, dt)
< C,E </ /|<1 (s,2) ‘T )—T1(T(Xs(ﬁ)))‘2y(dz)ds)>2
< 4C,eR (/ /| - T(XS(@) y(dz)d5)> é’]
<1
< dkov(By))ETE'E [/0 ke | Yy — T(X™) pds],
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Similarly, one obtains

E | sup |[T°P

0<t<T
/t
0
S Cp,T,O’o,l/ﬁE |:/
0

Thus, taking supremum and then expectation on both sides of the inequality (4.16) and

=FE | sup
0<t<T

/w K(s, T (Yo ), T T (X)), 1, )N (dz, dr, d)
|z|>1

0
t

7

Y, —T(x™) ‘p ds] . (4.18)

using the inequalities (4.17) and (4.18), we have

E [ sup |Y, — T(X&”))‘p]
T 1<u<t
¢
< dB5P (e Ky g )P TP / E| sup Yu—T(X}[L))‘p] ds
0 Tj-1<u<s

pn
+d2 5P KPTP <T>
n

t
+d’z’—15p—1TP—1Cd,pK”Hbl!i’/ E [ sup | X — X ) p} ds
0o Llo<u<s mu
t
+ dE 5P g e / E[ sup |V, —T(Xfi’)(p ds] (4.19)
0 Tj,1§u§8

Lastly, using Lemma 2.4, we have

¢
Yu—T(Xl(L"))‘p] < Cg/ E[sup
0

0<u<s

E[sup

0<u<t

Y, - T(xgm)]”] ds + Cy——

npPn
C—é if p>1
% if  p<ac(01)

t
< Cl/ E sup
0 T 1<u<s

2 gf o p>1
+ nZApn
22 if p<ae€(0,1).
na Apn

Finally, using mathematical induction on j = 1,2,...,m and Gronwall’s Lemma, one

n—ﬂﬂmﬂ%

verifies that

, Ay p>a
E| sup |Yu-— T(Xin))‘ < nrioen
ijlgugt D z ’Lf p < o€ (O7 1)

na Apn
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where in each case A = Ce“ T and Aj = (CoAj_1 + C)eAT for all j = 2,3,...,m,

completes the proof. Thus

of s -] < S5, s -]
OSUST j=1 T7_1SUST]

m L 0 >1

- (Z a| i
o p - if p<ac(0,1).

We poved that
» el if p>1
B[ sup |vu—T(x{(M[] < (e
0<u<T p if p<ae€(0,1).

no Apn

The result follows from definitions (4.12) and Lemma 2.6.

Remark 4.1 : We note that in the case where the function o is space-dependent, the
constant C' in the inequalities corresponding to the last three terms in (4.6) involve
HQHZ;OBQ,OO' To see this, apply the Doob’s inequality to the sixth term in (4.6) (for ex-
ample), and use the hypothesis (HY), [[15], Lemma 5.2] and Minkowski inequality and
Holder’s inequality.
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