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Abstract

The aim of this manuscript is to establish fixed point and common fixed point the-
orems satisfying contractive conditions of Banach spaces. The results proved there
is the extension of some wellknown results in the existing literature.

1. Introduction

In 1976, Rhoades [15] introduced the convergence result of Zamfirescu operators using
Mann and Ishikawa iterative schemes. Berinde [3] established the class of operators that
is more elaborate than the class Zamfirescu operators. It introduced the convergence re-
sults of Ishikawa iteration process from this class of operators. After strong convergence

of two-step iterative processes, in 2006, Rafiq [14] studied the convergence of quasi
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-contractive mappings by a three-step iterative scheme. Olatinwo [12] introduces conver-
gence results of the class of generalized Zamfirescu operators under the Jungck-Ishikawa
and the Jungck-Mann iteration scheme and Olatinwo [11] studied the convergence for
generalized Zamfirescu operators by Jungck-Noor iterative scheme. Bosede [5] intro-
duced strong convergence results of contractive-like mappings with the Jungck-Ishikawa
and the Jungck-Mann iterative schemes.After many researchers has studied this con-
cept in various ways. Many researchers studying strong convergence the following are
Rhoades [15], Berinde [3,4], Olatinwo [11,12] Osilike and Udomene [13], Bosede [5] and
Bele et al., [2]. The final concept of this task will study the intensity of iterative methods.

2. Preliminaries and Definitions
Firstly, useful definitions, theorems, and lemmas in our results.

In 1953, W. R. Mann [9] introduced the following iterative scheme and {x,} defined by
Tni1 = (1 —ap)zy + @ Txy,

where, {a, },n € N is the sequence of positive numbers in [0, 1].

In 1974, Ishikawa [7] introduced the following iterative scheme and {x,} defined by
Tnt1 = (1 —ap)zy + Ty,

Yn = (1 - Bn)xn + BnTxy,

where, {a,,}, }5n},n € N are the sequence of positive numbers in [0, 1].

In 2000, Noor [10] introduced the following iterative scheme and {z,} defined by
Tn+1 = (1 - an)xn + anTyn

Yn = (1 - /Bn)Xn + 5nTZn
Zn = (1 - 'Yn)fvn + 'YanL‘n (1)

where, {a,},{5n} and {v,},n € N are the sequence of positive numbers in [0, 1].

We have to introduce the following new iterative scheme and {x,} defined by
Xn+1 = (1 - an)Xn + ap len

Yn = (1 - Bn)Xn + BnTZZn
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Zn = (1 - 'Yn)xn + I3z, (2)

where, {a,},{8,} and {v,},n € N are the sequence of positive numbers in [0,1].
Theorem 1.1 [16]: Let K be a non-empty closed convex subset of a metric space B
and T : K — K be a mapping on K. Then the mapping 7 is called Zamfirescu operator

if and only if there exists real numbers a, b, ¢ such that
1. d(Tz,Ty) < ad(z,y)
2. d(Tz,Ty) < b{d(z,Tx) +d(y,Ty)}
3. d(Tx, Ty) < c{d(z, Ty) + d(y, Tz)}.
Then T has a unique fixed point g and the Picard iterative scheme {x,} defined by
Tpt1 = Txy,

converges to ¢ for any arbitrary but fixed zo € K.
In 2005, Berinde [3] discussed a new class of operators on metric space, Banach space

and it is given by

Tz — Ty|| = 26|z — Tx|| + L||lxr —y||, Vz,ye K and §,L € [0,1) (3)

b e
1-b"1—c¢
Definition : Let K be a non-empty subset of a Banach space B and let T : K — K

(5—max{a, }, 0<d<1.

be a self-mapping of K and let F' = {q € K : Tq = ¢} is the set of fixed points of T.
The contractive condition (3) was used by Olatinwo [12] to show that strong convergence
results for Jungck-Ishikawa iteration process.

There exists a real number § € [0,1) and a monotonic increasing function ¢ : RT —
R* such that ¢(0) =0 and V z,y € K, we have

[Tz — Tyl < ¢(||Sz — Tx[]) + 5[5z — Syl|. (4)

We take S =TI in (4), the contractive mapping as follows.
There exists a real number § € [0,1) and a monotonic increasing function ¢ : Rt — R

such that ¢(0) =0 and V z,y € K, we have

1Tz = Tyl < o(|lx — Te|)) + dllz -yl (5)
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Lemma: 1.1 [15] : Let p be a real number such that 0 < p < 1 and {b,} be sequences
of non negative real numbers such that lim b, = 0.

n—oo
3. Main Results
We now prove our main theorem as follows.
Theorem 3.2.1 : Let K be a non-empty closed convex subset of a Banach space B
and T : K — K be a mapping satisfying (5) and F(T') # ¢. Let {z,,}72, be defined by
iteration scheme (1). If {a,}, {b,} and {c,} are sequences of positive numbers in [0, 1]

oo

such that ) a, = oco. Then {z,}72, converges strongly to fixed points of T".
n=0

Proof: Let ¢ € F(T) then {z,}>2, we have

[Zne1 —all = (1 = an)zn + anTyn — 4|

IN

(1 = an)llzn = qll + anl Tyn — 4l

< (I —an)llzn — qll + andl|Tq — ql| + andanllyn — 4|
= (I —an)lzn —all + andllyn —qll- (6)
Now
lz—dqll = [(1—cn)zn+cnTan—qf
< (I =ca)llvn —qll + enll T2y — g
< (A =cn)llzn —all + endllzn — all + cnd(ITq — ql))
= (I —cu)llzn — qll + cndllon — gl
= (1=@1=6)cn)llzn —4qll (7)
and
lyn —all = [I(1 = bn)zn + bpTxs — |
< (I =bu)llzn —qll + bnllTzn — 4|
< (@ =bn)llzn —all + bndllzn — gl + bnd(|Tq — ql])

= (L =bn)llzn — gl + badl[zn — gl (8)
From equation (7) and (8)

lyn —all < (1 =bnllzn — gl +b626(1 — (1 = 0)en)|lzn — 4|
= [(1=bn) +0nd(L = (1 = 6)cn)]lzn —af- (9)
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Therefore using (9) and (6) we obtain

A

[zns1 =gl < (1 =an)lzn = all + andllyn — 4
(1 = an)llen — qll + and[(1 = bp) + bnd(1 = (1 = 6)cp)]l|lzn — 4
[1—(1—=68an— (1 —08)bpand — (1 — 8)cabpand?]||z, — ql|.

IN

Thus,

[#nt1 —qll <1 = (1=0d)an]|zn — 4l

n

< [T - (= aidlzo -l
=0
< lzo — gl exp ( —(1- 5>ai> : (10)
=0

o0 n
Since 0 < § < 1, o; € [0,1] and Y a,, = 00, so exp (Z -1 —5)%) — 0 asn — 0.
n=0 i=0

Hence, it follows from (10) and Lemma 1.1 we have lim ||z,4+1 — ¢|| = 0.
n—oo
Thus, {z,}22, converges strongly to ¢ of the fixed point of 7.

Theorem 3.2.2 : Let K be a non-empty closed conved subset of a Banach space B
3
and 11,75, T3 : K — K be a mapping satisfying (5) and () F|(T;) # ¢. Let {z,}52, be
i=1
defined by iteration scheme (2). If {a,}, {b,} and {¢, } are sequences of positive numbers
[e.e]

in [0, 1] such that ) a, = co. Then {z,} 2, converges strongly to the common fixed

n—=
pOiIlt of Tl, T2 and T3

Proof : Let ¢ € F(T) then {x,}°, we have

[Zne1 —all = (1= an)zn + anTiyn — 4|
< (I =an)llzn — gl + anl[Tryn — 4l
< (1= an)llzn — gl + andllyn — gll + and([|Trq — ql))
= (I —an)l|lzn — qll + andllyn — qll (11)
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Now,
lzn —qll = (1 —cn)on + cnT32, — 4|
< (I —=cp)llzn —qll + cnl Tz — 4|
< (I=cn)llzn = gll + endllzn — gl + cnd([|T3g — gl])
= (1 —cp)llzn — gl + cndllzn — gl
= (1-QQ=3d)cu)llzn —4ll (12)
Hyn—QH = H(l — bp)wy + by Tz, _QH

IN

(1- bn)”$n - QH + anTZn - QH
(1 - bn)Hxn - QH + bn(s”zn - QH + bn(b(HTq - QH)
(1 =bn)llzn — qll 4 bndllzn — 4. (13)

IN

From equation (12) and (13)

[yn —all < (1 =bn)llzn — gl + bnd(1 = (1 = b)cn)[2n — 4]
= [(1=bn) + 601 = (1 = 6)cn)][lzn — gl (14)

Therefore using (14) and (11), we obtain

[#ne1 —aqll < (1= an)lzn —ql + andllyn — 4
< (I =an)llzn = qll + and[(1 = bn) + bpd(1 = (1 = d)cn)][|lzn — 4|
< =0 =08)a,— 1 —=08)buand — (1 — 8)cnbpand?]||zn — ||
< [n (1= d)an]llzn — 4
< H §)aill|zo — ql|
< lwo — gl exp (Z (1-0d)a > (15)

=0

n

Since 0 < § < 1, a; € [0,1] and Zan—oo soexp(Z (1—5)(1@-) — 0 as n — oo.
=0

Hence, it follows from (15) and Lemma 1.1 we have hm |Znt1 — ¢l = 0.

Therefore, {z,}72, converges strongly to ¢ of the ﬁxed pomt of T1, Ty and T3.
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