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Abstract
Cone rectangular metric spaces were introduced by A. Azam, M. Arshad and 1.
Beg [1] and the Banach contraction principle was proved by them. M. Jleli and
B. Samet [8] proved the Kannan’s fixed point theorem in cone rectangular metric
spaces. We extend the results to three self maps and prove the existence of common
fixed points in these spaces.

1. Introduction and Preliminaries
Cone metric spaces were introduced by L. G. Huang and X. Zhang [7]. They proved
fixed point theorems for contractive type mappings in a normal cone metric space.In

[12], Rezapour and Hamlbrani proved results in [7] removing the condition of normality
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of the cone. Some more results in cone metric spaces were proved in [2], [3] and [4].
Following A. Branciari [5], cone rectangular metric spaces were introduced by A. Azam,
M. Arshad and I. Beg [1] in which they replaced the triangular inequality in a metric by
the rectangular inequality and proved the Banach contraction principle for such spaces.
The Kannan’s fixed point theorem was proved by M. Jleli and B. Samet [8] in cone
rectangular metric spaces.

Many useful results on cone rectangular spaces have been proved in [6], [9], [10], [11]
and [13]. In this paper, we have proved common fixed point theorems for three self
maps which are weakly compatible. They are extensions of several known results in the
literature.

Let F be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P is closed, nonempty,and P # {6}.
(ii) a,b € R,a,b> 0,2,y € P = ax + by € P.
(iii) z € Pand —x € P =z = 4.

Given a cone P C E we define a partial ordering < with respect to P by:
r<ysy—xeP

We shall write x < y to indicate that z < y but = # y, while z < y will stand for

y — x € intP,int P denotes the interior of P.

The cone P is called normal if there is a number k > 0 such that for all x,y € F,
0<z<y= |zl <klyl

where||.|| is the norm in E.Here number k is called the normal constant of P.

In the following we always suppose that E is a Banach space, P is a cone in E with

intP # ¢ and < is partial ordering with respect to P.

Definition 1.1 [7] : Let X be a nonempty set.If the mapping p : X x X — F satisfies:

(a) 0 < p(z,y) for all z,y € X,z # y and p(x,y) = 0 if and only if z = y.
(b) p(z,y) = p(y,z) for all z,y € X.

(¢) p(z,y) < p(x,2) + p(z,y), for all z,y,z € X.
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Then (X, p) is a cone metric space.

The following remark will be useful in proving the results which follow:

Remark 1.2 [10] : Let P be a cone in a real Banach space E and let a,b,c € P,let P°
denote the interior of P then,

(a)If a <band b < ¢, then a < c.

(b)If a < b and b < ¢,then a < c.

(e)If < u < ¢, for each ¢ € P° then u =

(d)If ¢ € P° and a,, — 6,then there exists,ng € N such that for all n > ng, we  have
an X C.

(e)If 6 < ay, < by, for each n and a,, — a,b, — b, then a < b.

(H)If a < Aa, where 0 < A < 1, then a = 6.

The concept of cone metric spaces is more general than that of metric spaces since each
metric space is a cone metric space with £ =R and P = [0, +00).

Definition 1.3 [1] : Let X be a nonempty set.If the mapping d : X x X — E satisfies:
(a) 0 < d(z,y) for all z,y € X,z # y and d(x,y) = 0 if and only if z = y.
(b) d(z,y) = d(y,z) for all z,y € X.

(c) d(z,y) < d(z,u) + d(u,v) + d(v,y) for all z,y € X and for all distinct points
u,v € X \ {z,y} { rectangular property }.

Here d is called a cone rectangular metric on X, and (X, d)is called a cone rectangular
metric space.

Example 1.4 [8] : Let X =R, E=R? and P = {(z,y) : z,y > 0}

Define d : X x X — E as follows:

(0,0) ifzx=uy;
d(z,y) = ¢ (3a,3) if x and y are both in {1,2},z # y;
(a,1) if x and y are not both at a time in {1,2},2 #y
where a > 0 is a constant.Then (X, d) is a cone rectangular metric space.
But it is not a cone metric space since d(1,2) = (3a,3) > d(1,3) + d(3,2) = (2a, 2),the
triangle inequality does not hold true.
Definition 1.5 [8] : Let (X,d) be a cone rectangular metric space. Let {x,} be a
sequence in X and x € X. If for every ¢ € F,c¢ > 0 there is N such that for all
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n > N,d(zy,z) < ¢, then {x,} is said to be convergent to x and z is the limit of {z,}.

This is denoted be x,, — x as n — +o0.

Definition 1.6 [8] : Let (X, d) be a cone rectangular metric space,{z,} be a sequence
in X. If for any ¢ € X with § < ¢, there is N such that for all n,m > N, d(x,, x,) < c,

then {x,} is called a Cauchy sequence in X.

Definition 1.7 [8] : Let (X,d) be a cone rectangular metric space.If every Cauchy

sequence is convergent in X, then X is called a complete cone rectangular metric space.

Definition 1.8 [4] : Let f and g be two self maps of a nonempty set X. If fx =gz =y
for some x € X, then x is called the coincidence point of f and g and y is called the

point of coincidence of f and g.

Definition 1.9 : Two self mappings f and g are said to be weakly compatible if they
commute at their coincidence points, that is fx = gz implies that fgxr = gfx.
Proposition [4] : If f and g are weakly compatible self maps of a nonempty set X

such that they have a unique point of coincidence i.e. fx = gz = y, then y is the unique

common fixed point of f and g.

2. Main Results
In this section we prove two fixed point theorems for cone rectangular metric spaces.

Theorem 2.1 : Let (X, d) be a cone rectangular metric space and suppose the mappings

f,9,h: X — X satisfy

d(fz,gy) < Ad(hx, hy) (1)

for all z,y € X where X\ € [0,1). If f(X)Ug(X) C h(X) and h(X) is a complete
subspace of X, then f, g and h have a unique point of coincidence. Moreover, if (f,h)

and (g, h) are weakly compatible, then f, g and h have a unique common fixed point.

Proof: Let zp € X. Define a sequence {z,} in X as hx; = fxg. This can be done since
f(X) € h(X). Also we can choose x2 such that hxy = gz;. Continuing this process
having chosen x,, we can choose z,11 such that

hxp+1 = fxn, and hxpyo = grpy1,n=0,1,2,--- .

If hxy = hapy1, then hz, = fz,, = gz,, and x, is a coincidence point of f, g and h.
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Hence assuming z,, # x,4+1, for n =0,1,2..., we have

d(h$n7 h$n+1) = d(f.’L‘nfl, gwn)
< AMd(hxp—1, hxy)
< Ned(luty s, hirn_s)

< )\nd(hfl,‘(), hlL‘l)

Hence,

d(hxp, hxni1) < AN*d(hxg, hzy) (2)

Again,

d(h@n, htni2) = d(frn—1,9Tns1)

(
< ANd(hxp—1, hxni1)]
< Md(hzp—1, hay) + d(hzp, hepi2) + d(han o, hrn11)]
< MM d(hao, hay) + d(hay, hapyse) + N'd(hxo, hay)]

(1 — Nd(hay, hty o) < N'd(hxo, hat) + A" d(hao, hay)

A1+ A)

<
d(hxp, hxng2) < T

d(hx(], hl’l)

d(hxy, htyi2) < A"Bd(hxo, hzy) (3)

where 3 = % >0
For the sequence {hxy}, we consider d(hz,, hay4p) in two parts, p is even and p is odd.

If pis odd ,let p=2m + 1, m > 1, then by (2) and the rectangle inequality, we have,

d(h$n, hl‘n+2m+1) S d(h.’L’n, h$n+1) + d(hl’n_t,_l, hl’n+2) + ...+ d(h.ﬁlfn+2m, h.’L’n+2m+1)
< N'd(hxo, hay) + A" d(hag, hay) + ... + N2 d(hay, hay)
ATL

1-X\

S d(h{lfo, hxl)
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If p is even, let p = 2m, m > 2, then by (2),(3) and the rectangle inequality, we have,

d(hxpn, htpiom) < d(hxp, htni2) + d(hxpio, htnis) + ... + d(hTpi2m—1, hEprom)
< N'Bd(hxo, hxy) + N 2d(hag, hat) + ... + X2 d(hag, hay )

n

A
< N'Bd(hao, har) + 7=

)\d(hxo, h.%’l)

As f>0and A € [0,1), \"3 — 6, % — 6, so by (a) and (d) of Remark 1.2, for every
c € E with 0 < c, there exits ng € N such that d(hay,, henyp) < c for all n > ny.
Hence, {hz,} is a Cauchy sequence in X. Since h(X) is complete subspace of X, there
exists points u,v in A(X) such that  hx, — v = hu.

Let us prove hu = fu.

Given ¢ > 6, we choose natural numbers k1, ko such that
d(v, hty) < g V> ki, d(han, hips) < g Vi > k.
By the rectangular property,

d(hu7 fU) < hua hl’n) + d(hl‘na h:L‘nJrl) + d(hxn+17 fU)

IN

d(

d(v, hxy) + d(hzp, hrpi1) + d(gxn, fu)
d(v, hwy) + d(hay, hap1) + Ad(hu, hay,)
i

IN

IN

v, hay) + d(hzy, ha, 1) + d(v, hay,)

<«fyfil
c. e e
37373

for all n > k where k = max{ky, ko }.

Since c is arbitrary,
d(hu, fu) < %,Vm eN

So, = —d(hu, fu) € P ¥m € N.Since > — 6 as m — oo and P is closed,—d(hu, fu) €
P. Hence d(hu, fu) € PN (—P). Since PN (—P) =0, d(hu, fu) = 6, hence hu = fu.
Similarly we can prove that hu = gu which implies that v is a point of coincidence of
h, f and g,

ie. hu=gu= fu=w.
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To show that h, f and g have a unique point of coincidence, let us assume that there

exists another point v* in X such that hu* = gu* = fu* = v* for some v* in X. Now,

d(v,v*) = d(fu,gu*)
< Md(hu, hu*)
< Md(v,v")

which implies that v = v*.
Also if (f,h) and (g,h) are weakly compatible, then by Proposition 1.10, f,¢ and h
have a unique common fixed point. a
Example 2.2 : Let E =R2 P = {(z,y) € R,z,y >0} and X = {1,2,3,4}
Define d: X x X — E by:
d(z,z) = (0,0)

d(1,2) =d(2,1) = (3,9)
4(2,3) = d(3,2) = d(1,3) = d(3,1) = (1,3)
d(1,4) =d(4,1) = d(2,4) = d(4,2) = d(3,4) = d(4,3) = (4,12)
Then (X, d) is a cone rectangular metric space.
Define mappings f,g and h : X — X as follows:

flz)=3,Vx e X

() 3 ifx #4;
€Tr) =
g 1 ifx=4;

h(z)=x,Ve e X
It is clear that f(X) U g(X) C h(X). Also (f,h) and (g,h) are weakly compatible.
Conditions of Theorem 2.1 hold true and 3 is the unique common fixed point of f, g and
h. 0
Theorem 2.3 : Let (X, d) be a cone rectangular metric space and the mappings f, g, h
X — X satisfy the condition

d(fz,gy) < ald(hz, fz) + d(hy, gy)] (4)

where a € [0,1/2).If f(X)Ug(X) C h(X) and h(X)is a complete subspace of X, then
f,h and ¢ have a unique point of coincidence. Moreover, if (f, h) and (g, h) are weakly

compatible, then f, g and h have a unique common fixed point.
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Proof : Let xg € X. Like in previous Theorem, we define a sequence {hz,} in X as,
hxpi1 = fan, hanto = grni1,n=10,1,2...
Assuming x,, # x,+1 for n =0,1,2..., we have
d(hxn, htni1) = d(frn-1,97n)
ald(hzp—1, frn—1) + d(hay, gx,)]
< ald(hzp_1,hzy) + d(hxy, hapi)]

IN

d(hty havosn) < 1o d(han, hay 1)

< rd(hx,, hxy,—1) where r= . fa €[0,1)
< r"d(xg, 1)
Hence,
d(hxp, hry 1) < r"d(zo, 1) (5)
Also,
d(hxy, htni2) = d(frn—1,9Tn+1)
< ald(hzp—1, frn-1) + d(hzpi1, 9Tni1]
< ald(hxp—1, hxy) + d(hxy i1, hepio)]
< a[r" Yd(hzo, hzy) + r"d(hxy, hay)]
< ar" (1 4 r?)d(hxo, hay)
ie.

d(han, hny2) < Br"td(hxo, hay) (6)
where 8 = a(1 +r?) > 0.
For the sequence {hz,}, we consider d(hxy,hx,4+p) in two cases, when p is odd and
when p is even.

If p is even say p = 2m, m > 2 then using (5) and the rectangular inequality,

d(hy, htniom) < d(hap, hrpie) + d(htny2, hnts) + ... + d(hzniom—1, hTnyom)
< ﬂrn_ld(hxo, hxl) 4 rn+2d(hx0, hxl) + ...+ 7“n+2m_1d(hl'o, h$1)

n

< B Nd(hao, hay) +

rd(hxo, h:rl)
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If pis odd say p = 2m + 1, m > 1 then using (5),(6) and the rectangular inequality,

d(hﬂjn, hxn+2m+l) < d(h{L‘n7 hSUn-l—l) + d(h:En+1, h$n+2) +...+ d(h$n+2ma hxn+2m+l)
< r"d(hxg, hz1) + " rd(hxo, hey) + ... + 72 d(hag, hay)

rn

1_ rd(h:l?(), hZL‘l)

AsO<r<1,prt -0, {—_nr — 0, by (a) and (d)of Remark 1.2, for every ¢ € E with
0 < c, there exits ng € N such that d(hzy,, hen4y) < ¢ for all n > ng. Thus {hx,} is a
Cauchy sequence in X.

Since h(X) is a complete subspace of X there exist points u,v € h(X) such that hx, —
v = hu.

We will prove hu = fu. By the rectangular inequality, consider

d(hu, fu) < d(hu, hzy) + d(hzy, hxn 1) + d(hxp41, fu)
v, hay) + d(hzp, htni1) + d(gxy, fu)
v, hay) + d(hay, he,y1) + ald(hu, fu) + d(hay,, gx,))

d(
d(
d(
d(v, hzp) + d(hy, hrni1) + ald(hu, fu) + d(han, hen1)]

<

1
l—«

d(hu, fu) < [d(v, hzy) + (1 4+ a)d(hay, hani1)]

Given ¢ > 6, we choose natural numbers k3, k4 such that

c(l—a)
2

—a)c

5 Vn2k4

1
Vn > ks d(hxn, hrpi) < (

d(v, hay,) < 1+ a)

Hence,

c ¢
d(hu,fu)<<§+§—c

for all n > k where k = maz{ks, k4}.

Since c is arbitrary,
d(hu, fu) < <, ¥m € N
m

So, %= —d(hu, fu) € P ¥m € N. Since .= — 6 as m — oo and P is closed,—d(hu, fu) €
P. Hence d(hu, fu) € PN (—P).Therefore d(hu, fu) = 0,hence hu = fu.
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Similarly we can prove that hu = gu, i.e. v is the coincidence point of h, g and f.

To show that f,g and h have a unique point of coincidence, let us assume there exists

*

points u*,v* € X such that hu* = fu* = gu™ = v*.
Now,

d(v,v") = d(fu, gu”)
afd(hu, fu) + d(hu®, gu®)]
< afd(v, v) +d(v*, v%)]

IN

which implies that v = v*.
Also by Proposition 1.10,if (f, h) and (g, h) are weakly compatible,then f, g and h have

a unique common fixed point. a
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