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Abstract

The aim of this paper is to introduce a new class of sets, called ij - semi (4, #)-open
sets and study some of it’s properties. Using these sets, we shall also define the
notion of generalized ij — s/\g sets. The major properties of this new concept will be
studied. Finally, we introduce, a new form of generalized closed sets called ij — (4, 6)
semi generalized closed sets by utilizing ij - semi (4, 8)-closure operator. Also we
introduce ij — (4, 8)-sg continuity, ij — (J, #)-sg irresolute maps and investigates some
of their fundamental properties.

1. Introduction
Throughout the present paper, (X, 71, 72) (or briefly X) always mean a bitopological
space. Also i,j = 1,2 and i # j. Let A be a subset of (X, 71,72). By i — int(A) and
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i —cl(A), we mean respectively the interior and the closure of A in the topological space
(X,7;) for i = 1,2. A subset A of X is called[8] ij - regular open (resp. ij - semi open)
if A=1i—int[j—cl(A)] (resp. AC j—clli —int(A)]). A point x of X is called an ij — ¢
- cluster point of A if i —int(j — cl(U)) N A # ¢ for every 7; - open set U containing
x. The set of all ij — ¢ - cluster points of A is called the ij — § - closure of A and is
denoted by ij — dcl(A).

In this paper, we introduce a new class of sets, called ij - semi (0, #)-open sets and study
some of it’s properties. Using these sets, we shall also define the notion of generalized 7j—
s/\g set. The major properties of this new concept will be studied. Finally, we introduce
a new form of generalized closed sets called ij — (0,6) semi generalized closed sets by
utilizing ij - semi (0, 0)-closure operator. Also we introduce ij — (6, 6)-sg continuity,
ij — (9, 0)-sg irresolute maps and studies some of their fundamental properties.

Recall the following definitions.

Definition 1.1 [9] : A subset A is said to be ij — § closed if ij — 6CI(A) = A. The
complement of an ij — ¢ closed set is said to be ij — § open. The set of all ij — § open
(resp. ij — 0 closed) sets of X will be denoted by ij — JO(X)( resp. ij — 0C(X)).
Definition 1.2 [4] : A subset A of a bitopological spaces (X, 71,72) is called ij — ¢
semi open if there exists a ij — & open set U of X such that U C A C j — cl(U). The
set of all ij — 0 semi open (resp. ij — d semi closed) sets of X will be denoted by
ij —0SO(X)(resp.ij — 6SC(X)).

Definition 1.3 [11] : A subset A of a bitopological spaces (X, 71, 72) is called ij -
semi-generalized closed set (briefly ij - sg-closed) if ji — scl(A) C U whenever A C U
and U is ij - semi open set in X.

Definition 1.4 [4] : A bitopological space (X, 7y, 72) is called ij — ds — T if for each
distinct points x,y € X, there exist two ij — 0 semi open sets U and V such that
xeU\Vandy e V\U. If X is 12— s — T} and 21 — s — 11, then it is called pairwise
0s — Ty (P —ds—T). A bitopological space (X, 11, 72) is pairwise s — T if and only
of every singleton is pairwise 0 - semi closed.

Definition 1.5 [4] : A function f : (X,7,72) — (Y,01,02) is said to be ij — Js
continuous, if f~1(V) is ij — J semi open set in X for every o; - open set V in Y.
Definition 1.6 [4] : A function f : (X,71,72) — (Y,01,02) is said to be ij — Js

irresolute, if f~1(V) is ij — & semi open set in X for every ij —  semi open set V in Y.
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Definition 1.7 [11] : A function f : (X, 7,72) — (Y,01,02) is said to be ij - sg

continuous, if f~1(V) is ij - sg closed set in X for every oj-openset VinY.

2. ij - Semi (0,0)-Open Sets.

Definition 2.1 : A point x € X is said to be an ij - semi (9, §)-cluster point of A if
ji — dscl(U) N A # ¢ for every ij — § semi open set U containing z. The set of all 5 -
semi (0, #)-cluster point of A is called the ij - semi (0, f)-closure of A and is denoted by
ij — dsclg(A). A subset A is called ij - semi (4, 6)-closed if ij — dsclp(A) = A.

The set {x € X : ji — dscl(U) C A, for some ij — ¢ semi open U} is called the ij -
semi (9, )-interior of A and is denoted by ij — dsintg(A). A subset A is called ij - semi
(0,0)-open if A =1ij — dsinty(A).

Theorem 2.2 : Let A be a subset of a bitopological space (X, 71, 72). Then

(i) X\ij — 0sintg(A) = ij — dsclg(X\A).

(i1) X\ij — dsclg(A) = ij — dsintg(X\A).

Proof : (i) Let = ¢ ij — dsclg(X\A). Then there exists U € ij — 6SO(X) containing
x such that ji — dscl(U) N (X\A) = ¢. Thus z € U C ji — dscl(U) € A and z €
ij — 0sintg(A). Hence z ¢ X\ij — dsintg(A). Now let x ¢ X\ij — dsintg(A). Thus
x € ij—dsintg(A) and there exists U € ij—0SO(X) such that x € U C ji—dscl(U) C A.
Hence ji — dscl(U) N (X\A) = ¢ and x ¢ ij — dsclg(X\A).

(ii) The proof is similar to that of (i).

Theorem 2.3 : Let A be a subset of a bitopological space (X, 71,72). If Aisij —§
semi open, then ji — dscl(A) = ji — dsclg(A).

Definition 2.4 : A subset A of a bitopological space (X, 71, 72) is called ij — ¢ semi
regular if A is both ji — § semi open and ij — ¢ semi closed. The set of all ij — 0 semi
regular subsets of a space X is denoted by ij — SR(X).

Theorem 2.5 : If U € ij — 6SO(X), then ji — dscl(U) € ji —0SR(X).

Theorem 2.6 : Let A be a subset of a bitopological space (X, 11, 72), then

(i) ij — dsclg(A) is ij - semi (9, 0)-closed.

(ii) ij — dsclg(A) = (i — 0scl(V) : ACV € ji — §SO(X)}.

Proof : (i) We show that ij — dsclg(A) = ij — dsclglij — dsclg(A)], for a subset A of X.
Since A C ij — dsclp(A), then ij — dsclp(A) C ij — dsclglij — dsclp(A)].

Conversely, let = ¢ ij — dsclp(A). This means there exists Uy € ij — SO(X) containing
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x such that ji — dsclg(Up) N A = ¢. Suppose that ji — dsclp(U) Nij — dsclg(A) #
¢, for every U € ij — 6SO(X). Therefore, there exists a point y € X such that
y € ji — dscl(U) € ij — dsclg(A). On the other hand, y € ij — dsclg(A) for any
V €ij —dSO(X) containing y, we have ji — dscl(V) N A # ¢. Since y € ji — dscl(U)
and by theorem 2.5, ji — dscl(U) is ij — § semi open, then ji — dscl(U) N A # ¢. But
this is a contradiction, since x ¢ ij — dsclg(A). Thus x ¢ ij — dsclg[ij — dsclg(A)]. This
implies 15 — dsclg(A) = ij — dsclg[ij — dsclg(A)].

(ii) By theorem 2.3, ij — dsclg(A) C (ij — dscl(V): ACV € ji —0SO(X)}.
Conversely, let © ¢ ij — dsclg(A) and A C V € ji — §SO(X). Then there exists
U € ji—6SO(X) containing x such that ji — dscl(U)N A # ¢. Thus for each y € A, we
have y € V, y ¢ ji — dscl(U) and so, UNV = ¢. This implies that UNij— dscl(V) = ¢
and = ¢ ij — dscl(V). Hence x ¢ ({ij — dscl(V) : A C V € ji —dSO(X)} and
N{ij — dscl(V) : A CV € ji—0SO(X)} C ij — dsclg(A). From this, we note that
ij — dsclg(A) is ij — d semi closed set in X.

Theorem 2.7 : Let A be a subset of a bitopological space (X,7,72). If A € ji —
0SR(X), then A is both ij - semi (4, 0)-closed and ji - semi (d, 8)-open.

Proof : Let A € ij—dSR(X), then A € ji—0SO(X)and A € ij—0SC(X). If Ais ji—¢
semi open set of X, then by theorem 2.5, ij —dscl(A) € ij —6SR(X). Thus ij —dscl(A)
is ji — ¢ semi open set of X and hence by theorem 2.3, A = ij —dscl(A) = ij —dsclg(A).
This implies that A is ij - semi (6, #)-closed. Therefore, if A is ij — ¢ semi closed, then
X\A is ij — 0 semi open set of X. Similar X\ A is ji - semi (6, #)-closed set and A is ji
- semi (9, 6)-open set of X.

Theorem 2.8 : In a bitopological space (X, 71, 72), a singleton is an ij - semi (4, #)-open
if and only if it is ji — § semi regular.

Proof : Let z € X and {z} be an ij - semi (0, §)-open set of X. Then by the fact that
a set A is ij - semi (6, 0)-open if and only if there exists U € ij — 0SO(X) containing z
such that ji — dscl(U) C A. Since the superset ji — § semi closed contained in {x} is
{z}, hence {z} is ji — 0 semi regular. The converse part of the proof is follows directly

from theorem 2.7.

3. Generalized ij — sA? Sets

Definition 3.1 : For a subset A of a bitopological space (X, 7(,73), we define A%
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and A%Vii as follows, A%"i = ({U : A CU,U € ij — 6SO(X)} and A%Vii = | J{U :
UCAUC eij—8650(X)}.

Definition 3.2 : Let A be a subset of a bitopological space (X, 71, 72), then we define
(a) APMI = {2 € X :ij — dsclo({z}) N A # ¢}.

(b) A'is called ij — sAl set if A = A7V,

(c) A is called generalized ij — sA? set (briefly g —ij — sAd set) if AgSA” C U whenever
A CU and U is a ji — ¢ semi closed set of (X, 71, 72).

Theorem 3.3 : For any subset A of a bitopological space (X, 71, 72), AgSA” =MNU:
A CU,Uisij — semi(d,6) — open}.

Proof : Let H =(\{U : A C U,Uisij — semi(d,0) — open} and x € H. Suppose that
x ¢ Agij. That is ij — dsclg({z}) N A = ¢. Hence x ¢ X\ij — dsclg({z}), where
X\ij —dsclg({z}) is ij - semi (9, §)-open set containing A, by theorem 2.6. But x € H.
Therefore x € AgSA”.

Conversely, Let x € AgSA”. If x ¢ H, then there exists an ij - semi (6, 0)-open set U
such that A C U and = ¢ U. Assume that y € ij — dsclg({z}) N A. Thus y € U and

x ¢ U. This is contradiction. Therefore z € H and hence = € AZSA“ )

Theorem 3.4 : Let (X, 71,72) be a bitopological space, then

(a) For any set A C X, A C A% C AgSA” C ji — dscly(A).

(b) Every ij - semi (6, )-closed is an ji — Aj set.

(c) Every g —ij — s/\g is g —ij — A§ set.

Proof : (a) Obviously, A C A%, Now we prove that A%"i C AgSA” . Suppose that
- AgS/\”. It follows that A C X\ij — dsclg({x}) = U. Since ij — dsclg({z}) is ij -
semi (6, 0)-closed by theorem 2.6, so U is ij - semi (9, §)-open. Hence there exists an
ij — 0 semi open set U containing A but not z, then z ¢ A?;SA” . Thus A%"i C Agy\” i
To prove that Ag‘%ij C ji — dsclp(A), let x ¢ ji — dsclg(A). Then there exists U €
ij —0SO(X) containing = such that ij — dscl(U) N A = ¢. Since U € ji — 6SO(X) it
follows by theorem 2.3, ij — dsclp(U) N A = ¢. Then ij — dsclp({x}) N A = ¢. Therefore
T ¢ AgS/\“. This shows that AgSA” C ji — dsclg(A).

(b) Let A be an ij - semi (6, )-closed set. Then ij — dsclg(A) = A. Thus by A% C
ji — dsclg(A), A%Nit Cij — dsclg(A) and hence A%"i = A. Thus A is a ji — A}

(c) Let A C U where U is ji — § semi closed. By (i), we have A C A%/ C Agmij. This
implies that A is a g —ij — A§ set.
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Definition 3.5 : For a subset A of a bitopological space (X, 11, 72), we define Aesv”
follows, Agsv” ={U:U C A, U%isij — semi(6,0) — open}.

Theorem 3.6 : For any subsets A and B of a bitopological space (X, 71, 72), the
following are hold:

() (AO)5"" = (457"7)C.

(b) A7 C A

(c) If Ais ij - semi (6, 0)-open, then A = Aesv”

Proof. (a) By the deﬁmtlon,(AZSA”) = U% : U® D A® U%isij — semi(0,0) —
open} = (Ac)g‘SA”.

(b) Obviously. Clear by the definition.

(c) If A is ij - semi (6, 0)-closed subset of (X, 71, 72), then A® is ij - semi (d,6)-open.
By (a) and (b), we have A¢ = (Ac)gmﬁ = (Ag‘%”) Therefore A = AGSA”

Theorem 3.7 : Let A and {A,, a € J} be the subsets of a bitopological space (X, 71, 72).
Then the following are valid:

(2) [UnesAals™ = Unes(Aa)s™™.

(b) [MacsAals™ € Maes(Aa)s™™.

(©) UaesAals”™ 2 Unes(4a)s™ -

Proof : (a) Suppose there exists a point 2 such that = ¢ [|J,c,;A4 ]QSA”. Then there
exists a ij - semi (6, 6)-open subset U, such that |J,c;Aa« € U and z ¢ U. Thus for
each a € J, we have = ¢ (4, )95/\“ This implies that = ¢ (J,c (A4 )gSAU

Conversely, Suppose there exists a point = such that = ¢ (J, . ;(A )QSA” Then by the
definition, there exist ij - semi (6, #)-open subsets U,, for each o € J such that = ¢ U,
and Ay C Uy Let U = Jye Ua - Then ¢ Uy /Uas UpejAa € U and U is a ij -

semi (6, 6)-open set. Thus = ¢ [|J,c ;4 ]esAij

(b) Suppose there exists a point = such that = ¢ (), ;(A )gy\”, then there exists a € J
such that = ¢ (Aa)g‘%”. Hence there exists a ij - semi (4,6)-open set U such that

UDAyand z ¢ U. Thus z ¢ [[,ec,A4 ]98/\”.

(©) UaesAals™ " = [(UaesA)15 1 = [[(Naes AD)]5 1 2 [Naes (A9)57 )0 =
(Nue s [(A0)291€1C by theorem 3.5(a). By (b), we have [U,c ;Aale™" D Upey (Aa)y ™

Theorem 3.8 : Let A be a subset of a bitopological space (X, 71, 72). Then A%shij =

OsNii\OsN;i
(AL )00
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Proof : From the definition of AgSA”, we have (AgSA“)gij = (U : AgSA“ C
U,Uisij — semi(6,0) —open} C (WU : (({V : A C V,Visij — semi(d,0) — open}) C
U,Uisij — semi(9,0) — open} C ({U : A C U,Uisij — semi(0,0) — open} = AgS/\”.
That is (AgSAij )gSA“ C AgSA” . On the other hand, since A C AgSAij , for any subset A,
Agmij C (Agsmj)gw”. Therefore A%"ii = (AgSA”)gS/\”.

Theorem 3.9 : A bitopological space (X, 71, 72) is a pairwise ds — T} space if and only
if every subset is a ij — A§ set.

Proof : Let A be a subset of a pairwise §s — T} space. Suppose that there exists a point
x € X such that x ¢ A. By definition 1.4, X\{x} is an ij — 0 semi open set containing
A. This implies x ¢ A%"i. Hence A" C A and by theorem 3.4 (a), A C A%/,
Thus A = A%Ni,

Conversely if € X, then by hypothesis X\{z} is ij — A§ set. Hence {z} is the union
of ij — & semi closed sets and thus ij — § semi closed. This shows that X is a pairwise
s — 11 space, by definition 1.4.

Definition 3.10 : A subset A of a bitopological space (X, 71,72) is called ij — s/\g
closed if A =GN F, where G is a ij — s/\g set and F is a ji - semi (4, f-closed.

Theorem 3.11 : For a subset A of a bitopological space (X, 11, 72) the following con-
ditions are equivalent:

(i) Aisij — sA? closed.

(ii) A = G N ji— Ssclp(A), where G is a ij — sAY set.

(iii) A= A7,

Proof : (i)==(ii) Suppose that A = G N F where G is a ij — sA set and F is
ji - semi (6,60-closed. Then A C G and A C ji — dsclg(A) C F. Now, we have
ACGNyji—dsclg(A) CGNF = A. This means that A = G N ji — dsclp(A).
(ii)==>(iii) Suppose that A = G N ji — sclg(A) where G is a ij — s\ set. We have
A C AgS/\“ C G and A C ji — dsclg(A). So A = AgSAij N ji — 0sclg(A) and hence
A= AgSA“ by theorem 3.4.

(ili)=(i) By theorem 3.8, AgSA” = (Ag“”)g“” for any set A. Therefore Agmij is a
ij — sA§ set. Suppose that A = Agmﬁ. By theorem 3.4, we have A = AgSA” N ji —
0sclg(A). Clearly A is the intersection of a ij — 5/\2 set and a ji - semi (d, f-closed set

and hence A is ij — s/\g closed.

Definition 3.12 : A subset A of a bitopological space (X, 71, 72) is called ij - quasi
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semi (9, 0)-closed (briefly ij-qs(9, 8)-closed) if ji — dsclg(A) C U wherever A C U and U
is ij - semi (6, 60)-open in (X, 71, 72).

Theorem 3.13 : A subset A of a bitopological space (X, 11, 72) is ij-qs(d, #)-closed if
and only if ji — dsclg(A) C AgSA“.

Proof : Let z € X such that z ¢ AgSAij. So there exists an ij - semi (J,6)-open
subset U such that A C U with x ¢ U. This means that = ¢ ji — dsclg(A), since A is
ij-qs(d, 0)-closed. Therefore ji — dsclg(A) C AgS/\ij.

Conversely, let U be an ij - semi (d, §)-open set such that A C U. By assumption Ag
and by theorem 3.3, then ji — dscly(A) C U. Thus A is ij-qs(9, 6)-closed.

SNij

Theorem 3.14 : For a subset A of a bitopological space (X, 71, 72) the following are
equivalent:

(a) A is ji - semi (6, 6)-closed.

(b) A is ij-gs(6, 6)-closed and ij — sA§ closed.

Proof : (a)==(b) Let A be a subset of X such that , A C U where U is ij - semi (4, 0)-
open set. Since A is ji - semi (4, 0)-closed, A = ji — dsclg(A). Thus ji — dsclg(A) C U.
Hence A is ij-qs(d,6)-closed. Therefore, by theorem 3.4(a) and theorem 3.13, ji —
Ssclg(A) = AP = A Thus A = A" 1 ji — §sclg(A) and hence A is a ij — sAl
closed.

(b)=(a) Since A is ij-qs(d, §)-closed, then by theorem 3.13, ji — dsclg(A) C AgS/\“.
Thus A = AgSA“ N ji — dsclp(A) = ji — dsclp(A). Hence A is ji- semi (6, #)-closed.
Theorem 3.15 : The following statements are equivalent for any points x and y in a
bitopological space (X, 11, 72). (i) {x}gwij # {y}gS/\”.

(i) 1 — 8sclo({x}) # ij — Ssclo({y}).

Proof : (i)=(ii) Let {x}ZSA” # {y}gy\ij. Then there exists a point z in X such that
z € {:n}g‘g/\” and z ¢ {y}g‘%”. By z € {x}gsmj it follows that {x} Nij — dscly({z}) # ¢.
This implies = € ij — dsclp({z}). By z ¢ {y}?SA“ we obtain {y} Nij — dsclp({z}) = ¢.
Since x € ij—dsclg({z}), x € ij—dsclg({x}) Cij—dsclg({z}) and {y}Nij—dsclg({z}) =
¢. Hence it follows that ij — dsclg({x}) # ij — dsclp({y}).

(il)==(i) Let ij — dsclog({x}) # ij — dsclp({y}). Then there exists a point z in X
such that 2z € {x}?SA” and z ¢ {y}gS/\ij. This means that there exists an ij- semi

(0,0)-open set containing z and therefore z but not y. Thus y ¢ {x}gsmj. Hence

ij — dsclo({x}) # ij — dsclg({y}).
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Definition 3.16 : A bitopological space (X, 71, 72) is a pairwise semi (4, 0) — Ry space
if for every ij - semi (d, 6)-open set U, x € U implies ji — dsclp({z}) C U.

Theorem 3.17 : In a bitopological space (X, 71, 72), the following statements are equiv-
alent:

a) (X, 71, 7) is pairwise semi (d,6) — Ro.

b) For any = € X, ij — dsclp({z}) C {a:}gSA”.

c¢) For any z,y € X, y € {x}?“” if and only if x € {y}?SAji.

d) For any x,y € X, y € ij — dsclp({x}) if and only if = € ji — dsclp({y}).

J,0)-open set U such that x ¢ U, F C U.

f) Each ij- semi (0,6)-closed , FF = (\{U : FF C U,and U is ji - semi (0, §)-open}.

g) Each ij - semi (9, 6)-open set , U = |J{F : U C F,and F is ji - semi (4, 0)-closed}.
h) For each ij - semi (0, 6)-closed set F', x ¢ F implies ji — dsclg({z}) N F = ¢.
Proof : (a)=(b) For any x € X, we have by theorem 3.3, {:B}gSA” =({U :{z} CU,U

is ji-semi (d, 0)-open}. Since (X, 71, 72) is pairwise semi (0, 0) — Rg, each ji - semi (9, 0)-

(
(
(
(
(e) For any ij- semi (9, 60)-closed set F' and a point = ¢ F, there exists a ji - semi
(
(
(
(

open U containing = contains ij — dsclg({x}). Hence ij — dsclp({z}) C {m}?SA”.
(b)=(c) For any z,y € X, if y € {m}§SAij, then = € ij — dsclg({y}). By (b), we have
x € {y}?SAﬁ. Similarly we can prove the other hand.

(¢c)=(d) For any z,y € X, ify € ij—dsclg({x}), then z € {y}gS/\”. By (¢),y € {x}?SAﬁ
and so x € ji — dsclp({y}). Similarly we can prove the other hand.

(d)=(e) Let F be an ij - semi (9, §)-closed set and a point x ¢ F. Then for any point
y € F,ij—dsclg({y}) C F and = ¢ ij — dsclp({y}). By (d), x ¢ ij — dsclg({y}) implies
y ¢ ji — dsclp({z}). Hence there exists a ji - semi (6, )-open set U, such that y € U,
and x ¢ Uy. Let U = U,cp{Uy : y € Uyandz ¢ Uy, Uyisji — semi(d,0) — open}. Then
U is a ji - semi (0, 0)-open set such that z ¢ U and F C U.

(e)==(f) Let F' be an ij - semi (9, 8)-closed set and suppose that H = (\{U : F C
U,isji — semi(d,0) — open} . Then F C H and we show that H C F. Let x ¢ F. Then
by (e), there exists a ji - semi (9, §)-open set U such that ¢ U and F' C U and hence
x ¢ H. Therefore H C F and so, H = F.

(f)==(g) Obvious.

(g)==(h) Let F be an ij - semi (9, f)-closed set and = ¢ F. Then X\F = U is an ij -

semi (0, 0)-open set containing x. Then by (g), there exists a ji - semi (9, §)-closed set
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H such that x € H C U and hence ji — dsclg({z}) C U. Thus ji — dsclg({z}) N F = ¢.
(h)==(a) Let U be an ij - semi (d, §)-open set and € U. Then x ¢ X\U which is ¢j -
semi (9, 0)-closed set and by (h), ji —dsclg({x})NX\U C U. Thus ji—dsclg({z}) CU.
Hence (X, 71, 72) is pairwise semi (4, 6) — Ry space.

Definition 3.18 : In a bitopological space (X, 71, 72) for any x,

(a) P —dsclg({z}) =12 — dsclg({z}) N 21 — dsclg({z}).

(b) {29 = {2} 1 {30,

Theorem 3.19 : In a pairwise semi (0,0) — Ry space, for any z and y we have either
P — §sclg({x}) = P — dsclp({y}) or P — dsclg({z}) N P — dsclg({y}) = ¢. Proof :
Suppose that P — dsclg({z}) NP — dsclp({y}) # ¢ and let z € [[12 — dsclp({z}) N 21 —
dsclg({z})]N[12—0dsclg({y}) N21 —dsclg({y})]], thenl2 —dsclp({z}) C [12—dsclp({z})N
12 — dsclp({y})]and21 — dsclg({z}) C [21 — dsclg({z}) N 21 — dsclg({y})]. Also since
z € 12 — dsclp({z}), then 21 — dsclp({x}) C 21 — dsclp({y}). This is so because by
theorem 3.17 (d), if z € 12 — dsclp({x}), then = € 21 — dsclg({z}). This implies
21—dsclp({x}) C 21—dscly({z}) C 21—bsclyp({y}). Similarly, z € 21—dsclyg({x}) implies
12 — dsclg({z}) € 12 — dsclp({y}) and z € 12 — dsclp({y}) implies 21 — dsclp({z}) C
21 — dsclp({y}) and z € 21 — dsclg({y}) implies 12 — dsclp({y}) C 12 — dsclp({z}).
Therefore, 12 — dsclg({x}) N 21 — dsclp({x}) C 12 — dsclg({y}) N 21 — dsclp({y}) and
12 — dsclp({y}) N 21 — dsclp({y}) € 12 — dsclp({z}) N 21 — dsclp({x}). Hence 12 —
dsclg({y}) C 21 — dsclg({y}) = 12 — dsclp({x}) N 21 — dsclp({x}).

Theorem 3.20 : In a pairwise semi (0,0) — Ry space, for any z and y we have either
6 6 4 0
{55}58/\}) = {y}58AP or {$}5SAP N {y}JSAP * .

Proof : Obvious. Similar to theorem 3.19.

4. Pairwise (§,0)-Semi Generalized Closed Sets

Definition 4.1 : A subset A of a bitopological space (X, 1, 72) is called ij — (¢, 0) semi
generalized closed sets (briefly ij — (, 6)-sg closed sets) if ji — dsclg(A) C U wherever
A CU and U is ij — ¢ semi open in (X, 71, 7). The complement of an ij — (4,6) semi
generalized closed set is called ij — (0,6) semi generalized open (briefly ij — (9, 0)-sg
open).

If A C X is 12 — (6,0)-sg closed and 21 — (0, 6)-sg closed, then A is called pairwise
(0,0)-sg closed.
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Example 4.2 : Let (X, 11, 72) be bitopological space with X = {a,b,c,d,e} and 71 =
{¢, X, {a}, {0}, {e} {a, b}, {a,e},{b e}, {a,b,e}}, o = {0, X, {c}, {d},{e},

{¢,d}, {c,e},{d,e},{c,d,e}}. Then 12 — (9, 0)-sg closed sets are ¢, X, {c,d},{c,d,e}.
Theorem 4.3 : Every ji - semi (0, 0)-closed set is ij — (4, 0)-sg closed.

Proof : Let A C X be a ji - semi (9, 6)-closed set. Then ji — dsclg(A) = A. Let
A C U where U is an ij — d semi open in (X, 71, 72). It follows that ji — dsclg(A) C U.
Therefore A is ij — (0, 0)-sg closed.

Theorem 4.4 Every ij — (6,0)-sg closed set is ij - sg closed.

Proof : Let A is ij — (d,0)-sg closed. Since ji — dscl(A) C ji — scl(A) C ji — dsclp(A)
for every subset A of X, then A is ij - sg closed.

The following example shows that the converse of above theorem needs not true in
general.

Example 4.5 : Let (X, 71, 72) be bitopological space with X = {a,b,¢,d,e} and 71 =
{6, X, {a}, {0} {eb o, b}, {a,e}, {b, e} {a,by e}, 2 = {6, X, e}, {d), {e),
{c,d},{c,e},{d,e},{c,d,e}}. Then {a,b} is 12 - sg closed but not 12 — (4, #)-sg closed.

Remark 4.6 : From above discussion, we conclude the following diagram:

ji — & Closed
|

ji — & Semi closed
|
ij - Semi (9, §)-closed
|
ij — (0, 0)-sg Closed
|
ij - sg Closed

Theorem 4.7 : A subset A of a bitopological space (X, 11,72) is ij — (9, 0)-sg open if
and only if U C ji — dsintg(A) whenever U is ij — d semi closed in X and U C A.
Proof : Let A be ij — (6,0)-sg open and U C A where U is ij — ¢ semi closed. Then
X\A C X\U. This implies that ji — dsclg(X\A) € X\U. Then by theorem 2.2,
Ji — dsclg(X\A) = X\ji — dsintg(A) C X\U. Thus U C ji — dsintg(A).
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Conversely, if U is an ij — § semi closed set with U C ji — dsintg(A) whenever U C A
then it follows that X\ A C X\U and X \ji—dsintg(A) C X\U. Thus ji—dsclg(X\A) C
X\U. Therefore X\A is ij — (0,0)-sg closed and therefore A is ij — (0, 0)-sg open.
Theorem 4.8 : Let A be an ij — (0, 0)-sg closed subset of (X, 71,72). Then

(a) ji — dsintg(A)\ A does not contain a nonempty ij — J semi closed set.

(b) ji — dsinty(A)\A is ij — (9, 6)-sg open.

Proof : (a) Let U be an ij — 0 semi closed set such that U C ji — dsclg(A)\A. Since
X\U is ij — 0 semi open and A C X\U, it follows that ji — dsclg(A) C X\U and
U C X\ji — dsclp(A). This implies that U C X\ji — dsclp(A) N ji — dsclg(A) = ¢.
Hence U = ¢.

(b) If A is ij — (4,60)-sg closed and U is an ij — 0 semi closed set such that U C
ji—dsclp(A)\ A then by (a), U is empty and therefore U C ji—dsintg[ji—dsintg(A)\A].
By above theorem, ji — dsclp(A)\A is ij — (9, 0)-sg open.

Theorem 4.9 : If A is an ij — (0,0)-sg closed set of a space (X,71,72) such that
A C B C ji—dsclg(A) then B is also an ij — (0, 0)-sg closed set.

Proof : Let U be an ij — § semi open set of (X, 71, 72) such that B C U. Then A C U.
Since A is ij — (0,0)-sg closed, then ji — dsclp(A) C U. Also since ij — dsclg(A) =
N{ij—dscl(V): ACV € ji—dSO(X)}. Hence ji—dsclg(B) C ji—dsclg[ji—dsclg(A)] =
ji — dsclg(A) C U. Therefore B is also an ij — (9, §)-sg closed set of (X, 71, 72).
Theorem 4.10 : A bitopological space (X, 7, 72) is ij — ds — 1} space if and only if
every ij — (0,0)-sg closed set is ij - semi (d, #)-closed.

Proof : Let A C X beij—(d,0)-sg closed and = € ji—dscly(A). Since X is ij —ds—T}
space, {z} is ij — ¢ semi closed by definition 1.3. Thus = ¢ ji — dsclg(A)\A by theorem
4.9. Since = € ji — dsclg(A), then € A. Hence ji — dsclg(A) C A and A is ij - semi
(6, 0)-closed.

Conversely, let z € X. Assume that {z} is not ij — 0 semi closed. Then X\{z} is not
ij — ¢ semi open. Since the only ij — ¢ semi open superset of X\{z} is X, then X\{z}
is ij — (9, 0)-sg closed. By hypothesis X \{x} is ¢j - semi (9, §)-closed and thus {z} is ji
- semi (0, 6)-open. By theorem 2.8, {z} is ij — 0 semi regular. Thus {x} is ij — ¢ semi
closed. Hence by definition 1.4, (X, 1, 72) is ij — ds — T} space.
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5. ij — (4,0)-sg Continuous and ij — (9, )-sg Irresolute Functions
Definition 5.1 : A function f : (X,71,72) — (Y, 01,02) is called an ij — (9,6) semi
generalized continuous (briefly ij — (4, #)-sg continuous) if f~(V) is ij — (, §)-sg closed
in X for every ji — ¢ semi closed V of Y.

Theorem 5.2 : If a function f : (X, 71,72) — (Y, 01,02) is ij — (0, 0)-sg continuous,
then f is ij-sg continuous.

Proof : Let V be o; - closed set of Y. Since f is ij — (4, 6)-sg continuous, then f~1(V)
is ij — (0, 0)-sg closed. Since every ij — (,6)-sg closed set is ij - sg closed, then f=(V)
is 1j-sg closed set of X and hence f is ij-sg continuous.

Definition 5.3 : A function f : (X, 71, 7) — (Y, 01,092) is called an ij — (§,60) semi
generalized irresolute (briefly ij — (4, 0)-sg irresolute) if f=1(V) is ij — (6, 6)-sg closed
in X for every ij — (9, 6)-sg closed set V of Y.

Theorem 5.4 : If f: (X,71,72) — (Y,01,092) is an ij — (9, 6)-sg irresolute and ¢ :
(Y,01,02) — (Z, p1, p2) is ij — (9, §)-sg continuous, then gof is ij — (9, #)-sg continuous.
Proof. Let W be a ji — § semi closed set of Z. Since g is an ij — (4, #)-sg continuous,
g L (W) is ij — (6,0)-sg closed set of Y. Since f is ij — (6, 0)-sg irresolute, (gof) (W) =
f g 1 (W)] is an ij — (6, 0)-sg closed set of X. Hence gof is an ij — (6, #)-sg continuous.
Theorem 5.5 : If f: (X,71,72) — (Y,01,02) and g : (Y,01,02) — (Z, p1, p2) are
ij — (9, 0)-sg irresolute functions, then gof is ij — (4, 0)-sg irresolute.

Proof : Let W be a ij — (0,0)-sg closed set of Z. Since g is an ij — (9, §)-sg irresolute,
g (W) is ij — (8, 0)-sg closed set of Y. Since f is ij — (d, )-sg irresolute, (gof)~1 (W) =
f g (W) is an ij — (6, 0)-sg closed set of X. Hence gof is an ij — (J, §)-sg irresolute.
Definition 5.6 : A function f : (X, 7, 72) — (Y, 01,092) is said to be ij — (4,0) semi
generalized closed (briefly ij — (6, 0)-sg closed) if f(U) is an ij — (9, 0)-sg closed set of
Y for every ji — d semi closed set U of X.

Definition 5.7 : A function f : (X, 7,72) — (Y,01,02) is said to be ij - pre-semi
(6,0)-open (resp. ij - pre-semi (6, 0)-closed) if f(U) is an ij - semi (6, 0)-open (resp. ij
- semi (4, #)-closed) set of Y for every ij - semi (9, 6)-open (resp. ij - semi (6, #)-closed)
set U of X.

Theorem 5.8 : If a function f : (X, 7,72) — (Y, 01,02) is a bijective ij - pre-semi
(0,0)-open ij — (0, 0)-sg continuous, then f is ij — (4, 6)-sg irresolte.

Proof : Let V be an ij — (8, 0)-sg closed set of Y. Assume that f~!(V) C U, where U



70 A. EDWARD SAMUEL & D. BALAN

is an ij — 0 semi open in X. Then V C f(U). Since f(U) € ij —dSO(X) and V is an
ij —(9,0) closed set, we have ji—dsclg(V) C f(U) and therefore f~1[ji—dsclg(V)] C U.
Since f is ij — (0,0) continuous and ji — dsclg(V') is ji — & semi closed, it follows that
§i — dsclg[ji — 6sclg(V)] € U and thus ji — dsclyg[f~1 (V)] C U. This means that f~1(V)
is ij — (6,0) closed in X. Therefore f is ij — (4, ) irresolute.

Theorem 5.9 : If a function f : (X,71,72) — (Y,01,02)) is ij — s irresolute and
ij — (6,0) closed, then f(U) is ij — (4,0) closed in Y for an ij — (4, 0) closed set U of X.
Proof : Let U be ij — (6,0) closed in X. Assume that f(U) C V, where V is an ij — ¢
semi open set in Y. Thus U C f~}(V). Since f is ij — ds irresolute, then f~(V)
is ij — 0 semi open and U is ij — (6,0) closed, hence ji — dscly(U) C V. Therefore
flji — dsclg(U)] C V. Thus ji — dsclg[f[ji — dsclg(U)]] C V, since f is ij — (9, 60) closed
and ji — dsclp(U) is ij — 0 semi closed. Hence ji — dsclg[f(U)] € V. Thus f(U) is
ij — (0,0) closed in Y.

Theorem 5.10 : For a function f : (X, 71,72) — (Y, 01, 02)), the following are equiv-
alent: (a) fis ij- pre-semi (0, #)-closed.

(b) For each U C X, ij — dsclp[f(U)] C f[ij — dsclp(U)].

(c) If f~1(V) C U, where V C Y and U is ij- semi (§,6)-open in X, then there exists
an ij- semi (4, 6)-open set W C Y such that V.C W and f~1(W) C U.

(d) If f~'(y) C U where y € Y and U is ij - semi (J,#)-open in X, then there exists an
ij - semi (4, 0)-open set W C Y such that y € W and f~Y{(W) C U.

Proof : (a)==(b) Let U C X. Then ij — dsclg(U) is ij - semi (d,f)-closed. Since
f is ij - pre-semi (0, 0)-closed, then f[ij — dsclg(U)] is ij - semi (4, 0)-closed. More-
over, f(U) C flij — dsclg(U)] and ij — dsclp[f(U)] C ij — dsclg[f[ij — dsclg(U)]]. Thus
ij — sclgl f(U)] C flij — Ssclo(U)).

(b)=(a) Let U be an ij - semi (0,6)-closed set of X. By (b), ij — dsclg[f(U)] C
flig — 0sclp(U)] = f(U). Hence f is ij - pre-semi (4, #)-closed.

(a)=>(c) Let U C X, W = Y\ f(X\U). Since f~5(V) C U, where U is an ij - semi
(0,6)-open set of X and V. C W, then X\U is an ij - semi (J,6)-closed. By (a),
F(X\U) is ij - semi (9, 0)-closed set in Y. Hence W is ij - semi (0, )-open in Y and
W) = X\ f A X\D) S O

(c)==(d) Obvious.

(d)=(a) Let F be an ij - semi (4, #)-closed set of X. Suppose that y € Y\ f(F'). Then
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f~Yy) € X\F, where X\F is ij - semi (0, #)-open set of X. By (d), there exists an ij
- semi (§,6)-open set W C Y such that f~1(W) C X\F. Thus F C f~1(Y\W), this
implies f(F) C Y\W. Hence y € W C Y\ f(F) and Y\ f(F) is ij - semi (J,0)open
set of Y. It follows that f(F) is ij - semi (J,0)-closed set in Y and hence f is an ij-
pre-semi (4, #)-closed.

Theorem 5.11 : If a function f : (X, 71,72) — (Y,01,02)) is ij — ds irresolute and
ji - pre-semi (9, 0)-closed, then for every ij — (J,6)-sg closed set F' of X, f(F') is an
ij — (0,0)-sg closed set of Y.

Proof. Suppose that F' is an ij — (0, 0)-sg closed set of X. Assume f(F) C U, where
U € ij —3dSOY). Now F C f~YU) and since f is ij — s irresolute f~H(U) €
ij —0SO(X). But F is an ij — (8, 0)-sg closed. Therefore ij — dsclg(F) C f~1(U). Thus
flig —dsclg(F)] C U. Now we have ij — dsclg[f(F)] C f[ij —0sclg(F)] C U. This shows
that f(F') is an ij — (, 0)-sg closed set of Y.
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