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Abstract

We introduce a new class of mappings called p−cyclic weak φ−contractions which
contains the p−cyclic φ−contractions mappings as a subclass. Then, convergence
and existence of best proximity points for p − cyclic weak φ − contractions map-
pings are obtained. Moreover, results are generalizations of the results of calogero
vetro (2010)[30].

1. Introduction

In 1922, Banach[3] stated that every contraction on a complete metric space has a

unique fixed point. This theorem is known as Banach contraction mapping principle or

Banach fixed point theorem. Banach’s theorem preserves its importance in fixed point

theory and has applications not only in many branches of mathematics but also in
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in economics. In particular, in micro economics, for the Nash equilibria, fixed point

theorems are used (see e.g [20,4]).

In 1969, Boyd and wong[5] gave the definition of φ-contraction: A self mapping T on a

metric space X is called φ-contraction if there exists an upper semi-continuous function

φ : [0,+∞)→ [0,+∞) such that

d(Tx, Ty) ≤ φ(d(x, y)) for all x, y ∈ X.

Later, in 1997, Alber and Guerre-Delabriere [1], introduced the definition of weak φ-

contraction: A self mapping T on a metric space X is called weak φ-contraction if for

each x, y ∈ X, there exists a function φ : [0,+∞)→ [0,+∞) such that

d(Tx, Ty) ≤ d(x, y)− φ(d(x, y))

In addition, Alber and Guerre-Delabriere defined weak φ-contraction on Hilbert spaces

and proved the existence of fixed points in Hilbert spaces. Rhoades[25] showed that

most of the results in [1] are also valid for arbitrary Banach spaces.

Notice that if φ is a lower semi-continuous mapping then φ(u)=u-φ(u) becomes φ-

contraction[5]. The notions φ-contraction and weak φ-contraction have been studied by

many authors,(e.g; [12, 26, 27, 28, 14, 15, 16].)

Cyclic maps were defined by Kirk-Srinivasan-Veeramani in 2003. They stated the fol-

lowing Theorem (see[17], Theorem 1.1).

Theorem 1.1 : Let A and B be non-empty closed subsets of a complete metric space

(X,d). Suppose that T: A ∪ B→ A ∪ B is a map satisfying T(A)⊂B and T(B)⊂ A and

there exists k∈(0,1) such that d(Tx,Ty)≤kd(x,y) for all x∈A and y∈B. Then, T has a

unique fixed point in A∩B.

(see[2,7]). Let A and B be non-empty closed subsets of a metric space (X,d) and φ:

[0,+∞) → [0,+∞) be a strictly increasing map. A map T:A∪B→A∪B is a called a

cyclic weak φ-contraction if T(A)⊂B and T(B)⊂A and

d(Tx, Ty) ≤ d(x, y)− φ(d(x, y)) + φ(d(A,B))

for all x ∈ A and y ∈ B where d(A,B)=inf{d(a,b):a∈ A,b∈B}.
A point x∈A∪B is called a best proximity point if d(x,Tx)=d(A,B). Further, if α ∈(0,1)

and φ(t)=(1-α)t, then T is called cyclic contraction (see[10]). Rezapour-Derafshpour-

shahzad (see[23], also[24]) stated the following theorem:
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Theorem 1.2 : Let (X,d,≤) be an ordered metric space, A and B be non-empty subsets

of X and T:A∪B→A∪B be decreasing, cyclic weak φ-contraction, that is, T satisfies

(Cyclic weak φ contraction). Suppose there exists x0 ∈A such that x0 ≤ T 2x0 ≤
Tx0.Define xn+ 1 =Txn and dn:=d(xn+1,xn) for all n∈ N . Then dn →d(A,B).

(see[7]). Let A and B be non-empty closed subsets of a metric space (X,d) and φ:

[0,+∞) → [0,+∞) be a strictly increasing map. A map T:A∪B→A∪B is a called a

Kannan type cyclic weak φ-contraction if T(A)⊂B and T(B)⊂A and

d(Tx, Ty) ≤ u(x, y)− φ(u(x, y)) + φ(d(A,B))

for all x ∈ A and y ∈ B where u(x,y)=1
2 [d(x,Tx)+d(y,Ty)] and d(A,B)=inf{d(a,b):a∈

A,b∈B}.

2. Preliminaries

In this section we give some basic definitions and concepts which are useful and related

to the context of our results.

Definition 2.1 : Let A1, A2, · · · , Ap be nonvoid subsets of a metric space (X, d). A

mappings T : ∪pi=1Ai → ∪
p
i=1Ai is said to be a p-cyclic mapping if T (Ai) ⊂ Ai+1 for

i = 1, 2, · · · , p where Ap+1 = A1. A point x ∈ Ai is said to be a Best proximity point if

d(x, Tx) = d(Ai, Ai+1).

Lemma 2.1 (3.3 [29]) : Let (X,d) be a metric space and let A1, A2, · · · , Ap be non-

void subsets of X. if T : ∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic non-expansive mapping then

d(Ai, Ai+1) = d(Ai+1, Ai+2) = d(A1, A2)for i = 1, 2, ...., p.

Definition 2.2 [11] : Let A1, A2, · · · , Ap be nonvoid subsets of a metric space (X, d).A

p-cyclic mapping T on ∪pi=1Ai is called a contraction mapping if there exists k ∈ (0, 1)

such that d(Tx, Ty) ≤ kd(x, y) + (1− k)d(Ai, Ai+1)

∀x ∈ Ai, y ∈ Ai+1, i = 1, 2, ...., p.

Definition 2.3 : Let (X,d) be a metric space and let A1, A2, · · · , Ap be nonvoid subsets

of X. A p-cyclic mapping T on ∪pi=1Ai is called a weak φ-contraction if there exists a

strictly increasing function φ : [0,∞)→ [0,∞) such that

d(Tx, Ty) ≤ v(x, y)− φ(v(x, y)) + φ(d(Ai, Ai+1))

for all x ∈ Ai and y ∈ Ai+1 where v(x,y)=3
4 [d(Tx,Ty)+d(x,y)]and

d(Ai, Ai+1)=inf{d(a,b):a∈ Ai,b∈Bi+1}
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Lemma 2.2 : Let (X,d) be a metric space and let A1, A2, · · · , Ap be nonvoid subsets

of X. If T : ∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic φ-contraction then

(i) −φ(d(x, y)) + φ(d(Ai, Ai+1)) ≤ 0 for all x ∈ Ai and y ∈ Ai+1 , i=1,2,....,p

(ii)d(Tx, Ty) ≤ d(x, y) for all x ∈ Ai and y ∈ Ai+1 , i=1,2,....,p for all x ∈ Ai and

y ∈ Ai+1.

Theorem 2.3 : Let A1, A2, · · · , Ap be nonvoid subsets of metric space X.Let T :

∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic φ-contraction. For x0 ∈ ∪pi=1Ai Then d(T pnx, T pn+1y)→

d(Ai, Ai+1) as n→∞ for all x, y ∈ Ai.

Theorem 2.4 : Let A1, A2, · · · , Ap be nonvoid subsets of metric space X.Let T :

∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic φ-contraction.If for x ∈ Ai,the sequence {T pnx} has

a convergent subsequence in {T pnkx0} convergent to a point x ∈ Ai then d(x, Tx) =

d(Ai, Ai+1).

Theorem 2.5 : let A1, A2, · · · , Ap be nonvoid subsets of a uniformly convex Banach

space X such that Ai, Ai+1 is convex and let Let T : ∪pi=1Ai → ∪
p
i=1Ai be p-cyclic

φ-contraction.Given x0 ∈ Ai then for every ε > 0 there exists nε such that ‖ T pmx0 −
T pn+1x0 ‖< d(Ai, Ai+1) + ε for all m > n ≥ nε.

Theorem 2.6 : let A1, A2, · · · , Ap be nonvoid subsets of a uniformly convex Banach

space X such that Ai, Ai+1 is convex and let Let T : ∪pi=1Ai → ∪
p
i=1Ai be p-cyclic φ-

contraction.If Ai is closed and d(Ai, Ai+1) = 0.Then T has a unique fixed point x ∈ ∩pi=1

and T pnx0 → x(Tnx0 → x) as n→∞ for all x0 ∈ Ai.

3. Results for p-cyclic weak φ Contraction

Now let us state our main result.

Example 1 : Let X = R with the usual metric and let A1, A2, · · · , Ap = [0, 1]. The

mapping T : ∪pi=1Ai → ∪
p
i=1Ai defined by Tx = x

1+x is a p-cyclic weak φ contraction if

we choose a strictly increasing function φ : [0,∞)→ [0,∞) with φ(t) = t2

(1+t) T is not a

p-cyclic φ-contraction.

Example 2 : Let X = R with usual metric and let A1 = [0, 1], A2 = [−1, 0], A3 = [1, 2].

The mapping T : ∪3
i=1Ai → ∪3

i=1Ai defined by Tx = −x
4(1+|x|) is a 3-cyclic weak φ-

contraction if we choose φ : [0,∞)→ [0,∞) with φ(t) = t2

(1+t) .
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Lemma 3.1 : Let (X,d) be a metric space and let A1, A2, · · · , Ap be nonvoid subsets

of X. If T : ∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic weak φ-contraction then

(i) −φ(v(x, y)) + φ(d(Ai, Ai+1)) ≤ 0 for all x ∈ Ai and y ∈ Ai+1 , i=1,2,· · · ,p

(ii) d(Tx, Ty) ≤ v(x, y) for all x ∈ Ai and y ∈ Ai+1 , i=1,2,· · · ,p.

Proof : Let T : ∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic weak φ-contraction mapping

To prove that

(i) −φ(v(x, y)) + φ(d(Ai, Ai+1)) ≤ 0 for all x ∈ Ai and y ∈ Ai+1 , i=1,2,...,p

clearly d(Ai, Ai+1) ≤ v(x, y) for all x ∈ Ai, y ∈ Ai+1 since φ is a strictly increasing

function, −φ(v(x, y)) + φ(v(x, y)) = 0. Obiviously, −φ(v(x, y)) + φ(d(Ai, Ai+1)) < 0

hence,−φ(v(x, y)) + φ(d(Ai, Ai+1)) ≤ 0 for all x ∈ Ai and y ∈ Ai+1 , i=1,2,....,p

(ii)to prove that d(Tx, Ty) ≤ v(x, y) for all x ∈ Ai and y ∈ Ai+1 , i=1,2,....,p

from(i) we get

−φ(v(x, y)) + φ(d(Ai, Ai+1)) ≤ 0.

From the definition of (2.3)

d(Tx, Ty) ≤ v(x, y)− φ(v(x, y)) + φ(d(Ai, Ai+1))

for all x ∈ Ai and y ∈ Ai+1 where v(x,y)=3
4 [d(Tx,Ty)+d(x,y)] and d(Ai, Ai+1) =

inf{d(a, b) : a ∈ Ai, b ∈ Ai+1}
Therefore we get d(Tx, Ty) ≤ v(x, y) for all x ∈ Ai and y ∈ Ai+1 , i=1,2,....,p, 2

Theorem 3.1 : Let A1, A2, · · · , Ap be nonvoid subsets of metric space X.Let T :

∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic weak φ-contraction. For x0 ∈ ∪pi=1Ai.

Then d(Txpn, Typn+1)→ d(Ai, Ai+1) as n→∞ for all x, y ∈ Ai.
Proof : Let dn = d(Txpn, Txpn+1) for all n ≥ 1. It follows from Lemma 3.1(ii) that

{dn} is decreasing and bounded.

Thus lim
n→∞

dn = t0 for some t0 ≥ d(Ai, Ai+1). If t0 = d(Ai, Ai+1) there is nothing to

prove. So, we assume that t0 > d(Ai, Ai+1)

Now, we have

dn+1 = d(Txp(n+1), T yp(n+1)+1) ≤ · · · ≤ d(Txpn+1, T ypn+2)

≤ dn − φ(dn) + φ(d(Ai, Ai+1))
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and hence

φ(d(Ai, Ai+1)) ≤ φ(t0) ≤ φ(dn) ≤ dn − dn+1 + φ(d0) (1)

for all n ≥ 1 since φ is a strictly increasing function dn ≥ t0 ≥ d(Ai, Ai+1). for all n ≥ 1.

It follows from (1) that

lim
n→∞

φ(dn) = φ(t0) = φ(d(Ai, Ai+1))

As, φ is strictly increasing function we have t0 = d(Ai, Ai+1). 2

Corollary 3.3 : Let A1, A2, ...., Ap be nonvoid subsets of metric space X.Let T :

∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic weak φ-contraction. Then

(i) d(Txn, Txn+1)→ d(A1, A2) as n→∞ for all x0 ∈ Ai , i=1,2,...,p

(ii) d(Txp(n+1), Txpn+1)→ d(Ai, Ai+1) as n→∞for all x0 ∈ Ai , i=1,2,...,p.

Proof : (i)By lemma 2.1 d(A1, A2) = d(Ai, Ai+1) for all i=1,2,...,p

since T is a weak φ - contraction.

By Lemma 3.1 the sequence {d(Txn, Txn+1)} is decreasing and so (i) follows from

Theorem 3.2.

(ii) By Theorem 3.2 if T = Txp and we obtain (ii) that is,

d(Txp(n+1), Txpn+1)→ d(Ai, Ai+1) as n→∞for all x0 ∈ Ai , i=1,2,....,p. 2

Theorem 3.4 : Let A1, A2, ...., Ap be nonvoid subsets of metric space X. Let T :

∪pi=1Ai → ∪
p
i=1Ai is a p-cyclic weak φ-contraction. If for x ∈ Ai, the sequence {TXpn}

has a convergent subsequence in {Txpnk
} convergent to a point x ∈ Ai then d(x, Tx) =

d(Ai, Ai+1).

Proof : From

d(Ai, Ai+1) = d(Ai−1, Ai) ≤ d(x, Txpnk−1)

≤ d(x, Txpnk
) + d(Txpnk−1, Txpnk

)

for all k ≥ 1, it follows by Corollary 3.3(i).

That d(x, Txpnk−1)→ d(Ai, Ai+1).

Since d(Ai, Ai+1) ≤ d(Txpnk
, Tx) ≤ d(Txpnk−1, x) for all k ≥ 1, as k → ∞ it follows

that hence d(x, Tx) = d(Ai, Ai+1). 2
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Lemma 3.5 : Let A1, A2, ...., Ap be nonvoid subsets of a uniformly convex Banach

space X such that Ai is convex and let Let T : ∪pi=1Ai → ∪
p
i=1Ai be p-cyclic weak

φ-contraction then ‖ Txp(n+1) − Txpn ‖→ 0 and

‖ Txp(n+1)+1 − Txpn+1 ‖→ 0 as n→∞ for all x ∈ Ai.
Proof : To show that ‖ Txp(n+1) − Txpn ‖→ 0 , n→∞
we assume the contrary, then there exists ε0 > 0 such that for all k ≥ 1 then there exists

nk ≥ k so that

‖ Txp(nk+1) − Txpnk
‖≥ ε0.

Choose α ∈ (0, 1) such that ε0
α > d(Ai, Ai+1) = d0 and choose ε such that

0 < ε < min{ε0
α
− d0,

δ(α)d0

1− δ(α)
}.

Now by Corollary 3.3 (ii) and Theorem 3.2, there exists nε such that

‖ Txp(nk+1) − Txpnk+1 ‖< d0 + ε

and

‖ Txpnk
− Txpnk+1 ‖< d0 + ε

for all nk ≥ nε. It follows from the uniform convexity of X that

‖ Txpnk
+ Txp(nk+1) − Txpnk+1 ‖≤ (1− δ( ε0

d0 + ε
))(d0 + ε)

for all nk ≥ nε.As
(Txpnk

+Txp(nk+1))

2 ∈ Ai
the choice of ε and the fact that δ is strictly increasing imply that

‖ Txpnk
+Txp(nk+1)

2 − Txpnk+1 ‖< d0 for all nk ≥ nε which is a contradiction.

A similar argument shows ‖ Txp(n+1)+1 − Txpn+1 ‖→ 0 as n→∞. 2

Theorem 3.6 : Let A1, A2, ...., Ap be nonvoid subsets of a uniformly convex Banach

space X such that Ai, Ai+1 is convex and let T : ∪pi=1Ai → ∪
p
i=1Ai be p-cyclic weak

φ-contraction. Given x0 ∈ Ai then for every ε > 0 there exists nε such that ‖ Txpm −
Txpn+1 ‖< d(Ai, Ai+1) + ε for all m > n ≥ nε.
Proof : Suppose the contrary .Then there exists ε0 > 0 such that for each k ≤ 1 there

exists m > n ≥ k satisfying

‖ Txpmk
− Txpnk+1 ‖≥ d(Ai, Ai+1) + ε0 and (2)



84 J. UMA MAHESHWARI & A. ANBARASAN

‖ Txp(mk−1) − Txpnk+1 ‖≤ d(Ai, Ai+1) + ε0 (3)

It follows from (2)the triangle inequality and (3) that

d(Ai, Ai+1) + ε0 ≤‖ Txpmk
− Txpnk+1 ‖

≤‖ Txpmk
− Txp(mk−1) ‖ + ‖ Txp(mk−1) − Txpnk+1 ‖

<‖ Txpmk
− Txp(mk−1) ‖ +d(Ai, Ai+1) + ε0

Letting k →∞ Lemma 3.5 implies

lim
n→∞

‖ Txpmk
− Txpnk+1 ‖= d(Ai, Ai+1) + ε0 (4)

Applying the triangle inequality Lemma 3.1 (i,ii) and the cyclic φ-contraction property

of T, we obtain

‖ Txpmk
− Txpnk+1 ‖ ≤ ‖ Txpmk

− Txpmk+p ‖ + ‖ Txp(mk+1) − Txp(nk+1)+1 ‖

+ ‖ Txp(nk+1)+1 − Txpnk+1 ‖

≤ ‖ Txpmk
− Txp(mk+1) ‖ + ‖ Txpmk+1 − Txpnk+2 ‖

+ ‖ Txp(nk+1)+1 − Txpnk+1 ‖

≤ ‖ Txpmk
− Txp(mk+1) ‖ + ‖ Txpmk

− Txpnk+1 ‖

−φ(‖ Txpmk
− Txpnk+1 ‖) + φ(d(Ai, Ai+1)) ‖

+ ‖ Txp(nk+1)+1 − Txpnk+1 ‖

≤ ‖ Txpmk
− Txp(mk+1) ‖ + ‖ Txpmk

− Txpnk+1 ‖

+ ‖ Txp(nk+1)+1 − Txpnk+1 ‖ .

Letting k →∞ and using (4)and Lemma 3.5 we obtain

d(Ai, Ai+1) + ε0 ≤ d(Ai, Ai+1) + ε0 − lim
k→∞

φ(‖ Txpmk
− Txpnk+1 ‖)

+φ(d(Ai, Ai+1)

≤ d(Ai, Ai+1) + ε0

and hence,

lim
k→∞

φ(‖ Txpmk
− Txpnk+1 ‖) = φ(d(Ai, Ai+1)) (5)
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Since φ is strictly increasing, it follows from (1) and (5) that

φ(d(Ai, Ai+1) + ε0) ≤ lim
k→∞

φ(‖ Txpmk
− Txpnk+1 ‖)

= φ(d(Ai, Ai+1)) < d(Ai, Ai+1) + ε0

which is a contradiction. 2

Theorem 3.7 : Let A1, A2, ...., Ap be nonvoid subsets of a uniformly convex Banach

space X such that Ai, Ai+1 is convex and let Let T : ∪pi=1Ai → ∪
p
i=1Ai be p-cyclic

weak φ-contraction.If Ai is closed and d(Ai, Ai+1) = 0.Then T has a unique fixed point

x ∈ ∩pi=1 and Txpn → x(Txn → x) as n→∞ for all x0 ∈ Ai.
Proof : Choose ε by the Theorem 3.2 and 3.4 there exists N1 such that ‖ Txpn −
Txpn+1 ‖≤ ε for all n ≥ N1.

By Theorem 3.6, there exists N2 such that

‖ Txpm − Txpn+1 ‖≤ ε

for every m > n ≥ N2. Let N = max{N1, N2} it follows that

‖ Txpm − Txpn ‖≤‖ Txpm − Txpn+1 ‖ + ‖ Txpn+1 − Txpn ‖< ε

for all m > n ≥ N2.

Thus {Txpn} is a Cauchy sequence in Ai. Now if Ai is closed.

Txpn → x ∈ Ai as n→∞.

By theorem ‖ x− Tx ‖= 0 and x is a fixed point of T and hence x ∈ ∩pi=1Ai.

To show that the uniqueness of x, we assume that y is another fixed point of T since

‖ x− y ‖=‖ Tx− Ty ‖≤‖ x− y ‖ −φ(‖ x− y ‖) + φ(0)

it follows that φ(‖ x− y ‖) = φ(0) and so x=y.

The sequence {‖ x−Txn ‖} is decreasing and bounded, then we conclude that Txpn → x

as n→∞. 2
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