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MENGER SPACES IN COMMON FIXED POINT THEOREMS
FOR WEAKLY COMPATIBLE MAPPINGS

M. VIJAYAKUMAR! AND S. M. SUBHANI?

Abstract

In this present paper menger space in common fixed point theorem for compatible
mappings our results generalizes and extends .

1. Introduction

Probabilistic metric spaces, which is a overview of metric spaces was introduced by
Menger [7]. The premise of probabilistic metric spaces is of elementary in probabilistic
functional analysis was performed by [15] and others under various contractive condi-
tions are worked by [10, 11, 13, 14, 21].

A common fixed point theorem for commuting maps generalizing the Banach’s fixed
point theorem by [3] and defined weak commutativity and proved common fixed point
theorem for weakly commuting mappings proved by Sessa [18]. Further, [4] introduced

the notion of compatibility, which is more general than that of weak commutativity,
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then different fixed point theorems for compatible mappings satisfying contractive type
conditions and assuming continuity of at least one of the mappings, have been obtained
by many authors. In 1998, introduced the notion of weak compatibility and showed that
compatible maps are weakly compatible but the converse need not to be true. Finally
by [5, 17] proved common fixed point theorems for weakly compatible mappings on a
complete Menger spaces without using the condition of continuity.

Finally, replacing the condition of compatibility of type (P) by weak-compatibility in
complete Menger space. By Pathak [9].

2. Preliminaries
Definition 2.1 : A real valued function f on the set of real numbers is called a distribu-
tion function if it is non-decreasing, left continuous with 5161% f(u) =0and ilelg flu)=1.
OR Heaviside function H is a distribution function defined by

0, ©u<0

H(u) =

1, u>0
Definition 2.2 : Let X be a non-empty set and let L denote the set of all distribution
functions defined on X. An ordered pair (X, T) is called a probabilistic metric space

where T' is a mapping from X x X into L if for every pair (z,y) € X a distribution

function F(x,y) or F,, assumed to satisfy the following conditions:

(1) Fyy(u) = H(u) if and only if z = y.

(2) me(u) = Fy:r(u)
(3) Fypy(0) = 0.

(4) If Fyy(u1) = 1 and F,.(u2) = 1, then F, .(u1 +ug) = 1 for all z,y,z in X and

uy, uz = 0.

Every metric space (X,d) can be realized as a probabilistic metric space by taking
T :X x X — L defined by F,,(u) = H(u — d(z,y)) for all z,y in X. So probabilistic
metric spaces provide a wider framework than that of the metric spaces and are better
suited in many situations.

Definition 2.3 : A t-norm is a function ¢ : [0, 1] x [0, 1] — [0, 1] satisfying the following

conditions:
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(T1) t(a,1) = a,t(0,0) =0,
(T2) t(a,b) = t(b,a),
(T3) t(c,d) > t(a,b) for c > a, d >,

(T4) t(t(a,b),c) = t(a,t(b,c)) for all a,b,c € [0,1].

Definition 2.4 : A Menger probabilistic metric space (X,<S,t) is an ordered triple,

where t is a t-norm, and (X, S) is a probabilistic metric space satisfying the following
condition: Fj ,(ui + ug) > t(Fyy(u1), Fy2(u2)) for all z,y, z in X and uq,ug > 0.
Definition 2.5 : A sequence {z,} in (X, ;) is said to

(I) Converge to a point z € X if for every ¢ > 0 and A > 0, there exists a positive
integer N (e, A) such that Fyy, zm(€) > 1 — A for all n > N(e, \).

(IT) Cauchy sequence if for every e > 0 and A > 0, there exists a positive integer N (e, \)
such that Fyp gm(€) > 1 — X for all n,m > N(e, N).

(ITT) Continuous ¢t-norm is said to be complete if every Cauchy sequence in X converges

to a point in X.

Definition 2.6 (I) : A coincidence point (or simply coincidence) of two mappings is a
point in their domain having the same image point under both mappings.
Formally, given two mappings f,g : X — Y we say that a point x in X is a coincidence
point of f and g if f(z) = g(z).
(IT) A pair of mappings A and S is called a weakly compatible pair if they commute at
a coincidence point.
Example 2.1 : Define the pair A, S : [0,5] — [0, 5] by

z, z€][0,1] 5—z, x€]0,1]

Az) = S(z) =

5 x€[l,5], 5, x € [1,5].
Then for any x € [1,5], ASz = SAx, showing that A, S are weakly compatible maps on
[0, 3].
Definition 2.7 : An PM-space (X,T) is said to be a simple space if and only if there
exists a metric d on X and a distribution function G satisfying G(0) = 0, such that for
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every x,y in X

G(at5) = #w
Fpy(u) = for all z,y € X.

H(u) T=y
Furthermore, we say that (X, T) is the simple space generated by the metric space (X, d)
and the distribution function G.
Remark [15] : A simple space is a Menger space under any choice of T satisfying (T1),
(T2), (T3),(T4).
Lemma 2.11 ([20, 16]) : Let {z,,} be a sequence in a Menger space (X, <S,t), where
t is continuous and ¢(z,z) > x for all x € [0,1]. If there exists a constant k& € (0,1)
such that, Fyp gnt1(kz) > Fppo12n(z) for all z > 0 and n € N, then {z,} is Cauchy
sequence in X.
Now we prove a common fixed point theorem for four weakly compatible maps on a

complete Menger space.

3. Main Theorem
Theorem 3.1: Let A, B, S and T be self mappings on a complete Menger space (X, F\ t)
where t(z,y) = min(z,y) for all z,y € [0, 1], satisfying the following conditions:

3.1(i) A(X),B(X) are closed sets of X and A(X) C T(X), B(X) C S(X),
3.1(ii) the pairs {A,S} and {B, T} are weakly compatible,

31(111) F(MAx,Bya (kt)MSm,Tya (t)a MAx,Sa:a (t)7 MBy,Tya (kt)> MAac,Tya (t)) > 0.

If the pair {A, S} is reciprocal continuous, semi-compatible maps. Then A, B, S and T'
have a unique common fixed point in X.

bf Proof : Let xg € X, be any arbitrary point. From 3.1(i), there exist x1,x2 € X such
that Azg = Tx1 = yo and Br; = Sz = y1. Inductively we can construct sequences
{z,,} and {y,} in X such that Azs, = Txo,+1 = Yo, and Bxao, 1 = STonto = Yont1 for
n=0,1,2,---. Putting x = x9,,y = zap4+1 for t > 0 in (3); we get

F{MAmmBZQnH (kt)a M5w2n7T962n+1 (t)a MArzn,Sl“zn (t)v MBw2n+1,TJB2n+1 (kt)} > 0.
That is,

F{Many2n+l (kt)7 Manfl yY2n (t)7 My2nyy2n71 (t)7 My2n+1 sY2n (kt)} Z 0
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Using (i), we get
M,

Yon,Y2n+1

(kt), M,

Yon,Y2n+1

(t) > 0.

Again we put © = x9,+2 and y = x2,43; we have

F{MArzn+2,Bﬂf2n+1 (kt)v M5x2n+2,T$2n+3 (t)7 MA$2n+2,5r2n+2 (t)v MB$2n+3,TI2n+3 (kt)} > 0.
That is

F{My2n+3y2n+2 <kt)’ My2n+27y2n+1 (t)7 My2n+27y2n+1 (t)’ My2n+3ay2n+2 (kt)} Z 0

Using (i); we get
M,

Yon+3,Y2n+2

(kt), M,

Y2n+2,Y2n+1

(t) > 0.

Thus for any n and t, we have

M

y’ﬂ7yn+1

(Kt) My, 1y, (t) = 0.

Hence by Lemma 2.11 {y,} is a Cauchy sequence in X. Since X is complete there-
fore {y,} — 2z in X and its subsequences {Axay,},{Brant1}, {Txon+1},{Sz2n} also

converges to z. (A, S) is reciprocally continuous mapping then we have,

lim ASxo, = Az, lim SAxg, =Sz

n—oo n—oo

and semi-compatibility of (A, S) gives;

lim ASxzy, = S=z.

n—od

Hence Az = Sz.
Step 1 : By putting = 2z, y = x9,4+1 in (3), we get

F{MAZ,BxgnJrl (kt)a MSx,Tx2n+1(t) MAZ,SZ(t)a MBx2n+1,ngn+1(kt)} > 0.
Letting n — oo, we get
F{MAz,z(kt)a MAz,z(t)a MAz,Az(t)a Mz z(t)} > 0.

)

As F' is non-decreasing in the first argument, we have

F{Mszz(t)’ MAZ,Z@)? 1, 1} > 0.
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That is
MAz,z(t) > 1.

Therefore Az = z = Sz.
Step 2 : As A(x) C T'(z), there exists u € X such that z = Az = Tu, putting « = xa,
and y = u in (3), we get

F{M ss,, Bu(kt), Msgs, Tu(t), Maz,, Sws,(t), Mpuru(kt)} > 0.
Letting n — oo; we get
F{M;,pu(kt), M..(t), M.:(t),, Mpuz:(kt)} >0.
As F' is non-decreasing in the first argument, we have
F{M, pu(t),1,1, Mp,(t),1} > 0.

That is
M, pu(t) > 1.

Therefore, z = Bu = Tu.
ie, Tu=TBu=z="Tz.
Putting x = z and y = z in (3), we get

F{MAz,Bz(kt)a MSz,Tz(t)’ MAz,Sz(t)a MBz,Tz(kt)} > 0.

We get
F{MZ,Bz(kt)a Mz,z(t)y Mz,z(t)) MBZ,z(kt)} 20

As F' is non-decreasing in the first argument, we have
F{Mz,Bz(kt)a 17 17 MBz,z(t)a ‘} Z 0.
That is
Mz,Bu(t) > 1.

Therefore z = Bz = Tz. Hence Az = Bz = Sz =tz = z.
Uniqueness : Let w be another fixed point of A, B, S and t. Therefore putting = = 2

and y = w in (3), we have

F{MAz,Bw(kt)a MSz,Tw(t)> MAZ,SZ(t)7 MBz,Tz(kt)} Z 0
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F{M, ,(kt), M, (t)," M, .(kt), M, .(t)} > 0.

As F' is non-decreasing in the first argument, we have
F{M_(t), M.y(t),1,1} >0,

i.e., z=w. Hence z is a unique fixed point in X.
Corolloary 3.2 : Let A, S and T be self mappings of a complete fuzzy metric space
(X, M, %) with t-norm defined by a * b = min{a, b}, satisfying :

3.2(i)) AX)CS(X)NT(X);
3.2(ii) A is T absorbing;
3.2(iii) for some F' € ®, there exists k € (0, 1) such that for all x,y € X and ¢t > 0,

F{MAm,Ay(kt)v MSm,Ty(t)7 MAx,Sx(t)a MAy,Ty(kt)}ZO-

If the pair {A, S} is reciprocal continuous, semi-compatible maps. Then A,S and T

have a unique common fixed point in X.
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