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Abstract

In this paper we shall give an approximation of alternating series using correction
function. The introduction of correction function certainly improves the sum of the
series and gives a better approximation to it.

1. Introduction

The sum of an alternating series can be approximated by its sequence of partial sums.
Then the error obtained is the remainder term of the series. The absolute value of the
remainder term plays a vital role in the approximation of alternating series.

o
Definition 1 : An alternating series is a series of the form Y (—1)""!a,, where the

n=1
terms a, > 0.
o0
Definition 2 : The remainder term for an alternating series Y (—1)""!la, is the
n=1

sum of the series after n terms. It is denoted by R,.
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o0

ie. Ry= Y (—=1)Flay.
k=n+1
If S denote the sum of the series and S, denote the sequence of partial sums of the

series, then R, == S — 5,,.

o0
Definition 3 : The correction function to an alternating series > (—1)""la, is

n=1
denoted by G,, and it is defined as the absolute value of the remainder term.
i.e. If R,, denotes the remainder term of the series, then

R, = (—1)"G,, where G,, is the correction function.

o0
ie. Gp= > (=) 1a, .
k=1
If {ay} is monotonically decreasing, then |S — S,| = Gy,

Definition 4 : Let S denote the sum and S, denote the sequence of partial sums of
o0
the series Y (—1)""'a,. Suppose that {a,} is monotonically decreasing.

n=1
Then we define the forward differences of the terms as

Aan = Gp — Qn+41

In general,
Akan = Ak_lan - Ak_lan+1 for k> 1.

Then the correction function
Gn = Aapt1 + Aapys + Aapys + Aapyr + -0

i.e. ‘S — Sn‘ = Aan+1 + Aan+3 + Aan+5 + Aan+7 + -

n .
Theorem 1 : Let S, = > (—1)""ta; be the nth partial sum of an alternating series
i=1

andlet S=nn g 00 Sy. Suppose that 0 < an41 < ay for all n and lim a, = 0. Then
n—oo
Gn =15 — Sn| < ant1.

Proof : Let
00
$ = Yt
n=1
= St () s+ () s+ (<) g
= S+ (=)™ant1 —anp2 tapgz — -}
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1S =Sul = Hans1 — ant2 + angs — - }
= +Hant1 — (ant2 — any3) = (nta — angs) - |
< lan+1| (since the terms a,, monotonically decreases with n)
= ap41 (since ap41 > 0)

|S - Sn‘ < Ap+41

ie. Gp < apy1-

Hence the proof.

Theorem 2 : For a convergent alternating series io: (—)""la, if the terms a, are
monotonically decreasing and if a,, < 2¢, then G,, < ::1

Proof: Let S denote the sum of the series § (=)™ ta, whose sequence of partial sums
is S,,. Then the correction function after nnt_elrms is G, = |S — Syl

Let Aa, = ap — apy1-

Then by our assumption, Aan,+1 < Aay,. Also we have

Gn = {any1 —an2+angz —---}
= {(ant1 — any2) + (ans3 — anya) + (@nys —a—n+6)---}

= {AanJrl + Aany3 + Aapis + Aapi7- - }

so that Gp,—1 = {Aap + Aapio + Aapia + Aanie -}

Since (Aay,) is monotonically decreasing, we have G,, < Gj,—1.
Also we have a, = Gy, + Gy —1.

If a, < 2¢, then G, + Gp—1 < 2e.

Since G,, < G,_1, it follows that G, < e.

Since G+ < Gy, for all k € N, it follows that G, < € for all &.
ie. |Spyr — S| <eforall ke N.

ie. Gpip <eforall ke N.

i.e. All partial sums following S,, will lie in the limit of accuracy.

Hence the proof.
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