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Abstract

Let N be the class of functions analytic and normalized in open unit disc given

o0
by f(z) = z+ 3 arz¥,a, € C. The objective of this paper is to investigate two
k=2
subclasses namely K(A;f; v, i, m, 3) and K (AY; v, u, m, 3) operating on subclass of
normalized analytical function. RUSAL differential operator are used for finding
Closure theorem, Integral mean inequality,extrerme point theorem,coefficient in-
equality, convolution and distortion theorem for given classes. All the results are
sharp for the function mentioned above.

1. Introduction and Preliminaries
Let N denotes subclass of normalized analytical functions in open unit disk U = {z :

|z| < 1} given by
f(2) :z—l—Zakzk. (1.1)
k=2

Ruscheweyh in [3] has introduced following differential operator R" : N — N defined
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R(f(z)) =2+ " lCqs*, (:€U). (1.2)
k=2
Definition 1.1 : A function f in N is said to be close-to-convex in U, of order «, that
is, f € C(«) if and only if
Re{f(2)} >a (z€U). (1.3)

Definition 1.2 : A function f in N is said to be close-to-star like of order a (0 <<
a < 1) that is f € CS*(«) if and only if

Re{f(z)}>a, (z€U). (1.4)

z

We note that the classes C'(0) = C, C'S*(0) = CS* are well known classes of close-to-
convex and close-to-star like functions in U.
Definition 1.3 : For two functions f and g analytic in U, we say that the function

f(z) is subordinate to g(z) in U and write

f(2)g < (2), (z€U) (1.5)

If there exit Schwarz function w(z), analytical in U with w(0) = 0 and |w(z)| < 1 such
that

f(2) = g(w(2)), (z€U). (1.6)

Definition 1.4 : For f € N, [1] has introduced following differential operator D™ :
N — N defined by

o0

D™( Z I apz* (2 € U). (1.7)

Definition 1.5 : Let n € NU{0},A > 0,AY : N — N defined by

AX(f(2)) = (L =AD" f(z) + AR f(2). (1.8)

On simplifying, we observed that

AN(f2) =2+ (L A (1 — \) + AR 10 g 2 (1.9)
k=2

[6] has introduced] following subordination theorem which we stated as lemma
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Lemma 1.1 : Let f and g analytic in unit disc and suppose g < f, then for 0 <t < oo

21 ) 21 )
/ m@wmmg</ Fré®)td0 (0 <7< 1,¢> 0). (1.11)
0 0

Strict equality hold for 0 <7 < 1 unless f is constant or w(z) = az, |a| = 1.

Definition 1.6 :
K(giygm = {re N |- 0B suigry-n<s) )

where z € U,7 € C[{0},0< <10< <1, me NU{0}, AV f is defined in (1.9).
Example : If f(z) = z, then for v = 1,u = 1,m = 0,0 < § < 1, show that f(z) €
K (A7, p,m, B).

Answer : Fory=1,u=1,m=0,0<v <1,

(a0 appr-1)] = [Ha-nBsuagey )|
- I -1
-1
ST
< B8

Hence f(2) € K(AF:, s m, ).
Definition 1.7 : Let K(AK; v, i, m, 3) be the subclass of K (AY'; v, i1, , ) which satisfies

inequality

Y14 (k= Du)([L+ (k= DI"(1 = A) + A"FIC)fa] < |y16. (1.13)
k=2

Remark 1 : K(A};1,1,0,5)
Remark 2 : K(AY;1,1,0,03)

c o1 -p).

CCS*(1-p).

2. Coefficient Inequality, Growth and Distortion Theorems, Closure
Theorems

Theorem 2.1 : Let f(z) € N satisfy

DA+ (k=D)L + (k= 1" (1 = X) + A0 fag| < 1B (2.1)
k=2



54 SHAILESH SHASHIKANT JADHAV

yeC{0},0<p <1 0<u<l,meNU{0}.
Then f € K(AY;y, 1, ,m,[3).

Proof : Assume (2.1) is valid for f(z) € N and v (v € C|{0}),8 (0 < 8 <), u (0 <
pw<1),meNU{0}.

Using (1.8) we have

ALS

L uagyy -

(1—u) 1
u 24 ) ([L+ (k=11 = \) + A" 10, 2"
k=2

_u)

b [T+ (L4 (k= 1)9)"(1 = X) + >\"+k_,1LC')kakzk_1] —1
k=2

iu + (k=) (1 + k=11 = \) + X" 1C)ag |27 L.
k=2

Therefore
(- uagsy - )
S G = D) ([ 4 (k= DAT(L = A) 4+ AL a2
k=2
<300+ (k= D[+ (k= DA (1= A) + N1y
k=2
< |v]B.
Hence
]‘ ’S\nf m !
\7«1 ~ By -l <8

Thus f(z) € K(AY;7, u,m, B).
Corollary 2.1 : Show that K(AT;m,u, m, ) € K(AY; v, p,m, ).
Example: If f(z) = z+% . Show that f(z) € K(AJ;1,1,0,1) but f(z) ¢ K(Ay;1,1,0,1).
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Answer :
H- 0 gy )
A9
= -0 gy )
= [(A3) -1
= <z+z22> -1
- 1+2§—1’
= |zl <1

Therefore f(z) € K

—~

A7:1,1,0,1). But

(14 (k= D1)([1 4 (k= 1)3]°(1 = X) + A*-10) 4y

M8

T

2

=3 k(1= X+ N)|ax]
k=2

= 2.
z

— 141
Therefore f(z) ¢ K(AT; 1,1,0,1).
Theorem 2.2 : If f(z) € K(AY%~, u,m, 3) then

7|8

S G G D+ - vara - ey FE R
Proof : given that f(z) € K(AT;% w, m, 3). Therefore
> 1+ (k= D)p)([1+ (k= 1)) (1= A) + A0 |ax| < |8
k=2
(1+ (k= Dp)([1+ (k= 1)A]"(1 = X) + A" 1C) ag| < 418
a odle;
Kl <

(1+ (k= Dp)([1+ (k= 1) (1 = X) + A" 7350)
Theorem 2.3 : Let function f(z) defined by (1.1) be in class K(Af\”;'y,,u,, m, (3), then

[1+ (1 +0)n(1 = \) + \"HLC)

2| - < [f(2)l
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V18 2
<|z|+ 1+ a1 (1 +a)m(1— N\ +)\n47r110)|2| .

Equality is attained for function f(z) given by

"YW 52
[T+ p](L+0)m(1 =N+ X" He) ™

(2.2)

) =2+
Proof :

[T+ +0)" (1 =X +A"FCO) D ay
k=2

i(l + (k= Du)([L+ (k= DI (1= X) + A0 (|ax|
k=

IN IA
no

i)

Therefore -
ps [1+ ] ((140)7(1 — \) + A" HO)

Alsom f(z) = z+ > apz* and using (2.3)
k=2

£ (=)

IN

S k
2] 4+ > fa]|2"]
k=2

IN

o0
2] + |22 P (2.4)

2 18
] + 2] [1+u] (1) (1-N)+A" L O)

IN

Similarly
1f(2)] = IZ\—];Z\%HZ'“\

Y

|2 = [2]* 3 lal (2.5)
k=2

| ‘2 18
(1+pl((1+0) (1-N)+A"FC)

v

|2 -
Using (2.4) and (2.5)

V18

2
(14 1]((1+8)"(1 = \) + A"HO) 27 < |f(2)]

2| -
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< oy s o)

Hence

‘7|5 ‘2‘2
[T+ p]((1+0)n(1 — \) 4+ A" HLC)

1+ p)((1+0)m1 =N+ X" He)y ™

|2 =

< |F@) < 2+
Equality is attained for fucntion f(z) given by

1718 2

J) =2+ 1+ (L1 0) (1 —A) + Aoy

Theorem 2.4 : Let function f(z) defined by (1.1) be in class K (A, u, m, 3), then

21v|8 / 21v|8
— < <1+ .
(L 91— N+ argiey = VR = o)
(2.6)
Equality attained for function f(z) given by
_ V18 5
J&) =2t o — v 5 i)
Proof : Let f(z) =2+ Y apz® and f'(2) = 1+ 3. kapz*!
k=2 k=2
F() <14+ klagllz 7 < 142 Klaxl. (2.7)
k=2 k=2
But
D (4 (k= Dp)([1+ (k= DA (1= X) + X" F710)ax| < |418.
k=2
Also

2+ (k—2u>0
24+ku—2u>0
24 2kpu —2p > ku

%uglJr(k:—l),u.
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Similarly
(14 (k= D) ([1+ (k = DI"(1 = A) + A" 700 (|ax ]
> M1 a3 o)
S50y - )+ 1Ol
k=2
i(l + (k= D) ([1+ (k= 1) (1 = A) + A"F70C) ax |
k=2
< [vIB.
2v|8
Zk’ak’ < 1+8) ( )+)\n+1c)
From (2.7)
/ 2|8
FE s T ara -y + i) 28)
Similarly,
1F'(2)] = 1= 3 Klagl[zF]
k=2
> 1|2l 3 Hla - (2:9)
k=2

_ 21v|18 12|
w((140)" (1— >\)+/\"+1C’)

v
—_

(2.8) and (2.9) implies that

2|18
u((148)"(1 — \) + A" HC)

Equality attained for function f(z) given by

2|18
u((148)"(1 — \) + A" HC)

2l < If'(2)] < 2.

20|83 52
u((14+9)(1 =N + A" e)

)=+

3. Closure Theorem
Theorem 3.1 : Let fj() = 2+ > ax 2%, fi(z) € K(A};, u,m, ), then for g(z) =
k=2

Zl: ¢j fi(2)
k=1

9(2) € K(AY;7, p,m, 8),  where ch—l



ON A CERTAIN SUBCLASS OF NORMALIZED FUNCTIONS... 59
0 ~

Proof : Let fj(z) =z + Y ap 2%, with f;(2) € K(AY; 7, u,m, B).
k=2

Y [ plk = DI+ (k= DAL= ) + X710 ak ] < [15.
k=2

9(z) = D¢ fil2)

l
= z+ E ekzk where e = g CjQ ;-
k=2 j=1

Claim : g(z) € K(AY;v, p,m, B).

[+ pu(k = DL+ (k= DI (L = A) + X" HE10) e

gk

g 1

l
S 4 pk = D)1+ (k=11 =) + X0 D cjany
k=2 Jj=1

k=2

l 0o
<> <Cj D[+ plk = DL+ (k= 1" (1= X) + /\"+k$0)|ak,jl>

J=1

l
<> cihip
j=1
<|v[B.

Therefore, g(2) € K(AY;, u,m, B).
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4. Extreme Point Theorem
Remark 4.1 : For v € C|{0}, 0 < 8 < 1,0 < p < 1,m € N U{0} the following
functions are in Class K(AT; Y,y m, 3).

_ Bl 5
Mo = 2t s ara—n a0 eV
fa(z) = 2+ 25 = 1) 2, (zeU)

(1+2u)((1+20)"(1 = A) + A"30)

2’2

(L+m)((1+8)(1 - A) +A"HE0)
(1B —1)
(1 +20)((1+20)"(1 — A) + AN"72C) 2, (zeU).

fg(z) = z+

Theorem 4.1 : Let fi(z) = z and

178 k

&) = A G T O s - Do — gy - kB2 4D

Then f(z) € K(AT;~,u,m,B) if and only if (2) = > A\fe(2) whee A\, > 0 and
k=1
=1
k=1
Proof : Suppose that
fz) = D> Mfil2)
k=1

- . i ) 718 2
- Alfl()ﬂzf’“( T = D[+ (k= DI = A) + A0 >

(o) (s 16 r
- (1 kZ:Q)\k> " gAk ( T D) ([1+ (k=13 (1 = A) + A"HE750) >

- RIE
= z+ Z e 2"
-

+ (k=D)L + (k=11 =\ + X" Lo
= z+ i akzk
k=2

where

1718

(1+ (k= Du)([L + (k = DI (1 = A) + A"T750) e

ap =
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Claim : f(z) € K(A};v, p,m, 3).
i[l +p(k = D[+ (= 1)) (1 = A) + A" H10) |y

k=2
00

> [+ pk = D[+ (k= 1" (1= A) + A" TF10)
k=2

V|8
(1+ (k=) ([1+ (k—1)a"(1 — \) + A"+ Lo)

=11B>_ M
k=2

= [718(1 = A1)

< [yB.

Ak

From Theorem 2.1 f(z) € K(Ai\”;'y,,u, m, ().
Conversely suppose that f(z) € K(A;, u,m,3). Setting

A\ 14 p(k =D+ (E—1)0]"(1 — \) + A=l
k — af

V18

and A; = 32, M\

> Mefulz) = M) + D Mefil(2)
k=1 k=2

= (=S ) e S (- allé r
) (1 ;Ak> +;:2A’“< T G- D (K = D3 (- 2) + X 10) )

- Sk V8 Lk
i (1+ (k= Dp)([1+ (k = DI"(1 = A) + A"H750)

S g0 (DL (R DI ) X!

P 1716
V|8 K
1+ (k=) (14 (K — 1)1 — ) + A"Tr=Loy
= z+4 Z akzk
k=2
= f(2).

Hence f(z) = 1§1 Mefr(2).
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5. Integral Mean Inequality for Differential Operator
Theorem 5.1 : f(z) € K(AS\”;%,LL, m, 3) and suppose that

S n nth— 8
;2([1 + (k= 1)A]"(L = A\) + A" L0 |ay| < 56 -T0"

Also let the function
fedlE]

fi(z) =2+ 2 (j >2).

1+ G = D1+ G = DI (L = 1)+ A"HE750)
If ther exists an analytic function w(z) given by

[e.9]

w(z) ™t = A+G-Dw Z 1—la)[1+ (k— 1)) + \"TF=LCya, 2~ L

o his &=

Then for z = re® with 0 <r < 1
21 27
[ i@t < [ ©0<x<t 0
0 0

where A% f is differential operator defined in (1.5).
Proof : We have from definition (1.5)

M) = 2+ i((l = ML+ (k= DI ATE a2

nE) — 178 i
R S VI

For z = re” with 0 < r < 1 we have to show that

/27T

27
<
0

1+ Z (- — D" AR Cag 2| de

t
V18 Si—1

OG-0

do  (t>0).

By applying Littlewoods subordination theorem, it would sufficient to show that

L4 ST - M+ (k= DO+ A aglett <14 1P

That is t(z) < h(z) where

2 =1+ i[u N[+ (k= 1A + AmH10) g 20

ESEDDN

(5.1)

(5.2)

(5.3)
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_ V18 L1
O e

That is we want to show that ¢(z) = h(w(2)), w(0) = 0 and |w(z) < 1.

_ 18 w(z)i—1
M) = G e
B8 (G-

1+ —1Dp) V18

(1= N[+ (k= 13" + A1 gy 281

e T

i
[N}

= 1+ i[(l — M1+ (k— )3 + A" 1Cay24 !
k=2

= t(2).

Therefore h(w(z)) = t(z) and w(0) = 0.

Moreover we prove that analytic function |w(z)| < 1,z € U

‘w ] 1‘ _ (1 + h/’B Z . 1)8]” _’_/\n-i-k—rlbcr]akzk 1
=2
Chs m D) S (0 - M)+ (k= 3] + A1 ag |4
k=2

<2 |W S - ML+ Gk - DA + A
k=2

< |z|] <1 by hypothesis (5.1).

Hence proved.

6. Convolution Theorems
oo oo

Definition 6.1 : If f(2) = z + Y. ap2*, g(2) = 2+ Y br2", then hadmad product is
n=2

defined as given below

frg=z+) (axbp)2*

k=2
o o0
Theorem 6.1 : Let f,g € K(AY;y, u,m,B) where f(2) = z+ > apzk, g(z) = 2z +
n=2

3 bpz® with ag > 0, by > 0 and (akbk)% < 1. Then f*g € K(AT;m,u,m,ﬂ).
k=2
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Proof : We have fxg € K(AT;%,LL, m, 3) if and only if

[+ plk = DI+ (k= DI (1 = X) + A0 || < 18

WE

bl
||
N

g €€ K(AT; v, b, m, 3) if and only if

[+ ulk = DI+ (k= DI (1 = X) + AFET0) b < 6.

NE

i
[N}

By Cauchy Schwarz inequality

) N 0 % s 1
> (tlakl|tilbr)2 < (ZM%!) > telbel)2
P k=2 k=2

where
te= 14k —-1Dp)(1+(k-19"1 -\ + X" 10)
D @+ (k=D)L + (k- 1A (1— ) + ALY agby |7 < [y]6. (6.2)
k=2

By assumption (akbk)% < 1. then
akb < (arbg)?.

Thus from (6.2) and(6.3)

D1+ (k= Dp)([L+ (k= 13" (1 = A) + N"710) agbe| < [715.
k=2

Hence f*xg € K(ATSWM»m’ﬁ)-
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