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Abstract
Let N be the class of functions analytic and normalized in open unit disc given

by f(z) = z +
∞∑
k=2

akz
k, ak ∈ C. The objective of this paper is to investigate two

subclasses namely Ǩ(Anλ; γ, µ,m, β) and K(Anλ; γ, µ,m, β) operating on subclass of
normalized analytical function. RUSAL differential operator are used for finding
Closure theorem, Integral mean inequality,extrerme point theorem,coefficient in-
equality, convolution and distortion theorem for given classes. All the results are
sharp for the function mentioned above.

1. Introduction and Preliminaries

Let N denotes subclass of normalized analytical functions in open unit disk U = {z :

|z| < 1} given by

f(z) = z +
∞∑
k=2

akz
k. (1.1)

Ruscheweyh in [3] has introduced following differential operator Rn : N → N defined

by
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Rn(f(z)) = z +
∞∑
k=2

n+k−1
n Cakz

k, (z ∈ U). (1.2)

Definition 1.1 : A function f in N is said to be close-to-convex in U , of order α, that

is, f ∈ C(α) if and only if

Re{f(z)} > α (z ∈ U). (1.3)

Definition 1.2 : A function f in N is said to be close-to-star like of order α (0 <≤
α < 1) that is f ∈ CS∗(α) if and only if

Re

{
f(z)
z

}
> α, (z ∈ U). (1.4)

We note that the classes C(0) = C, CS∗(0) = CS∗ are well known classes of close-to-

convex and close-to-star like functions in U .

Definition 1.3 : For two functions f and g analytic in U , we say that the function

f(z) is subordinate to g(z) in U and write

f(z)g ≺ (z), (z ∈ U) (1.5)

If there exit Schwarz function w(z), analytical in U with w(0) = 0 and |w(z)| < 1 such

that

f(z) = g(w(z)), (z ∈ U). (1.6)

Definition 1.4 : For f ∈ N , [1] has introduced following differential operator Dn :

N → N defined by

Dn(f(z)) = z +
∞∑
k=2

[1 + (k − 1)∂]nakzk (z ∈ U). (1.7)

Definition 1.5 : Let n ∈ N ∪ {0}, λ ≥ 0, Anλ : N → N defined by

Anλ(f(Z)) = (1− λ)Dnf(z) + λRnf(z). (1.8)

On simplifying, we observed that

Anλ(f(z)) = z +
∞∑
k=2

([1 + (k − 1)∂]n(1− λ) + λn+k−1
n C)akzk. (1.9)

[6] has introduced] following subordination theorem which we stated as lemma
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Lemma 1.1 : Let f and g analytic in unit disc and suppose g ≺ f , then for 0 < t <∞∫ 2π

0
|g(reiφ)|tdθ ≤

∫ 2π

0
|f(reiφ)|tdθ (0 ≤ r < 1, t > 0). (1.11)

Strict equality hold for 0 ≤ r < 1 unless f is constant or w(z) = αz, |α| = 1.

Definition 1.6 :

K(Amλ ; γ, µ,m, β),=
{
f ∈ N :

∣∣∣∣1γ ((1− u)
Amλ f

z
+ u(Amλ f)′ − 1)

∣∣∣∣ < β

}
(1.12)

where z ∈ U, γ ∈ C|{0}, 0 < β ≤ 1 0 < µ ≤ 1, m ∈ N ∪ {0}, Amλ f is defined in (1.9).

Example : If f(z) = z, then for γ = 1, µ = 1,m = 0, 0 < β ≤ 1, show that f(z) ∈
K(Amλ ; γ, µ,m, β).

Answer : For γ = 1, µ = 1,m = 0, 0 < ν ≤ 1,∣∣∣∣1γ
(

(1− u)
Amλ f

z
+ u(Amλ f)′ − 1

)∣∣∣∣ =
∣∣∣∣11
(

(1− 1)
A0
λf

z
+ u(A0

λf)′ − 1
)∣∣∣∣

= |(A0
λf)′ − 1|

= |(z)′ − 1|

= |1− 1|

< β.

Hence f(z) ∈ K(Amλ ; γ, µ,m, β).

Definition 1.7 : Let Ǩ(Anλ; γ, µ,m, β) be the subclass of K(Amλ ; γ, µ, , β) which satisfies

inequality

∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak| < |γ|β. (1.13)

Remark 1 : K(Amλ ; 1, 1, 0, β) ⊆ C(1− β).

Remark 2 : K(Amλ ; 1, 1, 0, β) ⊆ CS∗(1− β).

2. Coefficient Inequality, Growth and Distortion Theorems, Closure

Theorems

Theorem 2.1 : Let f(z) ∈ N satisfy

∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC) |ak| < |γ|β (2.1)
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γ ∈ C|{0}, 0 < β ≤ 1 0 ≤ µ ≤ 1,m ∈ N ∪ {0}.

Then f ∈ K(Amλ ; γ, µ, ,m, β).

Proof : Assume (2.1) is valid for f(z) ∈ N and γ (γ ∈ C|{0}), β (0 < β ≤), µ (0 <

µ ≤ 1), m ∈ N ∪ {0}.

Using (1.8) we have

(1− u)
Amλ f

z
+ u(Amλ f)′ − 1

=
(1− u)
z

[
z +

∞∑
k=2

([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)akzk

]

+µ

[
1 + +

∞∑
k=2

([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)kakzk−1

]
− 1

=
∞∑
k=2

(1 + (k − 1)µ)([1 + k − 1)∂]n(1− λ) + λn+k−1
nC|ak||z−1|k.

Therefore

|((1− µ)
Amλ f

z
+ µ(Amλ f)′ − 1)|

=
∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak||zk−1|

≤
∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak|

≤ |γ|β.

Hence ∣∣∣∣1γ ((1− u)
Amλ f

z
+ u(Amλ f)′ − 1)

∣∣∣∣ < β.

Thus f(z) ∈ K(Amλ ; γ, µ,m, β).

Corollary 2.1 : Show that Ǩ(Amλ ; γ, µ,m, β) ⊆ K(Amλ ; γ, µ,m, β).

Example : If f(z) = z+ z2

2 . Show that f(z) ∈ K(Amλ ; 1, 1, 0, 1) but f(z) 6∈ Ǩ(Amλ ; 1, 1, 0, 1).
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Answer : ∣∣∣∣1γ ((1− u)
Amλ f

z
+ u(Amλ f)′ − 1)

∣∣∣∣
=

∣∣∣∣11((1− 1)
A0
λf

z
+ u(A0

λf)′ − 1)
∣∣∣∣

=
∣∣(A0

λf)′ − 1
∣∣

=

∣∣∣∣∣
(
z +

z2

2

)′
− 1

∣∣∣∣∣
=

∣∣∣1 + 2
z

2
− 1
∣∣∣

= |z| < 1.

Therefore f(z) ∈ K(Amλ ; 1, 1, 0, 1). But

∞∑
k=2

(1 + (k − 1)1)([1 + (k − 1)∂]0(1− λ) + λ0+k−1
n C)|ak|

=
∞∑
k=2

k(1− λ+ λ)|ak|

= 2 · 1
z

= 1 6< 1.

Therefore f(z) 6∈ Ǩ(Amλ ; 1, 1, 0, 1).

Theorem 2.2 : If f(z) ∈ Ǩ(Amλ ; γ, µ,m, β) then

|ak| ≤
|γ|β

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

k ≥ 2.

Proof : given that f(z) ∈ Ǩ(Amλ ; γ, µ,m, β). Therefore

∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak| ≤ |γ|β

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak| ≤ |γ|β

|ak| ≤
|γ|β

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

.

Theorem 2.3 : Let function f(z) defined by (1.1) be in class Ǩ(Amλ ; γ, µ,m, β), then

|z| − |γ|β
[1 + µ]((1 + ∂)n(1− λ) + λn+1

n C)
|z|2 ≤ |f(z)|
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≤ |z|+ |γ|β
[1 + µ]((1 + ∂)n(1− λ) + λn+1

n C)
|z|2. (2.2)

Equality is attained for function f(z) given by

f(z) = z +
|γ|β

[1 + µ]((1 + ∂)n(1− λ) + λn+1
n C)

z2.

Proof :

[[(1 + µ)(1 + ∂)n(1− λ) + λn+1
n C)

∞∑
k=2

|ak|

≤
∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC(|ak|

≤ |‖β.

Therefore
∞∑
k=2

|ak| ≤
|γ|β

[1 + µ]((1 + ∂)n(1− λ) + λn+1
n C)

. (2.3)

Alsom f(z) = z +
∞∑
k=2

akz
k and using (2.3)

|f(z)| ≤ |z|+
∞∑
k=2

|ak||zk|

≤ |z|+ |z|2
∞∑
k=2

|ak|

≤ |z|+ |z|2 |γ|β
[1+µ]((1+∂)n(1−λ)+λn+1

n C)
.

(2.4)

Similarly

|f(z)| ≥ |z| −
∞∑
k=2

|ak||zk|

≥ |z| − |z|2
∞∑
k=2

|ak|

≥ |z| − |z|2 |γ|β
[1+µ]((1+∂)n(1−λ)+λn+1

n C)
.

(2.5)

Using (2.4) and (2.5)

|z| − |γ|β
[1 + µ]((1 + ∂)n(1− λ) + λn+1

n C)
|z|2 ≤ |f(z)|
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≤ |z|+ |γ|β
[1 + µ]((1 + ∂)n(1− λ) + λn+1

n C)
|z|2.

Hence

|z| − |γ|β
[1 + µ]((1 + ∂)n(1− λ) + λn+1

n C)
|z|2

≤ |f(z)| ≤ |z|+ |γ|β
[1 + µ]((1 + ∂)n(1− λ) + λn+1

n C)
|z|2.

Equality is attained for fucntion f(z) given by

f(z) = z +
|γ|β

[1 + µ]((1 + ∂)n(1− λ) + λn+1
n C)

z2.

Theorem 2.4 : Let function f(z) defined by (1.1) be in class Ǩ(Amλ ; γ, µ,m, β), then

1− 2|γ|β
u((1 + ∂)n(1− λ) + λn+1

n C)
|z| ≤ |f ′(z)| ≤ 1 +

2|γ|β
u((1 + ∂)n(1− λ) + λn+1

n C)
|z|.

(2.6)

Equality attained for function f(z) given by

f(z) = z +
|γ|β

u((1 + ∂)n(1− λ) + λn+1
n C)

z2.

Proof : Let f(z) = z +
∞∑
k=2

akz
k and f ′(z) = 1 +

∞∑
k=2

kakz
k−1

|f ′(z)| ≤ 1 +
∞∑
k=2

k|ak||zk−1| ≤ 1 + |z|
∞∑
k=2

k|ak|. (2.7)

But
∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak| ≤ |γ|β.

Also

2 + (k − 2)µ ≥ 0

2 + kµ− 2µ ≥ 0

2 + 2kµ− 2µ ≥ kµ
kµ

2
≤ 1 + (k − 1)µ.
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Similarly

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC(|ak|

≥ kµ

2
((1 + ∂)n(1− λ) + λn+1

n C)
∞∑
k=2

kµ

2
((1 + ∂)n(1− λ) + λn+1

n C)|ak|

≤
∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak|

≤ |γ|β.
∞∑
k=2

k|ak| ≤
2|γ|β

u((1 + ∂)n(1− λ) + λn+1
n C)

.

From (2.7)

|f ′(z)| ≤ 1 +
2|γ|β

u((1 + ∂)n(1− λ) + λn+1
n C)

|z|. (2.8)

Similarly,

|f ′(z)| ≥ 1−
∞∑
k=2

k|ak||zk−1|

≥ 1− |z|
∞∑
k=2

k|ak|

≥ 1− 2|γ|β
u((1+∂)n(1−λ)+λn+1

n C)
|z|

. (2.9)

(2.8) and (2.9) implies that

1− 2|γ|β
u((1 + ∂)n(1− λ) + λn+1

n C)
|z| ≤ |f ′(z)| ≤ 1 +

2|γ|β
u((1 + ∂)n(1− λ) + λn+1

n C)
|z|.

Equality attained for function f(z) given by

f(z) = z +
2|γ|β

u((1 + ∂)n(1− λ) + λn+1
n C)

z2.

3. Closure Theorem

Theorem 3.1 : Let fj() = z +
∞∑
k=2

ak,jz
k, fj(z) ∈ Ǩ(Amλ ; γ, µ,m, β), then for g(z) =

l∑
k=1

cj fj(z).

g(z) ∈ Ǩ(Amλ ; γ, µ,m, β), where
l∑

j=1

cj = 1.
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Proof : Let fj(z) = z +
∞∑
k=2

ak,jz
k, with fj(z) ∈ Ǩ(Amλ ; γ, µ,m, β).

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak,j | ≤ |γ|β.

g(z) =
l∑

k=1

cj fj(z)

=
l∑

k=1

cj

(
z +

∞∑
k=2

ak,jz
k

)

= z +
l∑

k=1

cj

(
z +

∞∑
k=2

ak,jz
k

)

= z +
∞∑
k=2

zk
l∑

j=1

cjak,j

= z +
∞∑
k=2

ekz
k where ek =

l∑
j=1

cjak,j .

Claim : g(z) ∈ Ǩ(Amλ ; γ, µ,m, β).

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ek|

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

∣∣∣∣∣∣
l∑

j=1

cjak,j

∣∣∣∣∣∣
≤

l∑
j=1

(
cj

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak,j |

)

≤
l∑

j=1

cj |γ|β

≤ |γ|β.

Therefore, g(z) ∈ Ǩ(Amλ ; γ, µ,m, β).
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4. Extreme Point Theorem

Remark 4.1 : For γ ∈ C|{0}, 0 < β ≤ 1, 0 ≤ µ ≤ 1,m ∈ N ∪ {0} the following

functions are in Class Ǩ(Amλ ; γ, µ,m, β).

f1(z) = z +
β|γ|

(1 + µ)((1 + ∂)n(1− λ) + λn+1
nC)

z2, (z ∈ U)

f2(z) = z +
2(|γ|β − 1)

(1 + 2µ)((1 + 2∂)n(1− λ) + λn+2
nC)

z3, (z ∈ U)

f3(z) = z +
z2

(1 + µ)((1 + ∂)n(1− λ) + λn+1
nC)

+
(|γ|β − 1)

(1 + 2µ)((1 + 2∂)n(1− λ) + λn+2
nC)

z2, (z ∈ U).

Theorem 4.1 : Let f1(z) = z and

fk(z) = z +
|γ|β

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

zk, (k ≥ 2). (4.1)

Then f(z) ∈ Ǩ(Amλ ; γ, µ,m, β) if and only if (z) =
∞∑
k=1

λkfk(z) whee λk ≥ 0 and

∞∑
k=1

λk = 1.

Proof : Suppose that

f(z) =
∞∑
k=1

λkfk(z)

= λ1f1(z) +
∞∑
k=2

λk

(
z +

|γ|β
(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1

nC)
z2

)

=

(
1−

∞∑
k=2

λk

)
z +

∞∑
k=2

λk

(
z +

|γ|β
(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1

nC)
zk
)

= z +
∞∑
k=2

λkz
k |γ|β

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

= z +
∞∑
k=2

akz
k

where

ak =
|γ|β

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

λk.
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Claim : f(z) ∈ Ǩ(Amλ ; γ, µ,m, β).

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak|

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

|γ|β
(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1

nC)
λk

= |γ|β
∞∑
k=2

λk

= |γ|β(1− λ1)

≤ |γ|β.

From Theorem 2.1 f(z) ∈ Ǩ(Amλ ; γ, µ,m, β).

Conversely suppose that f(z) ∈ Ǩ(Amλ ; γ, µ,m, β). Setting

λk =
[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1

nC)
|γ|β

ak

and λ1 =
∑∞

k=2 λk

∞∑
k=1

λkfk(z) = λ1f1(z) +
∞∑
k=2

λkfk(z)

=

(
1−

∞∑
k=2

λk

)
z +

∞∑
k=2

λk

(
z +

|γ|β
(1 + (k − 1)µ)([1 + (K − 1)∂]n(1− λ) + λn+k−1

nC)
zk
)

= z +
∞∑
k=2

λkz
k |γ|β

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

zk

= z +
∞∑
k=2

akz
k (1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1

nC)ak

|γ|β

|γ|β
(1 + (k − 1)µ)([1 + (K − 1)∂]n(1− λ) + λn+k−1

nC)
zk

= z +
∞∑
k=2

akz
k

= f(z).

Hence f(z) =
∞∑
k=1

λkfk(z).
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5. Integral Mean Inequality for Differential Operator

Theorem 5.1 : f(z) ∈ Ǩ(Amλ ; γ, µ,m, β) and suppose that

∞∑
k=2

([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak| ≤

|γ|β
(1 + (j − 1)µ)

. (5.1)

Also let the function

fj(z) = z +
|γ|β

(1 + (j − 1)µ)([1 + (j − 1)∂]n(1− λ) + λn+k−1
nC)

zj (j ≥ 2). (5.2)

If ther exists an analytic function w(z) given by

w(z)j−1 =
(1 + (j − 1)µ)

|γ|β

∞∑
k=2

((1− la)[1 + (k − 1)∂]n + λn+k−1
nC)akzk−1. (5.3)

Then for z = reiθ with 0 < r < 1∫ 2π

0
|Anλf(z)|tdθ ≤

∫ 2π

0
|Anλfj(z)|tdθ (0 ≤ λ ≤ 1, t > 0)

where Anλf is differential operator defined in (1.5).

Proof : We have from definition (1.5)

Anλf(z) = z +
∞∑
k=2

((1− λ)[1 + (k − 1)∂]nλn+k−1
nC)akzk

Dn
λfj(z) = z +

|γ|β
(1 + (j − 1)µ)

zj .

For z = reiθ with 0 < r < 1 we have to show that∫ 2π

0

∣∣∣∣∣1 +
∞∑
k=2

[(1− λ)[1 + (k − 1)∂]nλn+k−1
nC]akzk−1

∣∣∣∣∣
t

dθ

≤
∫ 2π

0

∣∣∣∣1 +
|γ|β

(1 + (j − 1)µ)
zj−1

∣∣∣∣t dθ (t > 0).

By applying Littlewoods subordination theorem, it would sufficient to show that

1 +
∞∑
k=2

[(1− λ)][1 + (k − 1)∂]n + λn+k−1
nC)|ak|zk−1 ≺ 1 +

|γ|β
(1 + (j − 1)µ)

zj−1.

That is t(z) ≺ h(z) where

t(z) = 1 +
∞∑
k=2

[(1− λ)[1 + (k − 1)∂]n + λn+k−1
nC]akzk−1
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h(z) = 1 +
|γ|β

(1 + (j − 1)µ)
zj−1.

That is we want to show that t(z) = h(w(z)), w(0) = 0 and |w(z) ≤ 1.

h(w(z)) = 1 +
|γ|β

(1 + (j − 1)µ)
w(z)j−1.

= 1 +
|γ|β

(1 + (j − 1)µ)
(1 + (j − 1)µ)

|γ|β
∞∑
k=2

[(1− λ)[1 + (k − 1)∂]n + λn+k−1
nC]akzk−1

= 1 +
∞∑
k=2

[(1− λ)[1 + (k − 1)∂]n + λn+k−1
nC]akzk−1

= t(z).

Therefore h(w(z)) = t(z) and w(0) = 0.

Moreover we prove that analytic function |w(z)| < 1, z ∈ U

∣∣w(z)j−1
∣∣ =

∣∣∣∣∣(1 + (j − 1)µ)
|γ|β

∞∑
k=2

[(1− λ)[1 + (k − 1)∂]n + λn+k−1
nC]akzk−1

∣∣∣∣∣
≤ (1 + (j − 1)µ)

|γ|β

∞∑
k=2

[(1− λ)[1 + (k − 1)∂]n + λn+k−1
nC]|ak||zk−1|

≤ |z|(1 + (j − 1)µ)
|γ|β

∞∑
k=2

[(1− λ)[1 + (k − 1)∂]n + λn+k−1
nC]|ak|

≤ |z| < 1 by hypothesis (5.1).

Hence proved.

6. Convolution Theorems

Definition 6.1 : If f(z) = z +
∞∑
n=2

akz
k, g(z) = z +

∞∑
k=2

bkz
k, then hadmad product is

defined as given below

f ∗ g = z +
∞∑
k=2

(akbk)zk.

Theorem 6.1 : Let f, g ∈ Ǩ(Amλ ; γ, µ,m, β) where f(z) = z +
∞∑
n=2

akz
k, g(z) = z +

∞∑
k=2

bkz
k with ak ≥ 0, bk ≥ 0 and (akbk)

1
2 < 1. Then f ∗ g ∈ Ǩ(Amλ ; γ, µ,m, β).
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Proof : We have f ∗ g ∈ Ǩ(Amλ ; γ, µ,m, β) if and only if

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|ak| ≤ |γ|β

g ∈∈ Ǩ(Amλ ; γ, µ,m, β) if and only if

∞∑
k=2

[1 + µ(k − 1)]([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|bk| ≤ |γ|β.

By Cauchy Schwarz inequality

∞∑
k=2

(tk|ak||tk|bk)
1
2 ≤

( ∞∑
k=2

tk|ak|

) 1
2 ∞∑
k=2

tk|bk|)
1
2

where

tk = (1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)

∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|akbk|

1
2 ≤ |γ|β. (6.2)

By assumption (akbk)
1
2 < 1. then

akbk < (akbk)
1
2 .

Thus from (6.2) and(6.3)

∞∑
k=2

(1 + (k − 1)µ)([1 + (k − 1)∂]n(1− λ) + λn+k−1
nC)|akbk| < |γ|β.

Hence f ∗ g ∈ Ǩ(Amλ ; γ, µ,m, β).

References

[1] Al-Oboudi F. M., On univalent functions defined by a generalized S.al.agean
operator, Internat. J. Math. and Mathematical Sciences, 27 (2004), 1429-1436.

[2] Duren P. L., Univalent functions, Grundlehren der MathematischenWissenchaften,
259, Springer-Verlag, New York, USA, (1983).

[3] Rusceweyh St., New criteria for univalent functions, RocAmer Math. Soc., 49
(1975), 109-115.



ON A CERTAIN SUBCLASS OF NORMALIZED FUNCTIONS... 65

[4] Khairnar S. M. and More M., A class of analytic functions defined by Hurwitz-
Lerch Zeta function, Internat. J. Math. and Computation, 1(8) (2008), 106-123.

[5] Khairnar S. M. and More M., A new class of analytic and multivalent functions
defined by subordination property with applications to generalized hypergeo-
metric functions and Applications, Art. ID. (2008), 374-756.

[6] Littlewood J. E., On inequalities in the theory of functions, Proc. London Math.
Soc., 23 (1925), 481-519.

[7] Miller S. S. and Mocanu P. T., Differential Subordinations, Theory and Applica-
tions, Vol.225, of Monographs and Textbooks in Pure and Applied Mathematics,
Marcel Dekker, New York, NY, USA, (2000).

[8] Murugusundaramoorthy G., Rosy T. and Muthunagai K., Carlson-Shaffer op-
erator and their applications to certain subclass of uniformly convex functions,
Gen. Math., 15(4) (2007), 131-143.

[9] Raina R. K. and Bansal D., Some properties of a new class of analytic functions
defined in terms of a Hadamard product, J. Inequal. Pure and Appl. Math.,
9(1) (2008), Art. 22.
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