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Abstract

In this paper we prove some interesting generalizations of the Enestrm-Kakeya theo-
rem and obtain zero-free regions for polar derivatives of polynomials with restricted
coeflicients.

1. Introduction

The well known result the Enestrom-Kakeya theorem [3,5] in the theory of distri-
bution of zeros of polynomials is the following.
Theorem A : Let P(z) = i a;z* be a polynomial of degree n such that 0<ag < a3 <
... < ay, then all the zeros olf:]?’(z) lie in |z] < 1.
Applying the above result to the polynomial an(%), we get the following result:
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If P(z) = i a;z" be a polynomial of degree n such that 0<a, < a,_1 <--- < as <
a1 < ag then 113:(02) does not vanish in |z|<1.

In the literature [1-2, 4 and 6-7] there are several extensions and generalizations
of the Enestrom-Kakeya Theorem. The polar derivative of P(z) with respect to real
number «a is given by Do P(2) = nP(z) + (o — 2)P'(2).

In this paper we prove the following results:

Theorem 1 : Let P(z) = i a;z' be a polynomial of degree n > 3 with real

=0
coefficients and let D, P(z) be the polar derivative of P(z) with respect to a real number

« such that for naa, + an—1 # 0,

naay, + an—1 > (n— Daay—1 + 2ap—2 < (n — 2)aay—2 + 3ap—3 > ... < 4aay + (n — 3)ag
> 3aag + (n — 2)az < 2aag + (n — 1)a; > aay +nag if nis even, (OR)

noan + ap—1 > (n— Daan—1 + 2an,—9 < (n — 2)aan—2 + 3a,—3 > ... > daay + (n — 3)as
< 3aas + (n — 2)ag > 2aas + (n — 1)a; < aay +nag if nis odd,

then D, P(z) does not vanish in the disk

(1) |2] <

Inao + aar| [[naan 4+ an—1] + (naa, + an—1) + X1 — (nag + aar)] if nis even,
0 1

where X1 = 2 [{[(n —2)aan_2 + 3an_3] + ... + [daas + (n — 3)as] + [2aaz + (n — 1)a1]}
—{[(n = 1)aan—1 + 2an—2] + [(n — 3)aan_3 + 4an—4] + ... + [Baas + (n — 2)az] } |

(i) |z < [Inaan + an—1| + (naay + an—1 + Xa + (nao + aa1)] if n is odd,

[nag + aai
where Xo =2 [{[(n = 2)an—2 + 3an—3] + ... + [baas + (n — 4)as] + [Baas + (n — 2)ag] }
- {[(n —Daan—1 + 2an—2] + [(n — 3)aan—3 + 4ap_4]

+ ... + [daas + (n — 3)ag] + [2aaz + (n — 1)ai]}|.

n .

Corollary 1: Let P(z) = ) a;z' be a polynomial of degree n > 3 with real coefficients
i=0

and let DoP(z) be the polar derivative of P(z) such that for a,_; # 0,

an—1 > 20p2 < 303> ... < (n—3)a
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(n — 1)a; > nag if n is even, (OR)

p-1 > 2ap2 < 3ap-3 > ... > (77, - 3)0’
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(n —1)a; < nag if n is odd,
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then DyP(z) does not vanish in the disk

(1) |z] <

|nag|
where X3 = 2 [{3%_3 4+ .o+ (n=3as+ (n—1)ar} — {2an—2 +4an_a+ ..+ (n— 2)a2}] :

Uan_l\ 4 ap_1+ X3 — nao] if n is even,

1
(i7)]z] < Tnaol [lan—1]+ an—1 + X4 + nao] if n is odd, where

|na

X, =2 [{San_g +..+(n—4)as+ (n— 2)a2} — {2an_2 +4ap—g4+ ...+ (n—3)az+ (n — 1)a1}] .
n .

Corollary 2 : Let P(z) = ) a;z' be a polynomial of degree n > 3 with real coefficients

1=0
and let D, P(z) be the polar derivative of P(z) with respect to a real number « such

that for naa, + an—1 # 0,

naay, + an—1 > (n — Daap—1 + 2ap—2 < (n — 2)aan—2 + 3an_3 > ... < 4daas + (n — 3)as
> 3aas + (n — 2)az < 2aag + (n — 1)a; > aay +nag if nis even, (OR)

naay, + ap—1 > (n — Daay—1 + 2apn—2 < (n — 2)aay—2 + 3ap_3 > ... > daay + (n — 3)ag
< 3aag + (n — 2)az > 2aas + (n — 1)a; < aay +nag if nis odd,

then D, P(z) does not vanish in the disk

(i) |2] < ———[2(naan + an—1) + X1 — (nag + aay)] if nis even,
where X1 = 2 [{[(n —2)aan_2 + 3an_3] + ... + [daas + (n — 3)as] + [2aaz + (n — 1)a1]}

—{[(n = 1)aan—1 + 2an—2] + [(n — 3)aan_3 + 4an—4] + ... + [Baas + (n — 2)az] } |

1
(1) |z] < ro——— [2(naan, + an—1 + X2 + (nag + aar)] if nis odd,

where Xo =2 [{[(n — 2)aan—2 + 3an—3] + ... + [baas + (n — 4)as] + [Baas + (n — 2)as) }
—{l(n = Daan—1 + 2an—2] + [(n — 3)aan_3 + 4an_4]
+ ... + [daas + (n — 3)ag] + [2aaz + (n — 1)ai] }|.

Remark 1 : By taking « = 0 in Theorem 1, it reduces to Corollary 1.

Remark 2 : By taking (i + 1)aa;+1 + (n —i)a;>0 for i = 0,1,2,....,n — 2, in

Theorem 1, it reduces to Corollary 2.
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n .

Theorem 2 : Let P(z) = ) a;2" be a polynomial of degree n > 3 with real coefficients
1=0

and let D, P(z) be the polar derivative of P(z) with respect to a real number « such

that for naa, + a,—1 # 0,
naay, + an—1 < (n— Daap—1 + 2ap—2 > (n — 2)aay—o + 3a,—3 < ... > 4daayg + (n — 3)ag
< 3aaz + (n — 2)ag > 2aas + (n — 1)a; < aag + nag if n is even, (OR)
naay + ap—1 < (n— Daap—1 + 2an,—2 > (n — 2)aan—2 + 3an—3 < ... < daayg + (n — 3)ag

> 3aas + (n — 2)ag < 2aas + (n — 1)a; > aay + nagp if n is odd,

then D, P(z) does not vanish in the disk

(i) |z| < \naTlaml [Inaan + an—1| — (naa, + an—1) — X1 + (nag + aay)] if n is even,
where
X; = 2[{[(n—2)aan—2 + 3an—3] + ... + [4daas + (n — 3)as] + [2aaz + (n — 1)ai]}

—{[(n = 1)aan—1 + 2an—2] + [(n — 3)aan_3 + 4an—a] + ... + [Baas + (n — 2)ag] } |

(ii) |2| < Inaay, + an—1| — (naay + an—1) — X2 — (nag+ aay)] if n is odd, where

1
el
Xy = 2[{[(n—2)aan—2 + 3an—3] + ... + [paas + (n — 4)aq] + [3aas + (n — 2)as] }
—{l(n = Daan—1 + 2an—2] + [(n — 3)aan_3 + 4an—4a] + ... + [4aas + (n — 3)as]
+[2caz + (n — 1)ai] }].

Corollary 3 : Let P(z) = Z a;z' be a polynomial of degree n > 3 with real coefficients
and let DyP(z) be the polar derlvatlve of P(z) such that for a,—1 # 0,

ap—1 < 2ap—2 > 3ap-3 < ... > (n—3)az < (n—2)ag > (n — 1)a; < nap if n is even,
(OR)

ap—1 > 2ap-2 < 3ap-3> ... < (n—3)az > (n—2)ag < (n — 1)ag > nag if n is odd,
then DOP( ) does not vanish in the disk.

(i) |z < \naol [lan—1| — an—1 — X3 + nao) if n is even, where
X3 = 2[{3an_3+ e+ (n—=3)as+ (n—1) al} {2an o+4dap—g+ ...+ (n—2 ag}]
(i) |2| <m [lan—1] — an—1 — X4 — nag| if n is odd, where

X, = 2[{3(1”_34—...+(n—4)a4—|—(n—2)a2} — {Qan_g —|—4an_4—|—...+(n—3)a3+(n—l)al}].
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n .

Corollary 4 : Let P(z) = ) a;z' be a polynomial of degree n > 3 with real coefficients
i=0

and let D, P(z) be the polar derivative of P(z) with respect to a real number « such

that for naa, + a,—1 # 0,

naay, + ap—1 < (n— Daap—1 + 2ap,—2 > (n — 2)aan—2 + 3an—3 < ... > daayg + (n — 3)ag
< 3aaz + (n — 2)ag > 2aas + (n — 1)a; < aag + nag if n is even, (OR)
naay, + an—1 < (n — Daap—1 + 2ap—2 > (n — 2)aan—2 + 3an—3 < ... < 4daayg + (n — 3)as

> 3aaz + (n — 2)ag < 2aaz + (n — 1)a; > aag + nag if n is odd,

then D, P(z) does not vanish in the disk

1
nao+oai

(i) |2] < [(nap + aar) — X1] if n is even, where

X1 = 2[{[(n—2)aan—2 + 3an—s] + ... + [4aas + (n — 3)ag] + [2aaz + (n — 1)a]}
—{[(n = Daan—1 + 2an—2] + [(n — 3)aan_3 + 4an—4] + ... + [Baas + (n — 2)az]}].

(i) |2] < [ X5 — (nag + aaq)] if n is odd, where

nag+aay

X5 = —2[{[(n = 2)aan_2 + 3an—3] + ... + [baas + (n — 4)as] + [3aas + (n — 2)ag] }
—{[(n — 1)aan—1 + 2an—2] + ... + [4aas + (n — 3)as] + [2aaz + (n — 1)ai] }].

Remark 3 : By taking a = 0 in Theorem 2, it reduces to Corollary 3.
Remark 4 : By taking (i + 1)aa;+1 + (n —i)a;>0 for i = 0,1,2,...,n — 2, in

Theorem 2, it reduces to Corollary 4.

2. Proof of the Theorems
Proof of Theorem 1 : Let P(z) = ap2" + an_12""' + oo + @ 12™7F + @ 2™ +
Am-12""1 4+ ...+ a1z + ag be a polynomial of degree n with real coefficients.

Then the polar derivative of P(z) is

D,P(z) = [naan + an_1]2""1 4 [(n — Daan_1 + 2a,_2]2" 2 + [(n — 2)aan_3 + 3a,_3]2" >
+... + [daay + (n — 3)az)2® + [3aaz + (n — 2)as]z? + [20az + (n — 1)a1)z + [ar + nag).
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Now consider the polynomials J(z) = 2""'D,P(2) and R(z) = (2 — 1)J(z) so that

R(z) = (2—-1) ([naan + an_1] + [(n — Daan_1 + 2a,_2)z + [(n — 2)aa,_o + 3a,_3]2>
Hooo + [Baas + (n — 2)ag]2" 3 + [2cag + (n — 1)ay]2" "2 + [aay + nao]z”_1>.

R(z) = [nao+ aai]z" — <[nao +{a—(n—1)}a; — 2aay) 2"
+[(n —1)ar + {2a — (n — 2)}as — 3aas] "2
Foot [dap—a + {(n — 3)a — 3}an_3 — (n — 2)aa,_s] 2>
+[3an—3 + {(n — 2)a — 2}an—2 — (n — Daa,_1]z*
+[2an—2 + {(n — 1) — 1}an_1 — naay)z + [naa, + an_1]>

Also if |z| > 1 then —=<1 fori=0,1,2,...n — 2. Now

s
|R(2)] > |nao+ aai||z]" — (‘nao +{a—(n—1)}a; — 2aa2Hz‘n_1
+|(n = 1)a1 + {20 — (n — 2)}az — 3aas| ‘z‘niQ
+|(n = 2)ag + {3a — (n — 3)}as — 4aay| ‘z‘niB
+...+ |dan—s + {(n — 3)a — 3}ap—3 — (n — 2)aan_2Hz‘3
+}3an_3 +{(n—2)a—2}apn—2 — (n — 1)aan_1‘z|2

—i—}?an,g +{(n—1)a—1}ap_1 — naanHz‘ + !naan + an1‘>

_ 1
> |nag + aa|[z]"7!||2] - mﬂnao +{a—(n—1)}ar — 200,
N |(n —1)a1 + {2a — (n — 2) }az — 3aas)| n |(n —2)az + {3a — (n — 3) }az — 4aay|
] |22
T |4an—4 +{(n —3)a — 3}an—3 — (n — 2)aa,_2]
P
N [3an—3 + {(n —2)a — 2}an—2 — (n — 1)aan_1|
|Z|n—3
|2a,—2 + {(n — 1)a — 1}ap—1 — naay|  |naa, + ap—1|
+ n—2 + n—1 }
2| ]
_ 1
> |nag + aaq||2[" | |2] — mﬂnao +{a—(n—1)}a1 — 2aay|

+|(n —1)a; + {2a — (n — 2) }az — 3aaz| + |(n — 2)az + {3a — (n — 3) }ag — daay|
+.ooo 4+ [dap—g + {(n — 3)a — 3}an—3 — (n — 2)aa,_2|
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+[3an—3 + {(n —2)a — 2}ay—2 — (n — 1)aan_1|

+|2an—2 + {(n — 1)a — 1}an—1 — naay| + |naa, + an—1/}

1
> |nap + aar||z|" 7 z| - ——— [ {[2ca2 + {(n — 1) — a}a; — na
> |nao + aa||2]"|z] |na0+aa1|{[ 2 +{(n—1) — atar — nao
+[(n — 1)a1 + {2a — (n — 2) }as — 3aas] + [4aas + {(n — 3) — 3ataz — (n — 2)as]
+..+[(n—2)aan—2 + {3 — (n —3)a}tan—_3 — 4an_4]
+[Ban—3+{(n —2)a —2}ap—2 — (n — 1)aa,_1]
+[naa, + {1 — (n — 1)a}tay—1 — 2an—2] + |naa, + an—1|}| if nis even,
1
n—1
= e — — X -
|nag + aaq|z] |2] E—— {Incan + an—1| + (naan + an—1) + X1 — (nap + car) }
> 0
iflel> —— B )+ X - ,
if |z F——— [Inaay, + an—1| + (naan + an—1) + X1 — (naop + aas)]
here X1 = 2[{[(n — 2)aan—2 + 3an—_3] + ... + [4aas + (n — 3)as] + [2aas + (n — 1)a1] }

—{l(n = V)aan—1 + 2an—2] + [(n — 3)aan_3 + 4an_4] + ... + [Baas + (n — 2)az] }]

if n is even.
This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed
disk

Z| < m [|n0éan + an_1| + (naan + an_l) + Xl + (nao + aal)] .

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the above

disk. Therefore, it follows that all the zeros of R(z) and hence J(z) lie in

|z] < m [|naan + ap—1| + (naay, + an—1) + X1 — (nag + aal)].

Since Do P(z) = 2"J (%) it follows, by replacing z by %,
then all the zeros of D, P(z) lie in

|z| > m [|naan + ap—1| + (naay, + an—1) + X1 — (nap + aal)].

Hence D, P(z) does not vanish in the disk

|2 <

[nao + aar| [[naay, + an—1| + (naa, + an—1) + X1 — (nag + aay)],
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where X1 =2[ {[(n—2)aan—2 + 3an—3] + ... + [4aas + (n — 3)as] + [2aaz + (n — 1)a1]}
—{[(n — Daan—1 + 2an_2] + [(n — 3)aan—3 + 4an_4a] + ... + [Baaz + (n — 2)&2]}]

if n is even.
Similarly we can also prove for odd degree polynomials. For this we can rearrange
the terms of the given polynomial and compute as above.

That is if n is odd then D, P(z) does not vanish in the disk

2| <

Tnao + aar| [[naan + an—1] + (naa, + an—1) + Xa + (nag + cay)],
1

where Xy =2[{[(n — 2)aan—2 + 3an—3] + ... + [baas + (n — 4)ay4] + [3aaz + (n — 2)as] }
—{[(n = 1)aan—1 + 2an—2] + [(n — 3)aan_3 + 4an—a] + ... + [2aaz + (n — Da1]}]

if n is odd.
This completes the proof of the Theorem 1.

Proof of Theorem 2 : It is similar to the proof of Theorem 1.
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