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Abstract

In this paper our aim is to study the generating relation of generalized special
functions and to obtain the rational and polynomial approximation of the above
function. It is also proposed to find the integral transform of the above function
and deduce some properties. It is also proposed to study certain class of gener-
alized polynomials represented by a generalized Rodrigues formula and to derive
their linear generating relations. It may be expanded in terms of generalized heat
Polynomials.

1. Introduction
1.1 Rodrigue’s Formulae and Generalizations due to it :
A formula, which connects a polynomial to the n — th derivative of a function, is called

a Rodrigue’s formula for Exp.

d’n

Hy(z) = (-1)" eXp(:EQ)d:E—n[exp(—mQ)], (Hermite) (1.1.1)
L%a) (v) = m’:‘;ﬂﬁ;ﬁ;(e_”xwra), (Laguerre) (1.1.2)
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P, (z) = 2711|nj;l(x2 -1, (Legendre) (1.1.3)
and
ngb _ (=)™l —z)~*(1 + ZC)_b dr (1— x)nJra(l + x)nerL (Jacobi) (1.1.4)

2"|n dazm

These formula have been the sources of numerous researches.

(i) Another generalization due to Nicolas [6] is

1 d(k—l)n

Pale, [0)] = =Ty g @' (L.15)

Where k is an integar > 2 and f(x) is a polynomial of degree k.

When K = 2 and f(z) = (2% — 1) in (1.1.5), P,[x, f(z)] transforms into the

Legendre Polynomials.

(ii) In 1929, Ghosh, N.N., has generalized the polynomials defined in (1.1.5) by the

| (1 b

where a, b are arbitrary constants. (1.1.6) evidently includes Legendre Polynomials

expression

too, for we have

Annn = (—1)"2" |npy(z).

(iii) Nicolas, Cioransen [6] has obtained a generalization of Legendre polynomials by

defining them by the formula

1 n
Aid(i[{Q( z)}"] (1.1.7)

where Q(z) = (x — a1)(z — a2), - - (x — ag) is a Polynomial of degree k and A, is

a suitable constant.

(iv) B. S. Sastry has given the generalization of Laguerre Polynomials in another form,

rlz) = € %[e 4, (2)]: (1.1.8)

where

Ap(x) = (ag, a1, a2, - ,apx,1)".
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(v) Kesava Menon [8] has generalized P,(x) in the form
L
s"|n dz™

Prs() = —1)n (1.1.9)

where s is an integer > 2.

When s = 2 the Polynomial P, s(z) becomes Legendre Polynomial. He has also

derived some properties of P, s(x).

(vi) The generalization due to A. Angelscu [4] is

e T dn
(@) = T gam

[e® - A (2)] (1.1.10)

where A, (x) is polynomial of degree n in x, such that

d

%An(x) =nA,_1(x).

(vii) Maurice de Duffabel has gone through the polynomials. P, (z) where

2
e” d" 2

P,(x) = ’—E%(x" e ). (1.1.11)

(viii) In (1901), Appell [2] has considered the class of polynomials

Ron(x) = D™{z™(1 — )"}, (1.1.12)

(xi) Starting with a Rodrigue’s formula, another interesting study is due to E. T. Bell.
He starts with the study of the Polynomials.

&n(x,t,7) given by the relation
n

En(x,t,r) = exp(—r, tr)dd?(exp-(:rtr)) (1.1.13)

(x) In (1955), P. C. Chetterjee has generalized the ordinary Hermite Polynomials H,,(z)
of integral order n. The generalized Hermite Polynomials. Hy,,(z) and Hyp,11(2)

are defined as
k

Hig(2) = e D" (e7*") (1.1.14)

Hims1(2) = —ekdFmHh=1 == (1.1.15)

where
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(i) m and mk are non-negative integers

(ii) k& 7& 0 (clearly k may also be fractional)
(i) DY) = ot

(iv) D (k V= diDéz)) so that

(v) D k V= Z,}ﬂd% and

(vi) D /(km) means the operator

D(g;m) operating on a function m times successively.

(xi) The generalization due to Subba Rao, is

1 dTLCL

Rl b 1)) = oo ol )" (1.1.16)

where f(z) is a polynomial of degree n, b > a > 1, a,b being +ve integers and

A(n) a constant; which is a suitable function of a,b and n only.

(xii) Let D¥ stands for the operator d% (Z,C%Q : d%) and D}™ for the operator (DF)

repeated m times. In (1948), Sharm [7] has shown that

2F; [-m,m + £;1(1 — 2F)?™] = Qpm(2)
(1.1.17)
k2m|2kam(1 — zF)2m
where k = 2, it reduces to

1 d2m
22m‘2ﬂ dz2m

which is the well-known Rodrigue’s formula for the Legendre Polynomials.

Pon(2) = (1 —22)%m (1.1.18)

(xiii) Chatterjee, S. K. [4] has shown that if k£ be a positive integer than
1 pak d"

Ye

+ k
EZU %(CEO{ nepz )

is a polynomial of degree n and is denoted by
T4 (2, p) (1.1.19)

T\ (x,1) = L™ ().

He has defied an operational formula, a generating function and various recurrence
formulae, which are generalizations of the corresponding formulae for Lagurre

polynomials.
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1.2 Generalization of the Classical Polynomials with the help of Hypergeo-
metric forms
In (1947), Mery celine Fasenmyer [5] has obtained some basic formal properties of the

herpergeometric polynomials.
falaisbjsx) = falarsag;- -« 5ap,b1,ba, -, bg())

-n n+1, (ap) (1.2.1)

= pr2fy2 ¥
1/27 17 (bQ)

(n; a non-negative integer), in an attempt to unify and to extend the study of certain
polynomial sets.
SOME SPECIAL CASES OF f,(a;;b;;x) are

(i) fn(1/2;—;2) = P,(1 —2z)  (Legendre)

(i) fo(l; — ) = {%} pUYATYD (1 92)  (Jacobi)

(iii) fo(1:1/2:b,2) = {(}%} PO 92)  (Jacobi)

(iv) fn(1/2;a;p;v) = Hy(a,p,v) (Rice’s)

(v) fn (3: 52 1;1) = Fo(2) (Bateman’s)
(vi) fn(1/2;15¢t) = Z,(t) (Bateman’s)

(vii) fn (3, 2225 m 4+ 1;1) = F'(2). (Pasternak’s)

A generating function, differential and pure recurrence relations, contiguous polynomial
relations and integral relations for the polynomial f,(a;; b;; ) have also been given by

her.

2. A natural generalization of Laguerre Polynomial in the form of a constant multiple

of Certain, 1F,, viz.

a—+1 a—+q <x>q}
1Fy | —ng it N ¢=0,1,2,--- 1.2.2
e q q q ( ) ( )

Has been given by Tascano [8] in (1956).
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3. Palam G. in (1950), has generalized L\ () in the form

_ (14 a),

| Y1[—n, 0+ 1 —a — 2n — 1/2 + 1; 2] (1.2.3)
n

where 97 is one of the Humbert’s confluent hypergeometric functions of two vari-

ables.

1.3 Generalizations due to Series Representations

Struve’s function has been defined by the series

x (_1)r (%)v—i—Qr—i—l

Hy(z) =) - =% (1.3.1)
= |(r+3) (lv+r+3
H. C. Gupta has defined the Struve’s function by means of the relation
9(z v+1 1
Hy(2) = #qﬁ (1; 3/2,v + 3, 22> . (1.3.2)
1 3 4
’(2) (’U + 2)

Another generalization of Struve’s function has been contributed by Bhowmick, K. N.

[3] in the form
o) _q\r (z\vt2r+l
i) = 3 AL )

—0 ’(r—i—%) (‘v—i—r—i—%)

(1w >0) (1.3.3)

If ;4 = 1; this reduces to the ordinary struves function.

In 1963, Ranyaranjan, S. K. has generalized the Laguerre Polynomials as follows:

Mz > e —
T o) Z ( ) mAm(ac) (1.3.4)

=0

where
Ap(x) = agx™ + < 7? >a1mm_1+-~+am1 ( mﬂil >x+am-

If & =0, he found (1.1.8).
(@)

He has also derived relation between mp, ' (z) and 1S (z). Some finite series involving

()

) (x), relations between 7y, ' (z) and Bernoulli polynomials, relation between " )( )

(a)

and Legendre polynomials and integrals involving 7y, * ().
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1.4 Generalization with the help of Differential Equations
Menon, P. K. has generalized the Legendre functions by generating the legendre differ-
ential equations viz.

2
(1—2)2% —22%+n(n+1)y:0 (1.4.1)

This equation may be identified with hypergeometric equation.

d d 1 d n d d+1
2 2 2( .2 2

— _ ) = — — 4+ —|y= 1.4.2
[Z dz? <Z dz 2> “ <Z dz2 2) <z dz? 2 )] 0 ( )

where n is a positive integer, the differential equation admits of a polynomial solution
and a non-polynomials solution, both of which have well-known properties:

He has considered the generalized Hypergeometric equation.

w(w—%)(w_%)...(w_s%l)_Zs(w_@)

(w23 (w+252) - (w+ 5=

S

y=0 (1.4.3)

_ .2 d
where w = 27 7.

When n is a positive integer, this has one polynomial solution and (s—1) other solutions.
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