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Abstract
By means of certain differential operator we introduce and investigate two sub-
classes S7 (A, b,6) and G, (A, b,0) of g-valently analytic functions. The various
results obtained here for each of these classes we have attempted to obtain coef-
ficient estimate, growth and distortion theorems, for the classes Si . (A,b,0) and
GE (A, D,0).
1. Introduction
This chapter introduces p-valent functions and its various properties. By means of cer-
tain Generalized Bernardi-Libera-Livingston Integral Operator,we introduce and inves-
tigate two new subclasses Sh (A, b,6) and Gh (A, b, 0) of p-valently analytic functions

of complex order. The various results obtained here for each of these subclasses.

Let A(n) denote the class of functions f(z) normalized by

oo
f(z) =2 — Z apz®, ap >0 and n,peN= {1,2,3,---} (1.1)
k=n+p
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which are analytic and p-valent in the open unit disc £ = {z: 2z € C and |z| < 1}.

We introduce here Generalized Bernardi-Libera-Livingston Integral Operator:

Atp (7
Fpf(z) = zAp/O 7 f(x)de, (N> —p;zeU).
Simplifying we get
A _ k
Fof(z) =2F — Z P
k=n-+p
A (m) _ p p—m = k Atp k—m
Fm=( 2 ) k;<m><“k ax

where ( k ) — k(=) (k=2)(k=m+1)
m

m!
By using the operator ]-"If‘(z), we introduce new subclass S5 ,,, (A, b,d) of p-valently ana-
lytic function f(z) satisfying the following inequality

1 52(.7—"1;\f(z))(m+1) + Az2(;};\f(z))(m+2)
b\ X2(FXf(2)) D) (6 — A)(FAf(2))m) (p=m)

<1 (1.2)

peN,meNU{0},z € E,p>max(m—\),be CU{0},\>0,0<d <1.
Furthermore a function f(z) is said to belong to the class Gh (), b,0) if and only if

zf'(2) € Sﬁym()\, b,9).

The objective of this paper is to investigate the various properties and characteristics
of analytic p-valent functions belonging to the subclasses Sh (A, b, 8) and G5, (A, b, 9)
which we have defined here. Apart from deriving a set of coefficient bounds for each of
these function classes, we establish growth and distortion theorem.

Our definitions of the function classes S5 ,,, (A, b,0) and G, (), b,0) are motivated by
the investigation of H. M. Srivastava and others [2], we have relaxed the parametric

constraint 0 < \ < 1.

2. Coefficient Estimates

and p € N, is in S} ,,,(\, b,9) if and only if

> () (k) e m =1+ =+ bl

k=n-+p
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< |b| < f; ) A(p—m —1) + 0] (2.2.1)
Proof : Suppose that f(z) € S§n(),b,0). Therefore we have

1 52(.7:};\f(2))(m+1) + AZQ(}";‘f(z))(m"‘?)
b A2 (FPF(2) 4D 4 (6 — N (F) f(2)) ) —(p—m)

<Eﬁ@»mh:(§>zpm_ fﬁ(&i><iig>%frn

<1 (2.2.2)

k=n-+p
EEND = (2 ) o= mfp - m - 1)
(A (D) e

52(F) (=)D 4 A2 (F) f(2)) )

( >p m)[§+Ap —m —1)2~™
< >< >k m)[6 + Mk —m — 1)]apzF"™

AT PN 4 (8= N(F ()

_( -
_<m> (p—m)+d— Az

i( ><;IZ> Ak =m) +06 = Magz""".

From (2.2.2) we have

Z < " )(3\\12) [)‘(k_m_1)+5][_k+m+p—m]akzk*m
1 k=ntp \ T »

; < :1 ) Ap—m — 1) 4+ 8p-m — k:§+p ( :1 ) (%) Ak—m—1)+ 5]ak(zkm)
2.2.3
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We know that Re(z) < |z|, also putting z = 71,0 < r; < 1 in (1.3), we observe that
expression in the denominator on left hand side of (1.3) is positive for r; = 0 and by
letting 1 — 1_ through real values, (2.2.3) leads us that

S () (1) e = 1)+ 0k~

1 <p>[A(p—m—1)+5]— 3 <k><§‘\i£)[)\(k—m—l)+5]ak

m k=n+p \ T

<1

f:<Z><§ZDD%—m—D+mhm+wm“qm(i)u@—m—n+&

k=n+p
Hence we get (2.2.1) Conversely, by applying (2.1.2) and setting |z| = 1 we find that

S2(FA(2))HD 4 X2 (FA f())m+2)
Az(FPf(2) D + (6 — M) (F) f(2))m) —(p—m)

io: ( k >(§L€) Ak —m — 1)+ 8][k — plagzF™™

k=n+p m

<5L>[>\(p—m—l)+6]— > (k><i+£>[)\(k; m — 1) + dlagzk—m

k=n-+p m

m

<|b|<p>[>‘(p—m—1)+5]zp—m_k n+p< > Ai Mk —m —1) + 8agzF—™

<p>D@—m—D+ﬂww_ S <k>(ﬁﬁu%—m—n«mMMm:M

m k=n+p m

Hence by the maximum modulus principle, we infer that f(z) € Sh (), b,6) which
completes the proof of Theorem 2.2.1.
Corollary 2.2.1: f(z) € S5 (), b,6) then

(2 ) o-m-1+

“‘(k)(;gﬁmk—m—n+ﬂw—p+wf

m

Corollary 2.2.2 : for p =1, m = 0 we have

1bl0(\ + k)
A+ DAk —m—1)+68][k—1+1b]]
Corollary 2.2.3 : For p =1, m = 1 we have

o ][5 — AJ(A + k)
PSR+ DA+ Ok — 1+ o[

ag < k>n+p.
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Theorem 2.2.2 : A function f(z) € A(n) and defined by f(z) = 2P — 3. kagzFand
k=n+p
p €N, isin G’I(Jn, m)(A,b,9) if and only if

o0

) (W) ( ,]:L )k[A—m—l)M][k—prl] < [o| < fﬂb )p[A(p—m—1)+5]. (2.2.4)

Atk
k=n+p
Proof: f(z) € G} (A b,6) if and only if 2 f(2) € Shm(X,b,8). Let

g(z) = zf ¥ =p2P — Z kayz*
k=n+p

g(z) € SE (A, b,6).

Therefore
1 [ 02(F(g(2)) ™) + Xz (F(g(2)))m+2)

Az(Fp(g(2)) D) + (6 = M) (Fp (g

EVENCE (A PR Ol (R | e d PP

P—
(Fpg(2))m+?) = ( 51 ) plp —m)(p—m — 1)zP~"2
- ki:;rp ( :1 > (iig) (k—m)(k —m — 1)kayz""""2

02(Fpg(2) ") + A2 (F(g(2)) "2

- ( P >p<p—m>[6+x<p—m—1>zp—m

_ i ( :L ) G\Ii) k(k —m)[6 + Mk —m — 1)]agz""™

k=n+p

Now consider
A2 (F (9(2)) ) 4 (5 = N(Fp (g(2)™

=p< b )[/\(p—m)+5—)\]zp_m

m

- i ( ,,Z ) (iﬁ:) EA(k —m) +6 — Magz""™.

k=n-+p
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From (2.2.5) we have

S () (1) Gk = m = 1) 4 8Lk gl

} k=n+p m <1
b p -m o k Ap k—m '
( . )p[)\(p— m — 1) + §]zP~™m — kzzn:ﬂ) ( o > <A+k> EA(kE—m —1) + d]agz

(2.2.6)
We know that Re(z) < |z|, also putting z = 71,0 < 7 < 1 in (2.2.6), we observe that
expression in the denominator on left hand side of (2.3) is positive for 1 = 0 and by

letting 1 — 1_ through real values, (2.2.6) leads us that

5 () GEE) ek == 1)+ 0kl sl

i k=n+p \ "1 <1
0 p<;;>[)\(p—m—1)+5]—k§::+p<rljl)(i‘\ii)k[)\(k—m—l)—l—cﬂak

i ( :1 ) Gi,’;) KAk —m —1) +0][k —p+[blJar, < rb|p< L ) Ap—m—1)+4].

k=n+p
Hence we get (2.2.4).

Conversely, by applying (2.2.4) and setting |z| = 1 we find that

52(F ) (g(2)) M+ + A22(F(g(2)))m+2)
Az(FR(g(2)) 1) + (6 — X)(Fp(g(2))) ™ —(p—m)

> ( . )(iiﬁi) KAk —m — 1) + 6]k — plagz*""

k=n+p m

p( 2 ) w-m-nsa- £ (0 () HAk - m - 1)+ dlagho

CE () )
)

[A(
P < - ) Ap—m—1) +5]zpm — sz::w ( ) (XE8) KAk = m = 1) + dJagbm

>

k—m — 1)+ dlagzh—m

=

= [b].

>

k
m
k
m

Hence by the maximum modulus principle, we infer that g(z) € Sk ,,(A,b,d) which
completes the proof of Theorem 2.2.2.
Corollary 2.2.4 : For f(z) € Gh (), b,0) then

bl (2 ) o= m = 1) 49
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2.3 Growth and Distortiion Theorem

Theorem 2.3.1 : If f(z) € S (A, b,9) then

(2 ) o—m-1+a

2P = [
<n+p > (322) M+ p—m = 1)+ ][ + o]

< [f(2)]

(2 ) o-m -1+

S Ll A+ o |
( p>(ii]z;)[k(n+p_m—1)+5][n+lbll

m

With equality hold for

(2 ) —m -1+

<n+p ) (ﬁ) A +p—m—1)+ i+ bl

m

flz) = 2P — St

Proof: f(z) € Shm()\,b,8). Therefore from (2.2.1)

> (3E2) (£ ) nt-m-n+ali-p e <pip( 2 ) Bo-m-b )

k=n+p

Therefore
b
. (2 ) e-m-1+
Z ap < k
k=n+p < o ) (:\\—L’;) Ak —m—1)+0]|[k—p—+|b]]
o
f(z)=2F - Z apzk
k=n+p
FI = 2P = 0 awll2l® = 2P = |27 >
k=n+p k=n+p

o (2 ) o-m-1)+3

(n—i—p ) ()\ij;pkp) [)\(n+p_m—1)+5][n+|b|].

m

> [P — [2"*P
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Similarly
[f(2)] < J2P + Z Jarll2|® < |2l + |2 Z |a]
k=n+p k=n-+p
(2 ) o-m-1+a
< |zP + |2t n .
n+p
< m ) (/\i:ip) [A(n+p—m—1)+0][n+]b]
Therefore
(2 ) po-m-n+a
2P — [2["FP < |f(2)]

(n—i—p ) (:\\73) An+p—m—1)+4d]n+]b]

(2 ) o—m-1+s

< J2fP + |27 " .
< p > (x\j\-:f-p) A(n+p—m—1)+8[n+|b]

m

Theorem 2.3.2 : If f(z) € G (N, b,6) then

(2 ) o == 1)+

2P — [2"TP

< |f(2)]

("5 ) (525) ot pm+p—m— 1)+ ol

o (2 ) o == 1) 4

< Jef? + [P

G - ———

With equality hold for
p —_— —_—
Iblp< . ) A(p—m —1) + 4]

J(z) =& =2t |
< " > (/\:ﬁp> (An+p—m—1)+d][n+ o]

m

Proof: f(z) € G} (A, b, 6). Therefore from Theorem 2.2.2

oo

S (328) () ==l ps ol < bl (2 ) == 1) 41

k=n+p
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Therefore
p
. (2 ) o= = 1) 4

Z a < k:

k=n+p ( m > (i‘—fﬁ) EA(k—m — 1)+ 0][k —p + |b]]
f(z) =2F — Z apz®

k=n+p
o o0
F)] =127 = Y agllzl® = 2P = 2" > Jag
k=n+p k=n+p

bl (2 ) o= m= 1)+

("5 ) (5225) Gt p+p—m = 1)+l

Similarly
oo oo
PN < 2P+ >0 agll2l® < 2P+ 2" > gl
k=n-+p k=n-+p

bl (2 ) o= m = 1)+

< n+p > (,\i:i» (n+p)An+p—m—1)+d]n+ ’bH
Therefore

o (2 ) ity = —1) 4

|2|P — |2|"TP

< |f(2)]
(n—i—p ) (%) (n+p)An+p—m—1)+d]n+ b

m

b (2 ) =m0+

§|ZW_+|dn+p

( " ) (Afﬁﬁp) (n+p)An+p—m—1)+d]n+ |b|].
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Theorem 2.3.3 : If f(z) € S (A, b,9) then

(2 )t piap - m 1)+

dn+p*1

<If' (=)l

plefPt |

( ey ) (32225 ) W+ p—m— 1) + 8]l + o]

(2 )0t piap == 1)+

< n+p ) <>\—)&\-Zf-p) [A(n—i—p—m—l)—i—é][n—i—\b\]‘

m

< plafP T+ 2P

With equality hold for

(2 ) —m-1+s

J(z) = 2P — 2

<n+p > (Aj—:ﬁ-p) [A(n+p—m—1)+5][n+\b[].

m

Proof : f(z) € Sh..(\b,8). Therefore from (2.2.1)

o0

> () () ne-movram-prpi < (2 ) po-m—1 -+

k=n+p

Therefore
. (2 ) e-m-1+a
Z ap < A
k=n-+p (m ) (%@) Ak —m —1)+ 6]k —p+|b]
f@ == at
k=n+p

f(2) =pPt - Z agk2""1

k=n+p

9] o'
1P 2 pllP = D fawlkl2F = plefP Tt = 2P (4 ) D
k=n+p k=n+p

w(p)m+muw—m—n+ﬂ
> plafpt — || ”

( n;;p ) (Aiﬁp) [)\(n+p—m—1)—|—5][n+|b|]'
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Similarly

o0 [e.e]
PN 2P+ Y Jawlklz < plzP7 4 2" (4 p) D fa
k=n+p k=n+p

(2 ) oot platp = m 1)+

< [ el .
n-Tp
< N > (32525 ) W+ p—m—1) + 8][n + o]

Therefore

(2 ) oot piap - m = 1)+
( ”;p ) (52225) W+ p—m— 1) + 8]l + o]
(2 ) oot piatp - 1)+

("5 ) (2525) Dotp—m— 1+ -+ b

Theorem 2.3.4 : If f(z) € G} (N, b,6) then

plalP ™t — [P

<If' ()l

< plafPTh 2P

1o ( - )p[)\(P—m—l)Jré]
(") () i = m = 2) o+
1o ( L )p[A(p—m—1)+5]

( nn-i;p ) (/\i:f_p) A(n+p—m—1)+0d][n+ \bH

p,z‘pfl o ‘Z‘ner*l

< |f'(2)]

< plafP T+ 2P

With equality hold for

o (2 ) o= 1)+

(") (2825) o+ PG+ = m = 1)+ i+

Proof : f(z) € G} (A, b, 6). Therefore from Theorem 2.2.2

> (3E2) (£ Y- m- i —pr < pip (2 ) Bo-m-1)+0)

k=n+p
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Therefore
p
. o (2 ) olatp—m 1)+
Z ag < i
k=n-+p (m ) (%) EINE —m — 1)+ 6][k — p + |b|]
f(z) =2 — Z apz®
k=n+p

fl(z) =pz~t - Z apkz!

k=n+p

o0 o'
P2 2 plzlP = D7 fawlkl2F 1 = plefPt = 2P 4 p) D
k=n-+p k=n+p

(2 ) riro =m0+ 9

( n;p ) (%) Am+p—m — 1) + dlfn + 1]

> plafP~t — ||V

Similarly

) 00
P EI< 2P+ D JarlklzP1 < plaPt + [P p) D fax]
k=n+p k=n+p

(2 ) olatp—m 1)+

( n;p ) </\i;rﬁp> An+p—m—1)+d]n+ \bH

< plafP T+ 2P

Therefore

(2 ) platp—m =1+

Z|n+p—1

<|f'(2)|

plzfPt |

< n;p > <Ai:§p) A(n+p—m—1)+0d[n+|b]

(2 ) riro=m=- 1+

< plafP T [P

< n;p ) (xiﬁp) [An+p—m—1)+d]n+ |b\]'
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